
3. Grammik  Diaforik  ExÐswsh:

Orismìc: Mia grammik  exÐswsh pr¸thc
t�xhc wc proc x, y èqei th morf 

P (x, y)dx + Q(x, y)dy = 0,

ìpou P (x, y) kai Q(x, y) eÐnai suneqeÐc
sunart seic wc proc x, y, grammikèc all�
ìqi omogeneÐc.

1h PerÐptwsh:

'Estw

(α1x + β1y + γ1)dx +(α2x + β2y + γ2)dy = 0,

me α1β2 − α2β1 = 0.

Jètoume α1x + β1y = t kai èqoume

dy =
dt− α1dx

β1
.

'Etsi katal goume se exÐswsh qwrizomè-
nwn metablht¸n.

Par�deigma:

(x + y)dx + (3x + 3y − 4)dy = 0.



2h PerÐptwsh:

'Estw

α1β2 − α2β1 6= 0.

An (x0, y0) eÐnai h lÔsh tou sust matoc

α1x + β1y = −γ1

α2x + β2y = −γ2,

k�noume thn antikat�stash

x = z + x0, y = w + y0

kai katal goume se omogen  d.e..

Par�deigma:

(2x− 5y + 3)dx− (2x + 4y − 6)dy = 0.

LÔsh tou sust matoc: (x0 = 1, y0 = 1).

Jètoume x = z + 1, y = w + 1, ìpou è-

qoume dx = dz, dy = dw. Me antikat�sta-

sh prokÔptei

(2z − 5w)dz − (2z + 4w)dw = 0. (omogen c)



4. Akrib c (P rhc) D.E.:

Orismìc: Mia diaforik  exÐswsh

P (x, y)dx + Q(x, y)dy = 0

lègetai pl rhc ìtan h akìloujh par�sta-
sh P (x, y)dx + Q(x, y)dy eÐnai to pl rec
diaforikì thc sun�rthshc w(x, y). IsqÔei

dhlad  h sqèsh

P (x, y)dx + Q(x, y)dy = dw(x, y) = 0.

Tìte w(x, y) = C.

Prìtash: An isqÔei h sqèsh

∂P

∂y
=

∂Q

∂x
, (sunj kh plhrìthtac)

tìte h par�stash P (x, y)dx+Q(x, y)dy eÐ-

nai to pl rec diaforikì thc sun�rthshc

w(x, y), pou prosdiorÐzetai apì thn isìth-

ta

w(x, y) =
∫ x

x0

P (x, y)dx +
∫ y

y0

Q(x0, y)dy,

ìpou x0, y0 aujaÐretec stajerèc.



Par�deigma:

(cos y + y cosx)dx + (sinx− x sin y)dy = 0.

H genik  lÔsh eÐnai x cos y + y sinx = C.

5. Anagwg  D.E. se pl rh:

H anagwg  aut  gÐnetai me th bo jeia tou
oloklhrwtikoÔ par�gonta   alli¸c me
ton pollaplasiast  Euler.

1h PerÐptwsh:

'Estw ìti
1

Q
(
∂P

∂y
−

∂Q

∂x
) = f(x),

tìte an pollaplasi�soume thn parap�nw
sqèsh me ton par�gonta

µ(x) = e
∫

f(x)dx,

gÐnetai pl rhc.

Par�deigma:

(x2 + y2 + x)dx + xydy = 0



2h PerÐptwsh:

An�loga an

1

P
(
∂P

∂y
−

∂Q

∂x
) = −f(y),

tìte o oloklhrwtikìc par�gontac eÐnai o

µ(y) = e
∫

f(y)dy.

Par�deigma:

Na lujeÐ h akìloujh diaforik  exÐswsh

y(x + y + 1)dx + x(x + 3y + 2)dy = 0

Ed¸ o oloklhrwtikìc par�gontac eÐnai

µ(y) = eln |y| = |y|.

ProkÔptei ìti h genik  lÔsh eÐnai

xy2(x + 2y + 2) = C.
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6. EÔresh d.e. ìtan eÐnai gnwst  h
lÔsh thc

1o B ma:

ParagwgÐzoume th dosmènh lÔsh thc d.e.

tìsec forèc ìsec paramètrouc èqei.

2o B ma:

ApaleÐfoume tic paramètrouc metaxÔ twn

sqèsewn pou prokÔptoun apì tic paragw-

gÐseic kai thc dosmènhc.

Par�deigma: Na brejeÐ h d.e. ìtan h

genik  thc lÔsh eÐnai h

y(x) = c1x + c− 2x−1.

'Eqoume ìti

y′ = c1 − 2c2x−3, y′′ = 6c2x−4.



Me apaleif  twn paramètrwn brÐskoume

ìti,

c2 =
xy′ − y

−3x−2
.

Antikajist¸ntac t¸ra sthn y′′ brÐskoume

y′′ =
6(xy′ − y)x−4

−3x−2
.

Telik� èqoume ìti h zhtoÔmenh d.e. eÐnai

h akìloujh

y′′+ 2y′x−1 − 2yx−2 = 0.



OrismoÐ:

Oikogèneia Kampul¸n:

'Estw h exÐswsh thc morf c

F (x, y, c) = 0.

Gia tic di�forec timèc twn c h exÐswsh

F (x, y, c) = 0 gÐnetai h exÐswsh miac ori-

smènhc kampÔlhc. Epomènwc orÐzetai mia

oikogèneia kampul¸n pou exart�tai apì

mÐa par�metro.

Par�deigma: y2 = cx, F (x, y, c) = 0.

Perib�llousa oikogèneiac kampul¸n:

Onom�zoume perib�llousa miac oikogènei-

ac kampul¸n pou exart�tai apì mia par�-

metro, mia kampÔlh thc opoÐac k�je shmeÐ-

o thc eÐnai shmeÐo epaf c aut c me mia

kampÔlh apì thn oikogèneia.



ExÐswsh thc Perib�llousac:

'Estw h oikogèneia kampul¸n me exÐswsh

F (x, y, c) = 0,
∂F

∂x
6= 0,

∂F

∂y
6= 0.

H exÐswsh thc perib�llousac prokÔptei

apì thn apaloif  tou c metaxÔ twn ex-

is¸sewn

F (x, y, c) = 0,
∂F

∂c
(x, y, c) = 0.

Parat rhsh: An den apaloÐfetai h c

tìte autèc oi exis¸seic apoteloÔn tic pa-

rametrikèc exis¸seic thc perib�llousac

kampÔlhc.

Efarmog : Na brejeÐ h perib�llousa

thc oikogèneiac twn eujei¸n

x cos a + y sin a−R = 0. (1)

Me parag¸gish wc proc a èqoume

−x cos a + y sin a = 0. (2)



LÔnoume to sÔsthma twn exis¸sewn (4)

kai (5) wc proc cos a, sin a kai brÐ-skoume

cos a =
−Rx

−x2 − y2
=

Rx

x2 + y2
,

sin a =
Ry

x2 + y2
.

Opìte èqoume

cos2 a + sin2 a = 1⇒
R2

x2 + y2
= 1.

Telik� brÐskoume

x2 + y2 = R2,

dhlad  h perib�llousa kampÔlh eÐnai o

kÔkloc me exÐswsh

x2 + y2 = R2.



An¸malo shmeÐo: To shmeÐo M0(x0, y0)
onom�zetai an¸malo shmeÐo thc kampÔlhc
me exÐswsh F (x, y) = 0 ìtan gia to shmeÐo
autì isqÔoun

F (x0, y0) = 0
∂F (x0, y0)

∂x
= 0

∂F (x0, y0)

∂y
= 0

Parat rhsh : Ta an¸mala shmeÐa tou
gewmetrikoÔ tìpou den epalhjeÔoun thn
exÐswsh thc perib�llousac thc oikogènei-
ac F (x, y, c) = 0. Epomènwc prèpei na
gÐnei èlegqoc kat� pìso h kampÔlh pou
prokÔptei apì thn apaloif  tou c metaxÔ
twn exis¸sewn

F (x, y, c) = 0,
∂F

∂c
(x, y, c) = 0,

eÐnai h perib�llousa   o gewmetrikìc tì-
poc twn an¸malwn shmeÐwn.

Efarmog : Na prosdioristoÔn h perib�-
llousa kai ta an¸mala shmeÐa thc oikogè-
neiac

(y − c)2 −
2

3
(x− c)3 = 0.



Idi�zousa LÔsh D.E:

H kampÔlh thc opoÐac h exÐswsh ikanopoi-
eÐ th d.e. all� den an kei sthn oikogèneia
tou genikoÔ oloklhr¸matoc thc d.e. ono-
m�zetai idi�zousa lÔsh.

ExÐswsh idi�zousac lÔshc:

'Estw f(x, y, y′) = 0 me genikì olokl rw-
ma F (x, y, c) = 0. An jèsoume y′ = p h
idi�zousa lÔsh brÐsketai me apaloif  tou
p metaxÔ twn exis¸sewn

f(x, y, p) = 0,
∂f

∂p
(x, y, p) = 0.

Efarmog : H monoparametrik  oikogè-
neia sunart sewn 3cy = c2x3+9, apoteleÐ
th genik  lÔsh thc exÐswshc D’ Alembert-
Lagrange

x(y′)2 − 3yy′ = −9x2, x > 0.

'Omwc oi sunart seic y(x) = ±2x3/2 apo-
teloÔn idi�zousec lÔseic afoÔ thn epalh-
jeÔoun kai den proèrqontai apì th genik 
lÔsh.
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II. Grammik  ExÐswsh 1hc T�xhc

Orismìc: KaloÔme grammik  diaforik 

exÐswsh 1hc t�xhc mia diaforik  exÐswsh

thc morf c

dy

dx
+ yg(x) = h(x). (3)

EpÐlush Grammik c D.E.:

H sqèsh (6) gr�fetai

[g(x)y − h(x)]︸ ︷︷ ︸ dx + 1dy = 0. (4)

AnazhtoÔme oloklhrwtikì par�gonta ¸-

ste na eÐnai pl rhc, dhlad 

∂P

∂y
= g(x),

∂Q

∂x
= 0.

Epomènwc 1
Q(∂P

∂y −
∂Q
∂x ) = g(x). 'Ara

µ(x) = e
∫

g(x))dx.



'Etsi h sqèsh (6) gr�fetai

µ(x)y′(x) + µ(x)y(x)g(x) = µ(x)h(x). (5)

EpÐshc èqoume ìti

µ′(x) = g(x)e
∫

g(x))dx = g(x)µ(x).

Telik� h sqèsh (6) gr�fetai

µy′(x) + y(x)µ′ = µh(x)⇔
µy(x) =

∫
µh(x)dx + C ⇔

y(x) = µ−1
∫

µh(x)dx + Cµ−1 ⇔

y(x) = e−
∫

g(x)dx[C +
∫

h(x)e
∫

g(x)dx].

Parat rhsh:
Pollèc forèc h diaforik  exÐswsh eÐnai

grammik  wc proc y.

Par�deigma:

dx

dy
+ g(y)x = h(y).



Efarmog  1h Na lujeÐ h akìloujh d.e.

(x− 2)y′ = y + 2(x− 2)3.

H parap�nw d.e. gr�fetai

y′ −
1

x− 2
y = 2(x− 2)2.

Epomènwc

g(x) = −
1

x− 2
, h(x) = 2(x− 2)2.

'Ara

e
∫

g(x)dx = e
−

∫
dx

x−2dx = e− ln(x−2) =
1

x− 2
.

EpÐshc

e−
∫

g(x)dx = x− 2.

Telik� èqoume ìti

y(x) = (x− 2)[C +
∫

2(x− 2)2
1

x− 2
dx]

= (x− 2)[C + (x− 2)2]

= (x− 2)3 + C(x− 2).



Efarmog  2h Na lujeÐ h akìloujh d.e.

L
di

dt
+ Ri = E0 sinωt.

'Eqoume

di

dt
+

R

L
i =

E0

L
sinωt.

'Ara

g(t) =
R

L
, h(t) =

E0

L
sinωt, µ = e

∫
R
Ldt = e

Rt
L

Epomènwc

i(t) = e−
Rt
L [C +

E0

L

∫
sinωt e

Rt
L dt].

All�∫
sinωt e

Rt
L dt =

e
Rt
L

(R
L)2 + ω2

(
R

L
sinωt− ω cosωt)

=
L2e

Rt
L

R2 + (Lω)2
(
R

L
sinωt− ω cosωt).



III. ExÐswsh Bernoulli

Orismìc: H akìloujh hmi-grammik  d.e.

y′+ α(x)y = b(x)yn, n ∈ R,

apoteleÐ thn exÐswsh Bernoulli t�xhc n.

EpÐlush:

ParathroÔme ìti ìtan n = 0 h exÐswsh

eÐnai mh omogen c grammik , en¸ ìtan n =

1 eÐnai gramik� omogen c. Upojètoume

loipìn ìti n 6= 0,1 kai jètoume u = y1−n.

'Etsi u′ = (1 − n)y−ny′ kai h exÐswsh

gÐnetai

u′+ (1− n)α(x)u = (1− n)b(x),

h opoÐa eÐnai mh-omogen c grammik . LÔ-

nontac thn teleutaÐa brÐskoume

y1−n(x) = e−Q(x)[
∫ x

(1− n)b(t)eQ(t)dt + C],

ìpou Q(x) = (1 − n)
∫ x α(t)dt. LÔnontac

wc proc y brÐskoume th genik  lÔsh thc

Bernoulli.



Par�deigma: Na lujeÐ h diaforik  exÐ-

swsh

y′+ xy =
x

y3
, y 6= 0.

Blèpoume ìti eÐnai exÐswsh Bernoulli me

n = −3. Pollaplasi�zontac me ton ìro

4y3 èqoume

4y3y′+ 4xy4 = 4x,

d(y4)

dx
+ 4xy4 = 4x.

Jètoume y4 = u opìte h prohgoÔmenh

gÐnetai grammik  wc proc u,

du

dx
+ 4xu = 4x,

me oloklhrwtikì par�gonta

µ(x) = e
∫

4xdx = e2x2
.

'Etsi prokÔptei

e2x2
u = 4

∫
xe2x2

dx + C = e2x2
+ C.

Ara h genik  lÔsh thc arqik c eÐnai

y4 = 1 + Ce−2x2
.



IV. ExÐswsh Riccati

Orismìc: H sun jhc d.e.

y′(x) = f2(x)y
2(x) + f1(x)y(x) + f0(x),

onom�zetai exÐswsh Riccati. EÐnai fanerì
ìti, an f2(x) ≡ 0, tìte gÐnetai grammik ,
en¸ an f0(x) ≡ 0, gÐnetai Bernoulli. Gia
thn epÐlush thc exÐswshc diakrÐnoume tic
perpt¸seic:

I. An gnwrÐzoume dÔo eidikèc lÔseic ϕ1, ϕ2
thc exÐswshc, tìte h lÔsh aut c dÐnetai
apì th sqèsh

y(x) =
ϕ1(x) exp f2(ϕ2 − ϕ1)dx− cϕ2(x)

exp f2(ϕ2 − ϕ1)dx− c
.

II. An gnwrÐzoume mÐa eÐdik  lÔsh ϕ1, o
metasqhmatismìc

y = ϕ1 +
1

w
,

odhgeÐ sth grammik  exÐswsh

w′+ (2f2ϕ1 + f1)w = −f2.



Par�deigma: Na lujeÐ h diaforik  exÐ-

swsh Riccati

y′ = x−1y2 + xy + 2x(1− x2),

ìtan gnwrÐzoume ìti h ϕ1(x) = x2 apote-

leÐ eidik  lÔsh aut c.

JewroÔme ton metasqhmatismì

y = x2 +
1

w
,

opìte h exÐswsh gÐnetai

w′+ 3xw = −
1

x
,

h opoÐa eÐnai grammik  kai èqei lÔsh

w(x) = e−3x2/2
∫

(−x−1)e3x2/2dx + ce−3x2/2.

'Etsi h genik  lÔsh thc exÐswshc Riccati

eÐnai

y = x2+[e−3x2/2
∫

(−
1

x
)e3x2/2dx+ce−3x2/2]−1
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V. D.E. 1hc T�xhc An¸terou BajmoÔ



Orismìc: H genik  morf  d.e. pr¸thc

t�xhc an¸terou bajmoÔ eÐnai h akìloujh

f(x, y, y′) = 0,   f(x, y, ρ) = 0, me ρ =
dy

dx
.

1h PerÐptwsh:

H exÐswsh lÔnetai wc proc ρ.

Par�deigma: Na lujeÐ h d.e.

ρ2 − 3ρ + 2 = 0. (6)

H exÐswsh (9) gÐnetai

(ρ− 1)(ρ− 2) = 0⇒ ρ = 1   ρ = 2.

Epomènwc èqoume

dy

dx
= 1  

dy

dx
= 2⇔ y = x+c   y = 2x+c.



2h PerÐptwsh:

H exÐswsh lÔnetai wc proc y.

Par�deigma: Na lujeÐ h d.e.

16x2 + 2yρ2 − xρ3 = 0. (7)

H exÐswsh (10) gr�fetai

2y = ρx− 16
x2

ρ2
.

Opìte an paragwgÐsoume wc proc x è-

qoume

2ρ = ρ + x
dρ

dx
− 32

x

ρ2
+ 32

x2

ρ3

dρ

dx

ρ4 + 32xρ − xρ3dρ

dx
− 32x2dρ

dx
= 0

ρ(ρ3 + 32x) − x
dρ

dx
(ρ3 + 32x) = 0

(ρ3 + 32x) × (ρ− x
dρ

dx
) = 0.

Opìte ρ3 + 32x = 0 (idi�zousa lÔsh)  

ρ− xdρ
dx = 0 (genik  lÔsh).



H genik  lÔsh prokÔptei apì thn apaloi-
f  tou ρ apì tic exis¸seic

16x2 + 2yρ2 − xρ3 = 0,

ρ− x
dρ

dx
= 0.

EpÐshc h idi�zousa lÔsh prokÔptei apì

thn apaloif  tou ρ apì tic exis¸seic

16x2 + 2yρ2 − xρ3 = 0,

ρ3 + 32x = 0.

3h PerÐptwsh:

H exÐswsh lÔnetai wc proc x. Tìte para-

gwgÐzoume aut  wc proc y

Par�deigma:

16y3y′2 − 4xy′+ y = 0.

'Eqoume

16y3ρ2 − 4xρ + y = 0⇔ 4x =
y

ρ
+ 16y3ρ ⇔

4
dx

dy
=

ρ− ydρ
dy

ρ2
+ 16(3y2ρ + y3dρ

dy
)



Opìte paÐrnoume

4

ρ
=

ρ− ydρ
dy

ρ2
+ 48y2ρ + 16y3dρ

dy
⇔

4ρ = ρ− y
dρ

dy
+ 48y2ρ3 + 16y3ρ2dρ

dy
⇔

y(16y2ρ2 − 1)
dρ

dy
+ 3ρ(16y2ρ2 − 1) = 0

'Ara

(16y2ρ2 − 1)(y
dρ

dy
+ 3ρ) = 0.

H genik  lÔsh prokÔptei me apaloif  tou

ρ apì tic exis¸seic

16y3ρ2 − 4xρ + y = 0

y
dρ

dy
+ 3ρ = 0.

Tèloc h idi�zousa lÔsh prokÔptei me a-

paloif  tou ρ apì tic exis¸seic

16y3ρ2 − 4xρ + y = 0

16y2ρ2 − 1 = 0.



VI. D.E. tou Clairaut

Genik  Morf :

y = xy′+ g(y′).

IsodÔnama h parametrik  thc morf  eÐnai

y = xp + g(p), p = y.

EpÐlush: ParagwgÐzoume wc proc x kai

èqoume

dy

dx
= p + x

dp

dx
+ g′(p)

dp

dx
= 0

'Ara èqoume

[x + g′(p)]
dp

dx
= 0.

Opìte x + g′(p) = 0   dp
dx = 0.

Apì thn teleutaÐa exÐswsh paÐrnoume p =

c. Epomènwc h genik  lÔsh eÐnai

y = cx + g(c).



H idi�zousa lÔsh prokÔptei me thn apa-

loif  tou p apì tic exis¸seic

y = xp + g(p),

x = −g′(p).

Gewmetrik� h genik  lÔsh orÐzei mia mo-

noparametrik  oikogèneia eujei¸n. An h

g den eÐnai grammik , tìte apodeiknÔetai

ìti h idi�zousa lÔsh orÐzei thn perib�l-

lousa thc oikogèneiac twn eujei¸n pou

orÐzo-ntai apì th genik  lÔsh.

Par�deigma: Na lujeÐ h d.e.

y = xy′+ log y′.

EÐnai exÐswsh Clairaut, opìte èqei genik 

lÔsh

y = cx + log c.

Gia thn idi�zousa ja lujeÐ to sÔsthma

x = −g′(p),

y = g(p)− pg′(p), g(p) = log p.



'Etsi èqoume

x = −p−1

y = log p− pp−1.

'Ara

x = −p−1

y = log p− 1.

Epomènwc, isqÔei y = log(−x−1) − 1, h

opoÐa apoteleÐ thn idi�zousa lÔsh thc e-

xÐswshc, dhlad  gewmetrik�, thn perib�l-

lousa thc monoparametrik c oikogèneiac

eujei¸n pou prokÔptei apì th genik  lÔ-

sh.



VI. D.E. tou Lagrange

Genik  Morf :

y = f(y′)x + g(y′),  

y = f(p)x + g(p), ìpou p = y′.

H teleutaÐa exÐswsh eÐnai grammik  wc

proc to x kai to y, ìmwc genik� eÐnai

mh-grammik  wc proc y′. Epomènwc an kei
sthn kathgorÐa twn pl rwc mh-grammik¸n

exis¸sewn (mh grammikìthta wc proc thn

par�gwgo an¸terhc t�xhc). ParagwgÐ-

zontac thn, paÐrnoume

dy = pdx = xf ′(p)dp + f(p)dx + g′(p)dp  

(p− f(p))
dx

dp
= f ′(p)x + g′(p).

An f(p) 6= p, èqoume thn exÐswsh

dx

dp
=

f ′(p)

p− f(p)
x +

g′(p)

p− f(p)
,

h opoÐa eÐnai grammik  wc proc x.



Par�deigma: Na lujeÐ h d.e.

xp2 − 3yp = −9x2, x > 0.

H exÐswsh gr�fetai

y =
1

3
xp +

3x2

p
,

ìpou p = y′ (Lagrange). ParagwgÐzontac
wc proc x èqoume

3p = p +
18x

p
+ (x−

9x2

p2
),  

(1−
9x

p2
) × (2p− x

dp

dx
) = 0.

Opìte èqoume

2p = x
dp

dx
, (8)

1 −
9x

p2
= 0. (9)

Apì thn (11) èqoume

p = cx2. (10)

ApaloÐfontac to p apì thn arqik  kai
apì thn (13), brÐskoume th genik  lÔsh

3cy = c2x3 + 9.



Apì thn (12) èqoume ìti

p = ±3x1/2,

to opoÐo an to jèsw sthn arqik  brÐskw

thn idi�zousa lÔsh

y2 = 4x3.
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VII. Grammik  D.E. An¸terhc T�xhc

Orismìc: Mia grammik  diaforik  exÐ-

swsh t�xhc n èqei th genik  morf 

any(n) + an−1y(n−1) + ... + a1y′+ a0y = g(x),

me an(x) 6= 0. An h sun�rthsh g(x) = 0,

tìte h exÐswsh lègetai omogen c.

Orismìc: 'Estw oi sunart seic

y1(x), y2(x), ..., yn(x).

Ja lème ìti eÐnai grammik� anex�rthtec,

ìtan h orÐzousa (Wronski)∣∣∣∣∣∣∣∣∣∣∣∣∣∣

y1 y2... yn

y′1 y′2... y′n
. . .
. . .
. . .

y
(n−1)
1 y

(n−1)
2 ... y

(n−1)
n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
6= 0



Efarmog : Na exetasteÐ an oi suanart -

seic

ex, 4ex, e−x,

eÐnai grammik� anex�rthtec.

Prìtash 1: 'Estw h omogen c grammik 

d.e.

any(n)+an−1y(n−1)+...+a1y′+a0y = 0. (11)

An oi sunart seic

y1(x), y2(x), ..., yn(x),

eÐnai merikèc lÔseic thc omogenoÔc kai eÐ-

nai grammik� anex�rthtec, tìte h genik 

lÔsh thc exÐswshc eÐnai

y0(x) = c1y1(x) + c2y2(x) + ... + cnyn(x),

ìpou ci ∈ R, i = 1,2, ...



Prìtash 2: An y0(x) eÐnai h genik  lÔsh

thc (14) kai f(x) eÐnai mia merik  lÔsh

thc grammik c d.e. tìte h genik  lÔsh thc

exÐswshc eÐnai

y(x) = f(x) + y0(x)  

y(x) = f(x) = c1y1 + c2y2 + ... + cnyn.

VII. Omogen c Grammik  D.E.

Genik  morf :

any(n) + an−1y(n−1) + ... + a1y′+ a0y = 0,

ìpou oi antÐstoiqoi suntelestèc thc eÐnai

stajeroÐ.

Prìtash: H sun�rthsh y = epx gia

na eÐnai merik  lÔsh thc grammik c d.e.

an¸terhc t�xhc prèpei kai arkeÐ to p na

eÐnai rÐza thc exÐswshc

anpn + an−1pn−1 + ... + a0 = 0. (12)

H exÐswsh (15) lègetai qarakthristik 
exÐswsh thc grammik c d.e.



DiakrÐnoume tic akìloujec peript¸seic,

an�loga me tic rÐzec thc qarakthristik c

exÐswshc

1h PerÐptwsh: An oi rÐzec thc (15) eÐ-

nai pragmatikèc kai di�forec metaxÔ touc,

èstw p1, p2, ..., pn tìte h genik  lÔsh thc

exÐswshc eÐnai

y0(x) = c1ep1x + c2ep2x + ... + cnepnx.

Par�deigma:

d4y

dx4
− 10

d2y

dx2
+ 9y = 0.

H qarakthristik  exÐswsh eÐnai:

p4 − 10p2 + 9 = 0.

LÔseic: p1 = 1, p2 = −1, p3 = 3, p4 =

−3. Epomènwc h genik  lÔsh dÐnetai apì

th sqèsh

y0(x) = c1ex + c2e−x + c3e3x + c4e−3x.



2h PerÐptwsh: An h (15) èqei prag-

matik  rÐza p pollaplìthtac k tìte

h d.e dèqetai tic ex c lÔseic

ep1x, xep1x, ..., xk−1ep1x.

Par�deigma:

d4y

dx4
−

d3y

dx3
− 9

d2y

dx2
− 11

dy

dx
− 4y = 0.

H qarakthristik  exÐswsh eÐnai

p4 − p3 − 9p2 − 11p− 4 = 0,

 

(p + 1)3(p− 4) = 0.

'Ara p1 = −1 me k = 3 kai p2 = 4.

H genik  lÔsh eÐnai

y0 = c1e−x + c2xe−x

+ c3x2e−x + c4x3e−x + c5e4x



3h PerÐptwsh: An h (15) èqei migadikèc

rÐzec a + bi, tìte h genik  lÔsh eÐnai thc

morf c

y(x) = eax(c1 cos bx + c2 sin bx).

Par�deigma: Na lujeÐ h d.e.

d3y

dx3
− 8y = 0.

H qarakthristik  exÐswsh eÐnai

p3 − 8 = 0 ⇒ (p− 2)(p2 + 2p + 4) = 0.

RÐzec eÐnai oi akìloujec

p1 = 2, p2 = −1 + j
√

3, p3 = −1− J
√

3.

H genik  lÔsh eÐnai h akìloujh

y0(x) = c1e2x + e−x(c2 cos
√

3x + c3 sin
√

3x).



4h PerÐptwsh: An h (15) èqei migadik 

rÐza me pollaplìthta k, tìte h genik 

lÔsh eÐnai thc morf c

y = eax(c1 cos bx + c2 sin bx)

+ xeax(c3 cos bx + c4 sin bx) + ...

+ xk−1eax(c2k−1 cos bx + c2k sin bx),

(tÔpoc tou Euler.)

Par�deigma: Na lujeÐ h d.e.

y(5) − y(4) + 2y(3) − 2y′′+ y′ − y = 0.

H qarakthristik  exÐswsh eÐnai

p5 − p4 + 2p3 − 2p2 + p− 1 = 0.

'Ara (p− 1)(p4 + 2p2 + 1) = 0. RÐzec eÐnai

p1 = 1, p2 = i, me k = 2, p3 = −i, me k = 2

Epomènwc genik  lÔsh:

y0 = c1ex + c2 cosx +

c3 sinx + x(c4 cosx + c5 sinx)



VIII. Mh Omogen c Grammik  D.E.

H genik  thc morf  eÐnai h akìloujh:

any(n) + an−1y(n−1) + ... + a1y′+ a0y = g(x),

ìpou oi antÐstoiqoi suntelestèc thc eÐnai

stajeroÐ.

EÔresh Merik c LÔshc:

1oc Trìpoc: Mèjodoc metabol c twn

stajer¸n   mèjodoc Lagrange

Prìtash: 'Estw

y0(x) = c1y1(x) + c2y2(x) + ... + cnyn(x),

h genik  lÔsh thc antÐstoiqhc omogenoÔc.

H

yµ(x) = c1y1(x) + c2y2(x) + ... + cnyn(x),



eÐnai merik  lÔsh thc d.e. ìtan isqÔei

c′1y1(x) + c′2y2(x) + ... + c′nyn(x) = 0

c′1y′1(x) + c′2y′2(x) + ... + c′ny′n(x) = 0

...................................................

....................................................

....................................................

c′1y
(n−1)
1 + c′2y

(n−1)
2 + ... + c′ny

(n−1)
n = 0,

(omogenèc n × n sÔsthma). LÔnontac to

sÔsthma èqoume

c′1(x) =
w1(x)

w(x)
, ..., c′n(x) =

wn(x)

w(x)
.

ìpou

w(x) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

y1 y2... yn

y′1 y′2... y′n
. . .
. . .
. . .

y
(n−1)
1 y

(n−1)
2 ... y

(n−1)
n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Genik  LÔsh

y = y0 +
∫

w1

w
dxy1 + ... +

∫
wn

w
dxyn.



Par�deigma: Na lujeÐ h exÐswsh

d2y

dx2
− 2

dy

dx
= ex sinx.

H qarakthristik  exÐswsh eÐnai

p2 − 2p = 0⇒ p(p− 2) = 0.

H genik  lÔsh thc antÐstoiqhc omogenoÔc

eÐnai

y0(x) = c1 + c2e2x.

EpÐshc èqoume

y1(x) = 1, y2(x) = e2x,

ìpou

y′1 = 0, y′2 = 2e2x.

To antÐstoiqo sÔsthma eÐnai

y1c′1 + y2c′2 = 0,

y′1c′1 + y′2c′2 = ex sinx

Opìte

c′1 + e2xc′2 = 0,

0c′1 + 2e2xc′2 = ex sinx,



ìpou

w(x) =

∣∣∣∣∣ 1 e2x

0 2e2x

∣∣∣∣∣ = 2e2x,

w1(x) =

∣∣∣∣∣ 0 e2x

ex sinx 2e2x

∣∣∣∣∣ = −ex sinx,

w2(x) =

∣∣∣∣∣ 1 0
0 ex sinx

∣∣∣∣∣ = ex sinx.

Eqoume

c′1(x) = −
1

2
ex sinx ⇒

c1(x) = = −
1

4
ex(sinx− cosx).

c′2(x) =
1

2
e−x sinx ⇒

c2(x) = −
1

4
e−x(sinx + cosx).

PaÐrnoume

yµ = −
1

2
ex sinx.

Telik� h genik  lÔsh eÐnai

y(x) = c1 + c2e2x −
1

2
ex sinx.



2oc Trìpoc: Mèjodoc prosdioristèwn

suntelest¸n an�loga me th morf  thc su-

n�rthshc g(x) (mh omogen c ìroc).

1h PerÐptwsh: 'Otan g(x) = Pk(x) ìpou

Pk(x) polu¸numo tou x, k bajmoÔ. Tìte

h merik  lÔsh yµ(x) eÐnai

yµ(x) = xm(akxk + ak−1xk−1 + ... + a0),

ìpou m akèraioc jetikìc arijmìc Ðsoc me

to pl joc twn riz¸n thc qarakthristik c

exÐswshc pou eÐnai Ðsec me mhdèn.

Par�deigma: Na lujeÐ h d.e.

y(4) + y(3) + y′′ = 2x + 3.

H qarakthristik  exÐswsh eÐnai

p4 + p3 + p2 = 0⇔ p2(p2 + p + 1) = 0.

RÐzec

p1 = p2 = 0, p3 =
−1 + i

√
3

2
, p4 =

−1 + i
√

3

2



'Eqoume

y0(x) = c1+c2x+e−
x
2(c3 cos

√
3

2
x+c4 sin

√
3

2
x)

Epeid  to mhdèn eÐnai dipl  rÐza thc qara-

kthristik c exÐswshc tìte

yµ = x2(Ax + B) = Ax3 + Bx2,

y′µ = 3Ax2 + 2Bx,

y′′µ = 6Ax + 2B,

y
(3)
µ = 6A,

y
(4)
µ = 0.

AntikajistoÔme kai èqoume

6A + 6Ax + 2B = 2x + 3.

Apì thn isìthta twn antÐstoiqwn sunte-

lest¸n brÐskoume

A =
1

3
, B =

1

2
.

'Ara

yµ(x) =
1

3
x3 +

1

2
x2.



Telik�

y(x) = y0(x) + yµ(x).

2h PerÐptwsh: 'Otan g(x) = epxPk(x)

tìte èqoume

yµ(x) = xmepx(akxk + ak−1xk−1 + ... + a0),

ìpou m fusikìc arijmìc Ðsoc me to pl -

joc twn for¸n pou o p eÐnai rÐza thc

qarakthristik c exÐswshc.

Par�deigma Na lujeÐ h d.e.

y′′′ − 6y′′+ 11y′ − 6y = 2xe−x.

H qarakthristik  exÐswsh eÐnai

p3−6p2+11p−6 = 0 ⇒ p1 = 1, p2 = 2, p3 = 3

To −1 den eÐnai lÔsh thc qarakthris-

tik c exÐswshc �ra m = 0. Opìte

yµ(x) = e−x(Ax + B).



3h PerÐptwsh: 'Otan èqoume g(x) =

Pk(x) cos ax + Pl(x) sin ax. Tìte

yµ = xm[(akxk + ak−1xk−1 + ... + a0) cos ax

+ (blx
l + bl−1xl−1 + ... + b0) sin ax],

me k ≥ l, ìpou m o fusikìc arijmìc Ðsoc

me to pl joc twn for¸n pou o ai eÐnai

rÐza thc qarakthristik c exÐswshc.

Par�deigma: Na lujeÐ h d.e.

y(4) + 10y′′+ 9y = cos(2x + 3).

H qarakthristik  exÐswsh eÐnai

p4 + 10p2 + 9 = 0.

RÐzec

p1 = i, p2 = −i, p3 = 3i, p4 = −3i.

O 2i den eÐnai rÐza �ra m = 0. Opìte

yµ = A cos(2x + 3) + B sin(2x + 3).



4h PerÐptwsh: 'Otan èqoume g(x) =

epx[Pk(x) cos ax + Pl(x) sin ax], tìte

yµ(x) = xme6px[(akxk + ... + a0) cos ax

+ (blx
l + ... + b0) sin ax],

me k ≥ l, ìpou m o fusikìc arijmìc Ðsoc

me to pl joc twn for¸n pou o p+ai eÐnai

rÐza thc qarakthristik c exÐswshc.

Par�deigma: Na lujeÐ h d.e.

y′′−4y′+13y = e2x[x sin 3x+(2x−1) cos 3x].

Qarakthristik  exÐswsh

p2 − 4p + 13 = 0,

me rÐzec

p1 = 2 + 3i, p2 = 2− 3i.

O 2+3i eÐnai apl  rÐza thc qarakthris-

tik c exÐswshc, �ra

yµ = xe2x[(Ax + B) sin 3x + (Cx + D) cos 3x].



5h PerÐptwsh: 'Otan èqoume ìti h g(x)

eÐnai �jroisma twn peript¸sewn 1,2,3,4.

A. 'H qwrÐzoume th d.e. se tìsec ìsec eÐ-

nai oi peript¸seic, brÐskoume thn merik 

lÔsh gia k�je mÐa kai prosjètoume tic

merikèc lÔseic.

B. 'H sqhmatÐzoume th morf  thc merik c

lÔshc san �jroisma twn merik¸n lÔsewn.

Par�deigma: Na lujeÐ h d.e.

y(4) + 2y(3) − 3y′′ = x2 + 3e2x + 4sinx.

H qarakthristik  exÐswsh eÐnai

p4 + 2p3 − 3p2 = 0,

me rÐzec

p1 = p2 = 0, p3 = 1, p4 = −3.

A. EÐnai

y0 = c1 + c2x + c3ex + c4e−3x.



Opìte

y(4) + 2y(3) − 3y′′ = x2,

me to 0 dipl  rÐza, �ra

yµ1(x) = x2(Ax2 + Bx + C).

EpÐshc

y(4) + 2y(3) − 3y′′ = 3e2x,

me to 2 ìqi rÐza, �ra

yµ2(x) = De2x.

Kai

y(4) + 2y(3) − 3y′′ = 4sinx,

me to 0 + i ìqi rÐza, �ra

yµ3(x) = E sinx + F cosx.

B. EÐnai

yµ = x4+Bx3+Cx2+De2x+E sinx+F cosx

UpologÐzoume tic parag¸gouc

y′µ(x), y′′µ(x), y
(3)
µ (x), y

(4)
µ (x),



opìte antikajist¸ntac brÐskoume

A =
−1

36
, B =

−2

27
, C =

−7

27
,

D =
−3

20
, E =

2

5
, F =

4

5
.

Telik�

y(x) = y0(x) + yµ(x)

= c1 + c2x + c3ex + c4e−3x

−
1

36
x4 −

2

27
x−

7

27

−
3

20
e2x +

2

5
sinx +

4

5
cosx.


