

Physical systems modeled using functions in the time domain may be transformed using the Laplace Transform. The resulting transformed functions are said to reside in the Laplace-domain, sometimes called the s-domain. If f(t) is defined for t ( 0 and its initial conditions are known, then the one-sided integral operation
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may be applied where f(t) is the function to be transformed, F(s) is the corresponding transformed function, and L denotes the Laplace transform operator. The transform variable is complex, i.e., s = + j, where  is the real component and j is the imaginary component. The lower limit of integration is denoted 0– to permit application of the impulse function which is defined to exist at t = 0. The transform is defined to exist for functions that converge, which covers many categories of functions including exponential functions such as tn and et.

___________________________________________________________
Example 1: 

Consider the function f(t) = e-at which converges, in the limit as t approaches infinity, for all a > 0.  The Laplace transform is 
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and consequently, for finite s and finite a, the Laplace-domain function is
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___________________________________________________________
It is common practice to maintain a list of transform pairs, or functions and their corresponding Laplace-domain functions. Example 1 shows that the functions e-at and 
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 comprise a transform pair. Transform pairs are sometimes indicated using the double-arrow as in
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or in the case of Example 1,
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A brief list of other transform pairs appears in Table 1.

Any function in the s-domain may be manipulated algebraically (e.g., using partial fraction expansion) to be the summation of functions that have transform pairings.

____________________________________________________________
Example 2: 

Consider the differential equation 
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Application of the Laplace transform to all terms yields
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and because [4]
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and 
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then
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since, from the table of transform pairs, 
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It is now possible to apply the concept of partial fraction expansion by requiring that 
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and finding the appropriate coefficients, A, B, and C. This allows examination of Y(s) as the sum of three functions, each having a corresponding transform pair. Rearranging the right hand side to have common denominators yields
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Because the numerators must be equal, it is seen that
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which yields three equations based on examination of like terms
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These equations may be written in matrix form as
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or
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which is solved to yield
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Consequently,
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Each of the terms may now be paired with its time-domain transform pair, and the time-domain function is
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which is plotted in Figure 1.

[image: image26.png]Magnitude





___________________________________________________________
Transfer Functions in the Laplace Domain

Physical systems are modeled using differential equations that describe the input (forcing function), the output (the solution) and the system (the parameters of the differential equation, i.e., order, coefficient values). This output versus input relationship is central to all engineering disciplines. The ever-present question is: Given a certain input function, what will be the output? It is possible to consider the same input/output relationship in the Laplace domain using a transfer function. Application of the Laplace transform to the time-domain functions produces corresponding Laplace-domain functions. The transfer function, then, is the Laplace domain representation of the physical system. It is important to notice that the transfer function is related to the physical system and is independent of the input values and also independent of its initial conditions. This relationship is shown schematically in Figure 1.
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Figure 1. Time-domain model structure (a) and Laplace domain model (b).

The format shown in Figure 1(b) is called a block diagram. The development of block diagrams is the result of the mapping of operations from the time domain to the Laplace domain. Mathematical manipulations in the Laplace domain are algebraic, i.e., they consist of only summations and multiplications. The block diagram operations are shown in Figure 2.
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Figure 2. Block diagram algebraic operations.

Using the input/output relationship and the algebraic operations in the Laplace domain, the transfer function is defined as the ratio of the output to the input. The multiplication block in Figure 2 has input F(s) and output Y(s). The transfer function is 
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One obvious advantage of working with Laplace transforms is the fact that it is possible to examine the system algebraically in the Laplace-domain and then apply the inverse Laplace transform to find the time-domain output function. 

Example:

Consider the differential equation 
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Application of the Laplace transform yields
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and the transfer function is
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It is important to recognize at this point that the transfer function is currently in a recognizable form – one that is a standard Laplace transform pair. The transfer function equation can be rearranged to produce
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 and to solve for y(t), it is necessary to know the input function f(t) and its Laplace domain counterpart, F(s). Assuming the input is the impulse function, (t), then F(s) =1. Consequently, 
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Thus 
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Since the input was an impulse, the output, y(t), is called the impulse response. One might also be interested in the step response of the system. To examine the step response, the input function is changed to a step:

f(t) = us(t) = 1 (for t > 0)

The Laplace transform of the step function is 1/s, therefore
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The transfer function of the system has not changed, i.e., 
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but the output is a new function as a result of the new input
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It is convenient to rearrange Y(s) into a form that contains recognizable transform pairs. This can be done using partial fraction expansion
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The values for A and B are found by equating the numerators
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which yields two equations that can be solved simultaneously resulting in 

A = ½,   and   B = –½

Consequently,
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and the output function is determined using the inverse Laplace transform resulting in
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Table 1. Selected Transform Pairs, adapted from [4] and [5] .

	
	f(t)
	F(s)

	
	(t), (impulse)
	1

	1
	us(t), (unit step)
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	2
	e-at us(t)
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	3
	t us(t), (unit ramp)
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	t n us(t)
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	5
	sin(t)us(t)
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	cos(t)us(t)
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	7
	te-at us(t)
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	[e-at sin(t)]us(t)
	
[image: image51.wmf]22

()

sa

w

w

++



	9
	[e-at cos(t)]us(t)
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System Characteristic Equation, Poles and Zeros

A Laplace-domain system transfer function is defined as the ratio of the output to the input. A general transfer function can be expressed as
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or equivalently as
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where z1, z2, to zm are the zeros of the system and p1, p2, to pn are the poles of the system. The system characteristic equation is found by setting the polynomial in the transfer function denominator equal to zero
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which contains as many solutions as unique poles. For instance, (4)

 is satisfied if s = p1. For example, if the transfer function is 
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then the function has no zeros and a pole located at s = –4.  If the input function, r(t), is an impulse function, application of the Laplace transform operator on r(t) results in the s-domain function R(s) = 1. Consequently,  
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 and y(t) = e–4t. Thus the time-domain function y(t) converges to zero as t((.

Pole Position and Stability

Convergence of the output (or other system parameters) plays a critical role in the development of methods to determine the stability of a system. If the system’s transfer function is a second-order, all-pole system
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then the function has no zeros and two poles. The system’s characteristic equation is as2 + bs + c = 0, the solutions of which are complex and can be found using the quadratic equation 
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 to appear in a form showing the complex poles
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where 
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and 
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If the input is the unity step function, then R(s) = 1/s. Consequently,
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which can be written in the form
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where 
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It is evident that y(t) is a decaying sinusoid that converges to 
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 if and only if  > 0.  From eqs (8)

, the complex poles s1 and s2 must contain negative real parts for a convergent function in the time domain.
(7)

and
When considering physical systems and feedback control systems, it is important to note that systems containing poles in the left half of the complex plane (LHP) yield convergent functions in the time domain. These systems and are said to be stable. It is convenient to remember that systems are stable if and only if all system poles lie in the LHP. Conversely, systems with any poles in the right-half-plane (RHP) are said to be unstable because their corresponding time-domain functions will contain divergent terms. See Figure 3.


[image: image78]
Figure 3.  Stable (a) and unstable (b) systems.

Stability is perhaps the most important characteristic in designing systems. It is usually unwise to allow forces or voltages, for example, to tend toward infinite values! Intuition might indicate that lossy mechanical or electrical systems prohibit infinite values. But with the addition of feedback (more on this in later courses), it is possible for the system to become unstable and certain parameters are forced to very high values indeed. One example is the “feedback” present when a loudspeaker is placed nearby a microphone. 

Appendix

MATLAB commands to examine Example 2.

>> num=1





% create the numerator 

>> den=[conv([1 0],conv([1 2],[1 3]))] 
% create the denominator

>> [R,P,K]=residue(num,den)


% find "residues" using PFE

(The above commands produce the following output):
R =

    0.3333

   -0.5000

    0.1667

P =

   -3.0000

   -2.0000

         0

K =

     []

% Note that each of the residues in R correspond

% with particular poles in P 

% To see more on how the residue command functions, 

% see the help page, as below:

>> help residue

 RESIDUE Partial-fraction expansion (residues).

    [R,P,K] = RESIDUE(B,A) finds the residues, poles and direct term of

    a partial fraction expansion of the ratio of two polynomials B(s)/A(s).

    If there are no multiple roots,

       B(s)       R(1)       R(2)             R(n)

       ----  =  -------- + -------- + ... + -------- + K(s)

       A(s)     s - P(1)   s - P(2)         s - P(n)

    Vectors B and A specify the coefficients of the numerator and

    denominator polynomials in descending powers of s.  The residues

    are returned in the column vector R, the pole locations in column

    vector P, and the direct terms in row vector K.  The number of

    poles is n = length(A)-1 = length(R) = length(P). The direct term

    coefficient vector is empty if length(B) < length(A), otherwise

    length(K) = length(B)-length(A)+1.

    If P(j) = ... = P(j+m-1) is a pole of multiplicity m, then the

    expansion includes terms of the form

                 R(j)        R(j+1)                R(j+m-1)

               -------- + ------------   + ... + ------------

               s - P(j)   (s - P(j))^2           (s - P(j))^m

    [B,A] = RESIDUE(R,P,K), with 3 input arguments and 2 output arguments,

    converts the partial fraction expansion back to the polynomials with

    coefficients in B and A.

Warning: Numerically, the partial fraction expansion of a ratio of polynomials represents an ill-posed problem.  If the denominator polynomial, A(s), is near a polynomial with multiple roots, then small changes in the data, including round-off errors, can make arbitrarily large changes in the resulting poles and residues. Problem formulations making use of state-space or zero-pole representations are preferable.

    See also POLY, ROOTS, DECONV.
EXERCISES TO  SOLVE
Find the inverse LAPLACE TRANSFORMS
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