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Preface

Automatic control systems represent one of the most important fields of
applied science and engineering. This is due to the fact that automation is
today typically related to the development of all forms of technology.

A significant breakthrough in the area of control systems is the transfor-
mation of signals such that they can be connected to computing devices.
A prerequisite, and more so, a current trend, is the fact that control systems
are based on systems’ computational gain, which enables them to work
faster, more efficiently, and with greater reliability.

This book is solely dedicated to digital control systems and aims to provide
the reader with both theoretical and applied scientific knowledge regarding
the broader field of digital control systems.

A particular emphasis is given to the analysis of the fundamental theory,
which is further simplified to numerous case studies with respect to digital
control systems. In addition, at the end of each chapter, there is a detailed
handbook, which contains the mathematical formulas required to solve
certain exercises.

Each chapter is accompanied by a rich collection of solved exercises using a
corresponding analytical methodology, whereby deeper understanding and
consolidation of digital control systems is made simple and comprehensible.

In Chapter 1, some introductory concepts are analyzed in order to famil-
iarize the reader with the required terminology on the subject.

Chapter 2 presents the z-transform, and its relation to the Laplace trans-
form is also explained. Additionally, all the calculation methodologies of the
inverse z-transform are analyzed here in order to study the behavior of a
digital control system in the time domain.

Chapter 3 deals with the transfer function of sampled data systems, and its
derivation is explicitly defined and explained. Moreover, Mason’s formula is
presented, and the method in which it can be used with the aid of the signal
flow diagram to obtain the pulse transfer function.

Chapter 4 analyzes all the discretization methods of continuous time
system transfer function, such as the method of z-transform, the exponential
method, the differential backward method, the differential forward method,
the method of the bilinear transform (with and without frequency change),
and the method of pole-zero matching.

Chapter 5 analyzes the description of discrete-time systems in the state
space. All the applicable forms are analyzed, such as direct form, canoni-
cal form, controllable canonical form, observable canonical form, and Jordan
canonical form. The concepts of controllability and observability are thor-
oughly explained, and the discretization of continuous-time systems is

xi



xii Preface

analyzed into the state space, by using the integration and differentiation
methods.

Chapter 6 analyzes the stability of discrete-time control systems. Certain
related criteria are also analyzed, such as the unit circle, Routh (with Moébius
transform) and Jury. The method of root locus is also explained as well as the
Nyquist and Bode stability criteria.

In Chapter 7, the steady-state errors (i.e, position, velocity, and accel-
eration) are analyzed. Furthermore, the time and harmonic responses of
discrete-time control systems are also studied.

Chapter 8 explains how digital control systems are designed to meet the
given requirements or specifications. The indirect and direct design methods
are analyzed here. The digital PID controller, the deadbeat digital controller,
and the digital LEAD/LAG filters are also analyzed.

Finally, the simulation tools used throughout this textbook will be
presented and briefly described in Chapter 9.

We hope that the readers will benefit from this manuscript, and enjoy their
reading at the same time.

MATLAB®and Simulink® are a registered trademark of The MathWorks, Inc.
For product information, please contact:

The MathWorks, Inc.

3 Apple Hill Drive

Natick, MA 01760-2098 USA Tel: 508 647 7000
Fax: 508-647-7001

E-mail: info@mathworks.com

Web: www.mathworks.com


www.mathworks.com
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1

Introduction

1.1 Introduction

One of the most important theoretical and practical aspects of automatic
control is the systems’ interconnection through a feedback process and gener-
ally the concept of feedback such that the system input will always depend
on its corresponding output.

A remarkable technological breakthrough in these systems is their trans-
formation such that they can be connected to computing units (computeriza-
tion). Currently, control systems are based on computers’ power gain, which
enables them to work faster, more efficiently, and with greater reliability.

Nowadays, the control of a system performance is mainly carried out with
the aid of microcontrollers or microprocessors. Several procedures, described
by analog systems, can be controlled using digital systems. For the signal
processing purpose, the utilization of filters is widespread; the latter stands
for certain devices that either allow the components of a desired signal to
pass, by rejecting the unwanted ones (i.e,, band-pass filters) or correct the
distorted signal components (i.e., equalizers). Also, satisfactory compensa-
tors are used in order to modify the dynamic response of control systems so
as to maximize the response of the integrated system.

The increasing flexibility of state-of-the-art digital processors drives the
above procedures to rely mainly on digital systems or digital filters. However,
the interconnection of analog and digital systems requires an appropriate
configuration so that both analog and digital signals can be processed. The
switching between analog and digital signals is obtained by the sampling of
signals and the so-called zero-order preservation.

By using the term “system,” we explicitly define a physical part of the nat-
ural world where we assume that it comprises a set of components which
simultaneously operate in a prescribed manner so as to achieve a certain
goal. A system communicates with the environment through signals.
Control systems can be classified, according to the type of signals that are
being processed, in continuous-time or analog, in discrete-time or digital,
and mixed or hybrid.
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The continuous-time control systems, also called continuous data-flow
systems or analog systems, include elements that only produce or pro-
cess signals in continuous time. The discrete-time control systems, also
called discrete data-flow control systems or sample-data systems or digital sys-
tems, include components which produce or process discrete signals to one
or more parts of the system. Systems which process or produce discrete
signals in some parts and continuous signals to the others are called mixed
or hybrid.

By definition, computers are digital systems. Hence, all input data streams
are in a digital form, that is, digital signals. Yet, various signals in the natu-
ral world are continuous time (e.g., position and temperature). Thus, they
must be transformed to digital signals prior to being processed by computer
systems. To convert an analog signal to a discrete one, the fundamental
sampling mode-of-operation is required.

1.2 Description of Analog and Digital Control Systems

When speaking of automatic control we basically refer to closed-loop sys-
tems. The latter systems include steps, such as the physical system we wish
to control; feedback and gain levels; and of course the controller itself, which
is selected depending on the form of the underlying physical system. In an
era where almost everything works under the guidance and supervision of
the computer, the realization of the automatic control problem with discrete
(or digital) manner is quite important.

It is known that the analog automatic control is very crucial, not only
because it is used in many scientific fields, but also because many digital
controllers implement analog control algorithms.

The basic form of the operating diagram (block diagram) of an analog
closed-loop control system with a single input and a single output is shown in
Figures 1.1 and 1.2 (where the PID controller’s structure is presented in detail).

The process (or procedure or controlled system—plant) is the system or
subsystem, which is controlled by the closed-loop system.

The reference input is an external signal applied to the closed-loop system,
whereas it stands as a trigger for a specific behavior of the controlled system.
Usually, it represents the ideal or desired output of the system.

The controller (or regulator) is the element which generates the control sig-
nal, which is input signal to the controlled system. The implementation of
the analog regulator requires a system which usually consists of several
components and devices.

The feedback signal is a related function of the controlled output.
It is algebraically added to the reference signal in order to provide the error
signal, which activates the control system.
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FIGURE 1.1
Analog automatic control system.

Analog controllers and, generally, continuous-time systems are described
by the Laplace transform or by differential equations and are correspond-
ingly processed to produce continuous-time signals. Digital controllers
and, in general, discrete-time systems are described by the Z-transform or
by differential equations. The problem of developing digital controllers is
substantially related to the construction of a PC program.

In the case we wish to use a computer for the automatic control of a
process, then the analog controller should be replaced with a digital one and
the calculation of the error signal and the dynamic response of the analog
can be implemented via the digital one, as shown in Figures 1.3 and 1.4.

The resulting system is a mixed sampled-data system, which includes both
continuous- and discrete-time signals.

As shown in Figure 1.3, the control system is a hybrid system that exhibits
both continuous and discrete dynamic behavior, where its main digital part
is the controller, part of which is the computer.
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FIGURE 1.2
Analog automatic control system with a PID controller.
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r(t) + o
A/D HComputerH D/A Controlled
- e(k) m(k) process

e(t)
Feedback
L

FIGURE 1.3
Digital control system.

The controller computes the error signal (or the difference) and generates
an appropriate input signal to the controlled process in order to provide the
desired output signal. Using the controller, a transfer function is implemented,
the design of which can be made via a suitable algorithm that is programmed
into the PC or by using special equipment. The computer may be a digital filter
or a microprocessor, depending on the complexity and size of the system.

By appropriately adjusting the controller’s parameters, we are able to
intervene in the dynamics of the closed-loop system such that the system
meets its requirements and specifications.

In summary, there are two fundamental differences between the analog and
digital control systems.

¢ First, the digital system computes output samples and not the con-
tinuous signal.

® Second, the digital controller is described by difference equations; so
the differential equations which represent the analog controller must
be converted to difference equations. Thereby, the signals received by
a digital controller are given in a discrete form, while the signals which
enter the controlled system are continuous. Therefore, the continuous
signals of the controlled output and the reference input should be sam-
pled so as to provide the appropriate input of a discrete controller and
then the signal, generated by the controller, must be converted to being
continuous, to produce an input for the controlled system.

¢ ) D/A
adapter ActuatorH Process
[N

Controller

x A/D

adapter

adapter

FIGURE 1.4
Computer controlled system (CCS).
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To ensure communication compatibility between the controlled contin-
uous-time system and discrete controller it is necessary to connect them
through elements, which achieve the conversion of digital signals to ana-
log and vice versa. These elements are the interface between the system and
the computer and are called, respectively, digital to analog converter (DAC)
and analog to digital converter (ADC). The A/D converter essentially oper-
ates as a sampler. The D/A converter is able to transform a signal from the
discrete-time to the continuous-time domain and is implemented with the
aid of a restraint system.

The sampling process and the process of converting analog signals into
discrete ones, and vice versa, plays quite an important role for the control-
ler’s performance.

Sampling process: Sampling a continuous-time signal replaces the origi-
nal continuous signal from a sequence of values to discrete-time points.
The sampling is used when a control system includes a digital controller,
since sampling and quantization is necessary to input data in such a con-
troller. Moreover, a sampling procedure appears whenever necessary control
measurements are generated in an intermittent manner. For instance, in a
radar tracking system, where the radar antenna scans a certain area around
azimuth and elevation, corresponding information is taken once for each
rotation/cycle of the antenna. Thus, the radar scan mode produces sampled
data. In another example, a sampling procedure is necessary every time a
controller or large-scale computer is shared at several time points in order to
save cost. Then, a control signal is sent to each module only periodically and
the signal is therefore converted to a sampled-data signal.

The sampling or discretization procedure is usually followed by a
quantization process. During the quantization process, the sampled analog
amplitude is replaced by a corresponding digital amplitude (i.e., binary
number). Afterward, the digital signal is processed by the computer.
The computer’s output is sampled and fed to a hold circuit. The hold circuit
output is a continuous-time signal and is fed to the actuator.

1.3 Advantages of Digital Control Systems and Applications

Computer-assisted control produces significant advantages as compared
to conventional typical analog regulators. Some of these advantages are

¢ Great flexibility in modifying the controller’s features. Indeed, these
features can easily be altered by modifying the program. In contrast,
in analog control systems, changing the controller characteristics is
usually a nontrivial task and quite expensive because a substitution
of elements and devices is required.
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* Data processing is easy. Complex calculations can be performed
easily and quickly. Analog controllers do not have this capability.

¢ They present better technical behavior in comparison to the analog
control systems in terms of reliability and sensitivity to disturbances.

* They have an improved stability, a lower physical weight and, in
many cases, a lower implementation cost.

Nevertheless, computer-assisted control presents some disadvantages
compared to analog control systems such as

* The errors introduced during both the sampling process of continu-
ous systems and the quantization of discrete-time signals.

¢ The difficulty in the digital control system design, particularly if the
process is complicated. In the digital control of a complex process,
the designer must have a good knowledge of the process to be con-
trolled and should be able to obtain its corresponding mathemati-
cal model. This mathematical model can be obtained in the form
of differential equations or difference equations or in some other
form. The designer must be familiar with the measurement technol-
ogy related to the process output and other variables involved in the
process. Also, the designer must have a relatively good knowledge
of computer systems and modern control theory. In this regard, a
good knowledge of simulation techniques is useful.

The most challenging part in the design of control systems is the accu-
rate modeling of the physical unit or process. When designing a digital con-
troller, it is necessary to recognize the fact that the mathematical model of
a unit or process, in many cases, represents only an approximation of the
relevant physics. Exceptions are the cases when modeling electromechanical
and hydromechanical systems, since they can be accurately and efficiently
modeled. For example, the modeling of a robotic-arm system can be achieved
with quite high accuracy.

The computer-assisted control technique has been applied in a variety of
systems and processes such as industrial control, telecommunication sys-
tems, wireless/wired networks, nuclear and chemical reactors, terrestrial—
maritime and air transport systems, weapons systems, far-distant system
control, robotics, space applications, biotechnology, medicine, biology, etc.



2

z-Transform

2.1 Introduction

Analog systems are designed and analyzed with the use of Laplace trans-
forms. On the other hand, discrete-time systems are analyzed using a similar
technique called z-transform.

The basic lines of reasoning are the same for both scenarios: After deter-
mining the impulse response of the system, the response of any other input
signal can be extracted by simple arithmetic operations. The behavior and
the stability of the system can be predicted from the zeros and poles of the
transfer function.

As Laplace transform converts the differential equations into algebraic
terms with respect to s, z-transform converts the difference equations into alge-
braic terms with respect to z. Both transformations are matching a complex
quantity to the points of a region of the complex plane.

It should be noted that the z-plane (i.e., the domain of z-transform) is orga-
nized in a polar form, while the s-plane (i.e., the domain of Laplace transform)
is in a Cartesian form.

2.2 From Laplace Transform to z-Transform

The z-transform greatly facilitates the study and design of nonlinear time-
varying discrete-time systems, because it transforms the difference equation
that describes the system into an algebraic equation.

In Figure 2.1, the procedure followed by using z-transform, where there are
three steps to resolve the differential equation (D.E.) and the direct solution
of the given D.E. via higher mathematics, which is much more laborious, are
given.

To show that z- and Laplace transforms are two parallel techniques, the
Laplace transform, which is already known, will be used, and capitalizing
on it, the mathematical expression of z-transform will be developed.
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Difference equation Algebraic equation
(n-domain) Z (z-domain)
Solution of difference Solution of algebraic
equation z! equation
(n-domain) (z-domain)

FIGURE 2.1
Solution of D.E. using z-transform.

The Laplace transform is an integral-based transform that connects the
temporal representation of the signal—that is x(f)—with its representation in
the s domain, namely, X(s).

The Laplace transform is defined as X(s) = | ;=°, x(t)-e *dt, where s is a
complex number.

By substituting s = o + jw one is able to reach an alternative form of X(s)
function, which is X(o,w)= [, x(t)-e"""-e /dt. Inserting in the latter
expression e+t = cos(wt) — j sin(wt) we have that

+00

X(o,w)= f x(t)-e " -[cos(wt) — jsin(wt)]dt =
o . @1)
X(o,w)= f x(t) -e " cos(wt)dt — j f x(t) e sin(wt)dt

Based on Equation 2.1, x(t) signal is analyzed in sine and cosine waves,
whose width exponentially varies in the time domain according to the rela-
tion e~. Each point of the complex s-plane is determined by the real and
imaginary part, that is, the parameters o and w. At every point of s-plane, one
can calculate the complex quantity X(o, w).

The real part of X(o, w) arises by multiplying the x(t) signal with a cosine
waveform having a frequency w whose amplitude decreases exponentially
with a rate o and is then integrated for all time instances.
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Thus,

Re{X(o,w)} ~ f x(t)-e " - cos(wt)dt (2.2)

t=—00

The imaginary part is obtained by using a similar manner, that is, by mul-
tiplying the x(f) signal with a sine waveform of frequency w whose amplitude
decreases exponentially with a rate 0. Hence,

Im{X(o,w)} ~ f x(t)- e~ -sin(wt)dt 2.3)

t=—00

Based on the above representation of the Laplace transform, one can for-
mulate the z-transform, that is, the corresponding transformation relation
for discrete signals in three steps.

Step 1: The first step is the most obvious: Change the signal from con-
tinuous to discrete, that is, x(t) — x[n] and of course the integral should be

replaced with a sum. Thereby: f oL — Y o so

+o0

X(o,w) = Z xn] e~ e 2.4)

n=-—0c

Despite the fact that x[n] signal is a discrete one, X(o, w) is continuous since
o and w variables can take continuous values.

In the case of the Laplace transform, one could go through any point (o, w)
(not quite any point; the integral will not converge for points not belonging
in the region of convergence) of the complex plane and define the real and
imaginary part of X(o, w) by integrating over time, as previously explained.

If the case of z-transform, one may again go through up to any point of the
complex plane, but replace integration with summation.

Step 2: In the second step, polar coordinates are introduced to represent the
exponential e=o".

The exponential signal y[n] =e " can be written as: y[n] =", where,
apparently, the substitution ¢” = r has taken place, holding that o =Inr.

It is noteworthy that:

In the form y[n] = e=", y[n] increases with time when ¢ < 0.
In the form y[n] = r", y[n] increases with time when r < 1.
In the form y[n] = e=", y[n] decreases with time when o > 0.
In the form y[n] = r", y[n] decreases with time when r > 1.
In the form y[n] = e=", y[n] remains unchanged when o = 0.
In the form y[n] = r=", y[n] remains unchanged when r = 1.
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Hence,

2]

X(r,w)= Ex[n]r’” el 2.5)

—00

Step 3: The substitution z = r- e/ is performed, therefore the standard form
of z-transform arises.

o0

X(z)= Zx[n] z" (2.6

—00

The z-transform (Equation 2.6) is a valuable tool for analyzing discrete
linear time-invariant (LTI) systems. It provides capabilities for

e Efficient calculation for the response of a LTI system (the convolution
in the discrete-time domain) y(n) = x(n)* h(n) is computed as a prod-
uct in the z-transform domain: Y(z) = X(z2)H(z), so y(n) = IZT(Y(2)).

¢ Stability analysis of a LTI system (via calculation of the region of
convergence).

¢ Description of LTI with regard to its behavior in the frequency
domain (low pass filter, band pass filter, etc.).

2.2.1 Comparison of s- and z-Planes in the Region of Convergence

The main differences between s- and z-planes are presented in Figure 2.2.
The points of s-plane are described by two parameters: o parameter cor-
responds to the real axis that determines the exponential rate of reduction,

Im Im

jo |-—=———- .

(=)
S

A
=
®

z
|

|

|

: Re
o

FIGURE 2.2
s-plane is orthogonal, while z-plane is polar.
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while w parameter corresponds to the imaginary axis, which determines the
oscillation frequency. Both parameters are arranged in a rectangular array
on the s-plane.

The resulting geometry arises from the fact that for each s number, its posi-
tion is determined by the relation:

§=0+ jw.

z-plane is polar-based. Each complex number (z) is determined by its dis-
tance (r) from the origin, corresponding to the exponential rate of reduction
(recall the expression X(r, w)), and w parameter corresponds to the angle of 7,
across the positive horizontal semi-axis. The polar arrangement of z arises
from the relation z = r- e/ or z = rel* = r(cos w + j sin w).

As a consequence of the above differences, vertical lines in s-plane become
circles in z-plane. This is due to the fact that o = In 7, which has previously
been implemented. For instance, the imaginary axis of s-plane, that is, the
line formed by setting o = 0, will reflect to a circle of radius r =1 into the
z-plane. Indeed, the relation o = 0 corresponds to 0 =Inr in z-plane and,
hence, r = 1.

Lines parallel to the imaginary axis located in the left half-plane (o < 0)
correspond to concentric circles which are located within the unit circle
in the z-plane. A similar behavior is realized in lines located in the right
s-half-plane.

For example, a causal continuous-time system is stable if its poles are in the
left s-half-plane. Correspondingly, a causal discrete-time system is stable if
its poles are located inside the unit circle.

2.3 z-Transform Properties

The properties of the z-transform have a very similar meaning to the prop-
erties of the Laplace transform. The most important properties of the z-
transform, commonly used for problem solving, are presented below.

2.3.1 Time Shift

If X(z) denotes the z-transform of x[n] function, then the corresponding
transform of x[n—N] is given by z7N¥X(z). The time shift operation adds or
subtracts the axes’ origin or infinity from the region of convergence of X(z).

If... Then...

x[n] < X(z) x[n—N]ozVX(z)
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2.3.2 Linearity

Let x[n] be a function, which arises from the linear combination of two func-
tions x,[n] and x,[n] with regions of convergence II, and II,, respectively. The
region of convergence of x[n1] includes the intersection of II; NII,.

If... Then...
x[n] < X(2) axlnl+ fraln] - aX,(2) + AXa(2)

2.3.3 Time Reverse

If the z-transform of the x[n] function is X(z), with region of convergence II,
then the transform of x[—n] is X(1/z) with region of convergence 1/1L

If... Then...
zr (1
x[n] < X(z) x[—n] X[;]

2.3.4 Convolution

Let two functions x;[n] and x,[n] with corresponding z-transforms and
regions of convergence x;[n] < X;(z) where z €I, and x,[n] < X,(z) where
z€1l,. The transform for the signals’ convolution x[n] and x,[n] is
x1[n]* x3[n] < X1(2)X2(z) = X(z), where the region of convergence of X(z) is
identical or includes the intersection of regions of convergence of X;(z) and X,(z).

If... Then...

x[n] < X(z) x[n] * xy[n] < X,(2)X,(2)

2.3.5 Differentiation in z-Domain

Let X(z) be the transform of x[n] function with region of convergence II
Then, nx[n] < —z(dX(z)/dz) with the same region of convergence.

If... Then...

x[n] < X(z) nx[n] « —z(dX(z)/dz)

2.3.6 Initial and Final Value Theorem

If x[n] = 0 and n < 0, then x[0] = lim X(z) (ILVT)
For causal stable systems, it holds that:

x[oo] = %ljn x[n]:lzigl (z—1)X(z) (E.V.T)
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If... Then...

x[n]<X(z) x[0] = lim X(z)

x[n] < X(z) x[oo] = 1£m x[n]= hg} (z—1)X(z)
N

2.4 Inverse z-Transform

The implementation of z-transform results in the transportation from the
discrete-time domain to z-domain. The opposite procedure is implemented
with the aid of the inverse z-transform.

The inverse z-transform is defined by

x[n]=Z"[X(2)| = 2171'] 9§ X(2)z" 'dz (2.7)

c

where c is a closed contour within the region of convergence of F(z) which
includes the intersection of real and imaginary axes of z-complex plane.

Due to the fact that the calculation of the involved integral is quite cumber-
some, usually the calculation is made in the form of tables, which provide the
timing functions of basic complex functions. In general, these tables cover
only some cases, thus some other methods can be used for calculating the
inverse z-transform.

There are three methods for calculating the inverse transform of a
function X(z)

1. Method of power series expansion
2. Method of partial fraction expansion
3. Method of complex integration (via the residue theorem)

2.4.1 Division Method

Using this method, certain samples of the inverse z-transform are calculated;
a corresponding analytical expression is not provided.

Dividing the numerator by the denominator of the X(z) function, X(z) takes
a series formation in terms of z.

2.4.2 Method of Partial Fraction Expansion

Partial fractions expansion is particularly useful method for the analysis and
design of systems, because the impact of any characteristic root or eigenvalue
becomes straightforward.
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The facilitation of partial fraction expansion occurs for X(z)/z, and not
for X(z).

We distinguish three cases of partial fraction expansion for X(z)/z, accord-
ing to the form of its poles.

e Case of distinct real poles: In this case, X(z)/z is expanded in a
fractional sum series as follows:

X@_  B® o« G 2.8
z  @op)zp) Ep) @p)

® The c¢; coefficients are computed using the Heaviside formula
(Heaviside formula—Oct. 1931) for distinct poles, hence,

' B(z)
. N 29
C Zlgj}‘[(z P)(Zpl)(zpz)...(zpn)}

* Case of nondistinct real poles (poles with multiplication factor n—multiple
real poles): In this case, X(z)/z is expanded in a fractional sum series

as follows:
X(z) B(z) 1 Ci2
= = - +
z @-p)'GE-p) GE-p) E-p)

Cln CZ . Cn (210)
Ep)  —p) E-p)

* The ¢; coefficients are computed using the Heaviside formula for
multiple poles, hence,

Cij

¢ The remaining coefficients are computed via Equation 2.9.

e Case of complex roots: In this case, the coefficient of the numerator
for one of the complex roots is computed via Equation 2.9 or 2.11.
Therefore, the coefficient in the numerator of the term which has
the conjugate root of the former at the denominator becomes its cor-
responding conjugate.

2.4.3 Method of Complex Integration

This method is quite general and is used when one or more partial fractions
of the expanded F(z) are not included into the lookup tables of z-transform.
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This method relies on the definition formula of the inverse z-transform.
The utilization of Equation 2.7 requires the use of the residue theorem,
which is given by

fﬁ F(z)z" 'dz =2r jz residues[F(z)z" ] (2.12)

In the latter expression, also known as Cauchy’s formula, 3 stands for the
sum of residues for the poles of F(z), which includes the c curve.
Combining the above expressions, we have that

flnl= Z residues[F(z)z" '] (2.13)

e If there is a simple first-order pole of F(z)-z"! (i.e, z = ), then its
residual is given by

F(z)z" \(z —a)\m (2.14)
¢ If there is an m-order pole of F(z)z", then its residual is given by

1 d(m—l)

()i gz @ @) 215)

z=«

2.5 Formula Tables
Tables 2.1 and 2.2.

2.6 Solved Exercises
EXERCISE 2.1

1 when n>0

Compute the z-transform of unit-step function y[n]= .
0 when n<0

Solution

Based on the definition of z-transform, we have that
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TABLE 2.1

z-Transform for Elementary Functions

x[n] X(2) IL.x.
1 8[n] 1 Allz
2 un) 2 |z] >1
z—1
3 —u[-n-1] 2 lz| <1
z—1
4 S[n—m] z " All z except 0 (m > 0) or oo (m < 0)
5 a"u[n] z |z| > |a|
z—a
6  —au[-n-1] z |z] < |al
z—a
7 na'u[n az z| > |a
[ - 21 > ||
8 —na"u[-n—1 az z| < |a
R 2] < |a]
2
9 (n+1a'uln] z |z]| > |a]
z—a
2
10 (cosQn)uln] _zlcos)z |z] >1
22 —(2cos )z +1
11 (sinQn)uln] _ (sinf)z Iz| >1
2% —(2cosN)z +1
12 (r" cos Qn)u[n] 2’ —(rcosQ)z |z| >r
22 —(2rcos )z + r*
13 (r"sin Qn)u[n _ (rsin®z z| <r
( uln] 2% —(2rcosQ)z +r* 1=l
+00 +0o +o0 1 z
Xz:Zunﬁ’”:ZLz’":Zz*l": =
(2) [1] Y ==
—50 n=0 n=0

@.11)

Unit-step function affects the limits of summation.

The sequence Y% (z™")" is the infinite sum series of a decreasing geo-
metric progression with first term 1 and ratio z-%.

Consequently, it must hold that |z| <1or |z| >1

The condition |z| > 1 defines the region of convergence of the transform,
that is, the set of values of the complex z-plane for which the sum of
z-transform converges.
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TABLE 2.2
z-Transform Properties
Property Function Transform R.C.
x[n] X(z) R
x,[n] Xi(2) R
x,[n] Xy(2) R,
1 Linearity ax,[n] + Bx,[n]  aXi(z)+BX.(z) R'DRINR,
2 Time shift x[n—N] z-NX(z) R’'DR
3 Multiplication with zy zox[n] X[i] R'= ‘ZO‘R
Zo
4 Multiplication with e/ e/"x[n] X(e z) R'=R
; 1 ,_ 1
5 Time reverse x[—n] X|= R'==
z R
6 Multiplication with n nx[n] —z dX(z) R’=R
dz
7 Sum . X R’DRN{z|>1}
2 X g
8 Convolution x1[n]* x,[n] Xi(z)- X1(2) R'DRNR,
9 Initial value If x[n] = 0 when n < 0, then x[0] = lim X(z)
10 Final value For stable systems lim x[n] = lirr]l(z —1)X(z)
EXERCISE 2.2

Compute the z-transform of the function x[n] = a"- u[n].

Solution
Based on the definition of z-transform, we have that
X(z)=20 wa'uln]-z7" =332(a-z7")", unit-step function restricts the

sum bounds from n = 0 to infinity.

The term (a-z7!)" is the general expression of a geometric progression
withg;=1landw=a-zL

In order for Y32 o(az™')" to converge, the geometric progression should
be decreasing, thatis, |a-z7!|<1.

With this constraint at hand

. —1\—n 1 1 z
a-z = = =
Z( ) 1—az™! a z—a

n=—00

2.2.1)

17
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Hence,

zZ

x[n]=a"-uln] < X(z)= (2.2.2)

z—a
The above transform applies only when
la] - |z7'| <1 or |a|<]|z| or |z|>]a]

The condition |z| > |a| defines the region of convergence of the trans-
form, that is, the set of values of the complex z-plane for which the
z-transform converges.

EXERCISE 2.3

Compute the z-transform of the functions x[n]=4[n—2] and
xX,[n] = é[n + 2].

Solution

The functions x,[n] and x,[n] are two time-shifted impulse functions.
The function x,[n] = §[n—2] is equal to zero except the case when n = 2.
The z-transform is X;(z)=>1="Cx[n]z "=z * and produces a dou-

ble pole at z = 0. The region of convergence is the entire complex plane

except the point (0,0), yet it includes infinity.

Correspondingly, for the function x,[n], it will be expressed as
Xo(z) = Y=t x,[n]z" = z* with a pole reaching infinity. The region of
convergence is the entire complex plane including (0,0), yet excepting
infinity.

EXERCISE 2.4

Compute the z-transform and the region of convergence for the func-
tions x[n] = (5/6)"u[n] and y[n] = (5/6)"*>u[n + 5].

Solution

The function x[n] takes nonzero values only when n >0, hence, it is a
causal function.

The function y[n] arises by shifting x[n] for 5 time units to the left
y[n] = x[n + 5], therefore, there are some negative values of the n vari-
able for which y[n] = 0. Thereby, y[n] is a noncausal function.

From the transform of (5), given in the transformation table, it holds
that X(z ) = (z/(z—5/6)) with a region of convergence |z| < (5/6).

The transform of y[n] can be easily computed with the aid of the time
shift property (property 2—Table 2.2). The function is given as Y(z) =
z75(z/z—5/6) = (z7*/z—5/6).

The poles and regions of convergence for X(z) and Y(z) functions are
presented in the following table.
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EXERCISE 2.5

Compute the z-transform and the region of convergence for the func-
tions x[n] = —(5/4)"u[-n—1] and y[n] = —(5/4)"3u[—n+2].

Solution

The function y[n] arises from the time shift of x[n] for 3 time units to
the right, y[n] = x[n—3], hence, as shown in the figure, there are some
positive values of the variable n for which y[n] = 0. The function y[n] is
noncausal.

From the transform of (5), given in the transform lookup table, it holds
that X(z) = (z/(z—5/4)) with region of convergence |z| < 5/4.

The transform of y[n] can be easily computed with the aid of the time
shift property (property 2—Table 2.2). The function is given as

2 1

z — 2.5.1)
z—(5/4) Z*(z—5/4)

Y(z)=

The poles and the regions of convergence of X(z) and Y(z) are presented
in the table (page 21).

Computation of z-transform of the function y[n] = —(5/4)"*u[—n + 2]
without using the time shift property.

Based on the definition of the z-transform, we get

Y(z)= ”:Z*” ylnlz™" = —”i[z a ul-n+2]z"=— ”ZZZ [Z]n3 z"

n=-—00 n=—0o0 n=-—00
-3 n=2

[ S Sk

or

n=+0oo —3 n=2 n
Y(z)= Z y[nlz ™" = 7[%] Z [ngl] (2.5.2)

n=—00 n=—00

The sum y"=2_(5/4z ')" is written as }"7=2_(5/ 4z ')"

—k -2 —1 0 1 2
:~-+[%z‘l] +~-~[%z‘1] +[%z‘1] +[%z‘1] +[%z‘1] +[ZZ"1]
(2.53)

An elegant way to build in the relation given by the sum of infinite
terms of a decreasing geometric progression is to set (5/4z71) = A.
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Then,

n=2 n
Z[%_l] = A AT AT AT AT A

n=—00

or

ZA“ =t A AP AT A AT AT

n=-2

Re-expressing the sum series in an ascending order with respect to the
exponent 1, itholds that Y15 A" = A2+ A7+ A L AT A2 4 AR 4o,
which is the infinite sum series of a geometric progression with first
term A—2= ((5/4)z")2 and ratio A = (4/5)z.

In order to become a decreasing geometric progression, it should hold
that |[A| <1or |4/5)z]| <1lor |z| < 5/4

Substituting into a,/(1 — A), which provides the infinite sum series of a
decreasing geometric progression, it stems that

n=-—00 n=—00

Y(z)= Z‘y[n]f” :f[g]ﬁ 2 [%z*l] = ZZ; 5 —22[15] (2.5.5)
4

EXERCISE 2.6

Compute the z-transform and the region of convergence for the function
x[n] = (1/3)uln] + 2"u[—n—1].

Solution
The given function can be considered as the sum of x;[n] and x,[n] where
x[n] = (1/3)"u[n] and x,[n] = 2"u[—n—1].

The transform of xj[n] directly results from the transform (5) of
Table 2.1 which is xy[n] = (1/3)"u[n] < z/((z—(1/3))) = Xi(z) with region of
convergence |z| > 1/3.
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1" : 1
x[n]= 3 uln]+ 2" u[—n —1] Region of convergence 3 < |z]<2
0.5
2|™
0.45 - 4 v =~ -
g g N N
I — 7/
0.4 , 1 \\
/ \
0.35 4 / X
o (1/3)"uln) / \
03 2ul-n-1] 1 'l T \\,,Re
J V4
T 0 7
N

g 025 1 -2\ -1 0. 1 2
A /
02f b \ /
A /
\ _
015} 4 9 1 //
\\ 7
01t , So ol
0.05 | l 1 -2
o a o 1 T T ? o .
2 4

-10 -8 -6 -4 -2 0
n

Based on transform (6), we have —2"u[—n — 1] < z/(z—2).

From the property of linearity, if y[n] < Y(z) then ay[n] <~ aY(z) hence
x,[n] = 2"u[—n — 1] < —z/(z — 2) with region of convergence |z| < 2.

Consequently,

z z
X(z)=71+—2
z—= %7

3

2 > 1 5
z-—2z—2z +§z_ —gz B .

- =5
[zf%](sz) [zf%](sz) 32" —7z+2

The poles of X(z) are z; = 2. and z,=1/3. Since x[n] is bilateral, the
region of convergence will be the ring between the two poles, that is,
it will be defined by the relation 1/3 < |z| < 2, which is reflected at the
intersection of the regions of convergence of X,(z) and X,(z).

EXERCISE 2.7

Compute the z-transform for the function x[n] = n-a"u[n].

Solution

According to the transform (5), x[n] = a"u[n] < (z/(z — a)) = X(z). The
derivative of X(z), with respect to z, is expressed as

d[ z ]:(Z)'(Z—a)—(z—a)'~z:1~(z—a)—1-z7 —a

dz (z—a) (z—a?  (z—a) @71)

zZ—a
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Based on the property n-x[n] — —z(dX(z)/dz), it holds that

az
(z—a)’

Z{n-a"uln]} = 2.72)

EXERCISE 2.8

Compute the z-transform of the function: x[n] = (1/3)"u[—n].

Solution
Based on the transform (6), we have —(1/3)"u[—n — 1] < (z/(z — (1/3))), when

1
< 2.8.1
j2l<4 @81

The function is time shifted by one unit, that is, n is replaced with
n—1so

L
|~
Ll=
=
L
=
=,
L
=
\
—
=
\
—
=

2.82)

EXERCISE 2.9
Compute the z-transform of the function:

x[n]= n[%]ﬂ uln—2]

Solution
According to the transform (5), we have (1/2)"u[n] < (z/z—1/2),

when|z| < 1/3.
Based on the time shift property we have

b

n-2
uln—2]z2 _E
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Capitalizing on the differentiation property

n—2 1 2 oy o
41] PR PR E N N ot
2 dz|4z—-1 4 (z—1)
or
1) z —z'+4z7-z"
n[f] un—2le = =125 =
2 4 (z—3)

where after some manipulations:

EXERCISE 2.10

Define the initial and final value of the system’s impulse when

272
YO ey MO

Solution

From the initial value theorem

o . 27° B
ylo] = limY(z) = lim G- B 0 (2.10.1)

From the final value theorem

2

. T 2z _ 2
yloo] = 1213}(2 -1)Y(z) = 121£111 -z D) "= 1-5) (2.10.2)

EXERCISE 2.11

Find the first four coefficients of the function x[n] when:

4771
X (z)=—
1@ 7272277142

25
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Solution
a. For X,(2):

477122 4z

Xi(z)= =
1@ (z7-2z142).22 222-2z+1

2.11.1)

By the polynomial division of numerator and denominator of

X,(2), it holds that
4z 222 —2z+1
—4z+4-2z7" 227 4227 4270 4
42771
—44+4z71 2777
2z 42772
—2z7 127722778
—2z73
Xi(z)=2z"'42z 24z +...
Therefore, we get
aln]=10, 2, 2, 1,..} 2.11.2)
T

b. For X,(z), we provide another method for a polynomial division

z140z72-32z°%—4z*

23+22+4)2271

224244271
—3—4z!
-3 —6z72-12z77°
— 4z 46z 2412270
—4z7! —8z7°%—16z"*

6z 2+20z° +16z7*



z-Transform

Therefore, we get

Xo(z) =2z ' 4+0z7% =3z —dz7* 4.
= Xo[n] = 06[n] + 18[n — 1]+ 08[n — 2] = 36[n — 3] +---  (211.3)

EXERCISE 2.12

Compute the inverse z-transform of the function

z Z2
F(z)= 132 N 2
(A-az7)A-pz") (z—a)(z—-0)
Solution
It holds that
. z?
— dues|——— = 1 2121
fln] Zresz ues Z—aPz D) z ] ( )
The residue of the simple pole z = §is
2 n-1 n+1 n+1
2’z J __Z J - (2122)
z—a)|_, @-all_, (B-a)

The residue of the double pole z = ais
df 2 | _tl'e-p-2" L n+lle-p-a
dz|z—8 (z—B)* (a—py

z=x z=a

(2.12.3)

Hence,

o"[na— )~ g1+ 5"

L T

(2.12.4)

EXERCISE 2.13

Compute the inverse z-transform of the function: F(z) =z2+ 2z 1+
1/0.2z24+09z14+ 1 using (a) the partial fraction expansion and
(b) complex integration.
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Solution

a. Computation of f(k) using the method of partial fraction

expansion.
2 -1 2
Fg= 2tz +1 _  ztz+l 2.13.)
02z°4+09z"+1 (z+04)(z+0.5)
2
o) z4z41 Rk, k| k (2.13.2)
z 2(z+04)(z+05) =z z+04 z+05
Calculation of k;
h=limf®,- 1 _5
=0z 0.2
ky = lim 23 (24 04)= 19 (2.13.3)
z—-04 7z
ks = lim @(z +0.5)=15
z——05 Z
Hence,
19z 15z
F(z)=5— + 2.134
@) z4+04 z+05 ( )
So, f(k) becomes
flk)=Z[F(2)] = (56(k) — 19(—0.4)" + 15(—0.5)" Ju(k) (2.13.5)

b. Computation of f(k) using the method of complex integration.
flk)=2"[F(z)|= Z:resialwst(z)zk’1 =

(22 +z+ 1!

(2.13.6)
(z+0.4)(z +0.5)

flk)= Z residues



z-Transform

For k = 0, we have the poles: z =0,z = —04,z= —0.5

~ 1 50 @By
02

22 +z+1

residuez=0—» ——————
(z+0.4)(z+0.5)

z=0

(22 +z+ 125!

residue z=—0.4 — =7.6(04)"'=-19(0.4)¢ (2.13.8)

z4+0.5 o4
2 k—1
residue 7= —05— Z TEEDZ 1 g5 051 Z15(—0.5)
z4+0.4 05
(2.13.9)
Thereby:
f(k) = (56(k) +19(—0.4)" +15(—0.5) )u(k) (2.13.10)

EXERCISE 2.14

A discrete-time system has a transfer function:

47>

HE)=

N

a. Calculate the output y(n), if the input is the unit-function
x(n) = n.

b. Verify the above result, by deriving the first four output values
with the aid of the infinite division method.

Solution

a. Calculation of y(n).

ym)=z"{Y(@)}=z"{H(@)X(@=)}=

_1)4E oz 2141
y(”)*z 2271 (271)2 ( )
4
Y(z) _ 47
z  (z=-H-(z+D-(z-17
k ks ka1 ks (2.14.2)

T @) @) @1

29
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Calculation of k;

ky = lim @[z ——]
=1z
z—— /2 z 2 9
(2.14.3)
Y(z) 32
kn =1i -1 —
31 ZIE} dz[ 2 (z ) 9
ks = hm Y(Z) (z—1?2=
Thus,
Y@=4 2 2 2 32z 16 z (2.14.4)
L1 9Z+1 9z-1 3(z-1)
2 2
By using the inverse z-transform, the output y(n) of the system is
computed.
1" 4 1" 32 16
n=\4=| —=|-=| ==+ —"—nlun 2.14.5
y(n) [4] 9[2] 2 20 ) 145)
b. Verification with the infinite division method
3
Y(z)= 14Z = A;Z 1 (2.14.6)
_ = -2 2 _ =
[z ](z 1) z* z+4z +Zz 1
473 4_ 93 2,1, 1
z" =2z +4z +22 1
—428 48223z 24 z! 4271+ 822413273 + -
822 —3z724z71
—822 + 16270+ 4z 4+ 222 v
1328 -3z 142z -2 y(0)=0,y(1) =
39 4 13 5,13 4 ¥(2)=8,yB3)=13
-1 26 —22 =
3z+26 4 z 2 + 1

From the expression (2.14.5), for n =0, 1, 2, 3, exactly the same values
can be obtained.
(2.14.5)= n=0— y(0)=0
n=1— y(1)=4
n=2— y(2)=8
n=3— y(3)=13



z-Transform

EXERCISE 2.15

Compute the inverse z-transform of

10z 22+ 2
Fz)=— 2% | B@E=_"2"T2_
&= 05’ P97 oo
224242 2(z+1)
BGz)=— > T2T2  pE=2¥TD
A v i UL Ay e v T
Solution
a.
E() K k, 20 20
2z 2212205 z-1 ' z-05
Thus,
F(z)=20-% —20— % =
z—1 z—0.5

filk) = IZT[F(z)] = 20(1 — 0.5" )u(k)
b. A-solution method: Partial fraction expansion

Fz(Z)_ 222+1 - k] + k21 + k22
z (z—=2%*(z—1) z—-1 z-2 (z—2)

2
NS TP R W
(z—2%(z—-1) 1
2
kzzzlim 2z +1 :2—9
=2 z—1 1

!/
2 (92 B
Ky, = lim| 22 T 1] _jym | #52=D) (22z +1)]_8-(9) _
S e R 1
Hence,
Fz(Z): 3 1 9

+
z z—1 z-2 (z-2)

-1

(2.15.1)

(2.15.2)

(2.15.3)

(2.15.4)

(2.15.5)

(2.15.6)

(2.15.7)
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or

z z z 1IZT

- +9 7=
z—1 z-2 (z—2)
flk)=Z"[F(2)] = (3 =2 +9k2" yu(k)

E(z)=3

(2.15.8)

B-solution method: Complex integration

E()— 2232+ z_ _ 2(221 +1)
(z=2)°(z-1) (z—2)°(z—-1)
25222 +1)
(z—=2%z-1)

(2.159)
B(z)z" 1=

Using the complex integration method, we get

k 2
residue‘ = hmz(227+21) _3_ 3 (2.15.10)
z=1 z—1 (Z — 2) 1

2782 4 zF :
=lim|| ==/~ | |=
z—2

residue| = lim
z=2 z—2 z— 1 z— 1

d [z +1)
dz

(2(k +2)zF + kzk’l)(z —1)— (22" +2)
z—2 (Z _ 1)2

(20k +2)2 + k21 ) (2.2 +24)
: -

2k2k+1 + 222k+1 + k2k71 _2. 2k+2 _ 2k —

k k

4k2"+8~2"+52"78-2k72":[4k+5]2k72k:%2k

2

_ ok

residue‘ — ok 2k 2.15.11)

z=2

SO

falk) = (3 +9k25" — 2" )u(k) (2.15.12)



z-Transform

C.
E(z) _ Z24+z+2 _ ﬁ_,_ ka I ks . ky :Ig (2.15.13)
z Zz-1DEZ—z+1) z z-1 5 o5 5 _ o5
ki = 1im[@z] -z _ 2.15.14)
=0( z (-1
. (E(2) ] 14142
ky =lim| 2 (z —1)|= -T2
2 Zlirll[ . (z—1) A-13 1)1 (2.15.15)
2n us
ks = lim Fg(z)(zefg)]: €3 +e342 _
2ds ej% [ffj73r -1 [e 3 ejg]
—0.5+ j0.866+ 0.5+ j0.866+2 2+1.732 B
(0.5+ j0.866 — 1)2jsin§ej5 (—0.5 + 0.866)2j0.866¢ 3
2.645°4% 010
126021201 2901 735 =153
ks = ks =1.53°2" (2.15.16)
Thus,
F(z)=-2+4—2 153 21 2 11532 2 (01517
z-1 z—e'3 z—e '3
Fy(k) = —26(k) + 4u(k) + 1.53¢ 7215 4+ 1.53¢/ 21 (e 5 ) =
Fik) = —28(k) + duk) +1.53(e 721/ F 4 20157 =
—26(k) + 4u(k) + 1.53(e/*3 70 o)
(k) = | —26(k) + 4u(k) +3.06 cos[%r - 229.1]]u(k) (2.15.18)
d.
F)_  (+) A B C (2.15.19)

z  (z—1)(z—-025% z-1 (z—0.25) N (z—0.25)
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Subsequently, another calculation method for A, B, and C is
provided.

@+ | 2
C(z-0257_, (0.75)

=3.56 (2.15.20)

To derive B, we proceed to a multiplication with (z—0.25)?

z+1) A
(z—=1) T z-1

(z—0.25)* + B+ C(z — 0.25)

Therefore, at z = 0.25, we have

_ (4D ,&,_Eé:_gz_lw (2.15.21)

B= — =
(z-1|_,, —075 43

Calculation of C

A
z—1

a
dz

(z+D|_ 4
(z-1)

= (z— 0.25)2] +C,
dz

_d|E+D] 1z-1) -1z +1)
S dz|z-D)]_,, (z—1)
co 2 2\ _ -2 _
(z—1)?| (—0.75)

~3.56 (2.15.22)

z=.25

Thus,

(z+1) _ 3.56z —1.67z —3.56z
(z—1)(z—025° z-1 (z2—0.25?% (z—0.25)

F(z)= (2.15.23)

The second term can be written as

2 _-167 025z _ .. 0252

-1.67 ;= - 5
(z—025)" 025 (z-0.25) (z—0.25)

Thus,

f)=[3.56 - 6.68-k(025)" ~356(0.25) [utk) (21524



z-Transform

EXERCISE 2.16
Compute the inverse z-transform of X(z) = (22 + 62)/(z> — 2z + 2)(z — 1)

Solution

X@)_ kK ks 2.16.)

+
z z—1 z-1+j z-1-—j
The k; coefficients are calculated by using Heaviside’s formula.

2
. + 62z
ki=lim ~ "% o, _1=7
A (2" =2z+2)(z—1) (z=1) 2162)

Ky lim 2162 g 5 1+j+6
T (2 224+ 2)(z 1) Do j-nasj-14))
_7Hj_ T+ T+ 7 ] (2.16.3)
i2i 277 2 2 2
7 -
ko= +é =k (2.16.4)
Hence,
.1 z
X@)=7 7 Gz (2.16.5)
@ +[ ]z 1+] [ 2 ]2]2—1—j
7 1 -jzk 7 .1 k ik
(2165)=>x(k)—7+[72+]2](\/§) +[75715](\/§)e =
7(53
x(k):7‘§( 2) e’ ( 2) ot
k j Tk
+iyV2 )e ( 2) ol
7 I .1 k[ jzk jzk
x(k)—7—f(x/§) }—]E(ﬁ)e —e }=>

x(k)—7——(\/§) 2cos—k j= (\/E)ijsingké

x(k) = [7 -7(v2) cos” k(2 ) sin%k]u(k) (216.6)
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EXERCISE 2.17
Compute the inverse z-transform of X(z) = (z°+ 1)/(z* — 22 — z—2)

Solution
The denominator of the given function is expressed as

A(z)=2" -2 —z—-2=(z—2)(z+0.5+j0.866)(z +0.5— j0.866)  (2.17.1)

So, X(z)/z is analyzed into a partial fraction expansion, such that

X@) _a a + 4 +-5 - 2
z z z4+05+;0866 z+405-j0.866 z—-2 @172
The c; coefficients are calculated by using Heaviside’s formula.
Co= &(2)] :L:_O.S
z o 2
X(z) . )
o =|=—"(z+0.5+j0.866) =0.429 + j0.0825 (2.17.3)
z 2=—05-70.866
0= @(z—z)] =0.643
Z z=2

Replacing the corresponding values of Equation 2.17.3, X(z) is calcu-
lated and by using the inverse z-transform, x[n] is obtained.

[5¥4 az C3Z
X(z)=co + + +
@=at o5 j0.866  z-+05—j0.866 z—2
c [z c
1 1 P (174

=0Cp + . -1 + . -1 + -
1+0.5+ j0.866z 1+0.5—0.866z 1-2z

x[n] = cob[n]+ ¢1(—0.5 — j0.866)" u[n] + ¢;(—0.5 + j0.866)" u[n] + c52" u[n]

(2.17.5)
Based on Equation 2.17.6 and substituting in Equation 2.17.5, we arrive
at x[n].
1| =(0.5)* +(0.866)* =1
Ipy =71+ tan™! 0.866 = 4m rad
0.5 3
(2.17.6)
o1/ = /(0.429)* + (0.0825) = 0.437
Zcy =tan™ 0.0825 _ 19 rad (10.89°)
0.429




z-Transform

x[n] = cod[n]+ c1(—0.5 — j0.866)" u[n] 4 ¢;(—0.5 + j0.866)" u[n] + c52" u[n]
= cod[n] + 2Jc||p1| cos(Lpin + Zey) + ¢5(2)" uln]

=—0.56[n] + 0.874cos[4?7rn + 0.19] +0.643(2)"u[n] (2.17.7)

The above result can be also be verified with the aid of MATLAB®, by
implementing the following code:

num = [1 0 0 1];

den = [1 —1 —1 —2 0];

[r, p] = residue(num, den)

r = p =

0.6429 2.0000

0.4286 - 0.8251 —0.5000 + 0.86601
0.4286 + 0.825i —0.5000 - 0.86601
—0.5000 0

The first 20 output samples are calculated by:

num = [1 0 0 171;
den = [1 -1 -1 —2 0];
x = filter (num, den, [1 zeros(1,19)]);

EXERCISE 2.18

Compute the inverse z-transform of F(z)= Lz
(z=2)(z—-1)
Solution

a. Using the division method

2z

Fo)=—— 2%
@ 72— 4z +52-2

22724+ 823+ 22274 4 52275 + 114276 +-..
73 — 472 4+ 5272|2z
22784 10z1 — 4272
8 — 10zt + 04z2
8 — 32271 4 40z% — 16273
22z71 — 36272 + 016273
22771 — 88272+ 110z~% — 44z*
52272 — 094273 + 044z~
52272 — 20823 + 260z—* — 104z~5
114273 — 216z 4 10423

Hence,

F(z)= Z 2 =272 48270 422274 415220 4114z - (218.))
n=0
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The first 7 samples of f(n) are

n 0 1 2 3 4 5 6
f(n) 0 0 2 8 2 5 114

b. Using the partial fraction expansion

2z kz koz ksz
Fz)= _ (218.2)
&= e 22 21 o1

Another way to calculate k, is obtained by multiplying both
parts of the equation with (z—2), dividing with z, and setting

z—2.

2z kyz(z—2)  k3z(z—2)
—k 2.18.3
o A S A (2:183)

2 ka(z—2)  ks(z—2)
=k 8.

-1 ' z-1 * (z—1) (2184)

2 ka(z —2)| ks(z —2)|
—k (2.18.5)

-1, R s oy L
Hence, k; = 2.

Similarly, in order to obtain k;, we multiply both parts of the
equation with (z—1)?, divide with z and set z—1.

2 _kl(Z—l)z
(z=2) z-2

Thus, k;= -2
In order to calculate k,, both parts of expression (2.18.6) are
differentiated and we set z—1.

(z E 2) - kl(,zZ:21)2 +ka(z—1)+ksz (2.18.7)
2 2z-1) 2(z-17

+k (2.18.8)

- —M

(z-2)?

z—2  (z=2)



z-Transform

Hence, k,= -2
Thus, F(z) becomes:

2z 2z 2z
F(z)= — - 3
z—2 z-1 (z-1)

EXERCISE 2.19
Compute the inverse z-transform of

a. Hiz) = (z —1)(z + 0.8)/(z + 0.5)(z + 0.2),
b. H(z) = (z2 — 1)(z + 0.8)/(z — 0.5)%(z 4 0.2)

Solution
a H(z)= (z—1)(z+0.8) )
(z+0.5)(z+0.2)
X(Z) _ Q Cz C3
2 z-05" z+02

a=294 s, =05, --187,

C; = @(z +02)_ ,,=-5.143,
z z=—0.

_ 1.857z  5.143z
z—05 z+402
x[n] = 86[n]—1.857(0.5)" u[n] — 5.143(—0.2)" u[n]

X(z)=8

(z2 —1)(z+0.8)
(z—0.5)*(z+0.2)
X2 _G ., G G Cy
: 2 z+0.2 05" (z—0.5)?
X(2)

C=—"z
z

b. H(z)=

—16, CZ:@(HOQ)\ 0, =588,
z z=—0.

‘2:0 =

C, =¥(z70.5)\220_5 =-2.79,

=11.12
z=0.5
5.88z _11.122_ 2.79z
z4+02 z-05 (z—0.5)7

C3:d[(zzl)(z+0.8)]

dz|  z(z+0.2)

X(z)=—16—

(2.18.9)

x[n]=—-166[n]+5.88(—0.2)" u[n]+11.12(0.5)" u[n]—2.79n(0.5)" u[n].

EXERCISE 2.20

Solve the following difference equation, where the initial values are zero.

ylk +2]—0.3y[k + 1]+ 0.02y[k] = (0.01)(0.3)" u[k]

39
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Solution
We apply the z-transform in the given equation

z

2%Y(z) — 0.3zY(z) + 0.02Y(z) = 0.01 (2.20.1)
z—0.3
(2.20.1) = Y(2)(z*> — 0.3z +0.02) = 0.01 — = =
z—0.3
_ 0.01z
Y(z)= (z—0.1)(z—0.2)(z—023) (220.2)
Yz) A B C
z (z-01)  (z-02) * (z—0.3) (2.20.3)
7 0.01 001
C(z-02)(z-03)_,, (-0.1)(-02)
B 0.01 U
T (2-01)(z-03)_,, (0101 (2.204)
B 0.01 001
C(z-01)(z—-02)_,, (0201
Thus,
ylk] = (0.5(0.1)F — (0.2)" +0.5(0.3)" )ulk] (2.20.5)

We further elaborate on the solution. From the given difference
equation, the first nonzero terms are

k=0: y[2] —0.3y[1] + 0.02y[0] = (0.01) and y[2] = 0.001
k=1 y[3] — 0.3(0.01) = (0.01)(0.3) and y[3] = 0.006

From the analytical solution of expression (2.20.5), we have that

y[0]=(0.5-140.5)=0
y[1] = (0.5(0.1) — (0.2) +0.5(0.3)) = (0.05 — 2+ 0.15) = 0
y[2] = (0.5(0.01) — (0.04) — 0.5(0.09))

= 0.005—0.04 +0.045 = 0.001
y[3] = (0.5(0.1)° — (0.2)* +0.5(0.3)°)

= 0.0005 — 0.008 + 0.0135 = 0.006
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The derived values match the previously derived solution; so, the
result is valid.

EXERCISE 2.21

Solve the second-order difference equation y[k + 2] + 5y[k + 1] + 6y[k]
= 5x[k + 2] with initial conditions y(0) = 0, y(1) = 2.

Solution

We apply z-transform in the given equation, such that

Z[y(k +2)—5y(k+ 1)+ 6y(k)]=0=
2°Y(z) — 2°y(0) — zy(1) = 5(z- Y(z) — z- y(0)) + 6Y(z) = 0 =
22Y(z) -2z —5zY(2) + 6Y(z) =0 =

2 2
Y(z)(z° —5z+6)=2z=Y(z)= ﬁ (2.21.1)
Then,
Y(Z) _ 2 _ 2 _ k] kz
z _22—52+6_(2—2)(2—3)_2—2+z—3 (221.2)
k= 11321@@ =2 (2.21.3)
k= lim@(z -3)=2 (2.21.4)
z—3 zZ
Thus,
Y(z)=z Y(z) __ 2 " 2z N
z—2 z-3
yk)= IZT[Y(Z)] = (=2(2)F +2(3)")u(k) (2.21.5)

EXERCISE 2.22

Solve the second-order difference equation y(k + 2) — 5y(k + 1) + 6y(k) =0
with the initial conditions y(0) = 12, y(1) = 59.



42 Digital Control Systems

Solution
We apply z-transform in the given equation and we obtain (Y(z)/z), such
that
2°Y(z) — 2°y(0) — zy(1) + 5[zY (z) — zy(0)] + 6Y(z) = 5 x z .
Z p—
22Y(2) — 2% % (=12) — 2% (59) + 52Y(2) — 5z x (—12) + 6Y(z) = 5x :
Z f—
(22 +52+6)Y(z) =122% + 2+ 5x > ]
Z —
2
Y(z)= 2122 +z . 1 « 5z
z°+5z4+6 z°+5z+6 z-1
Y(2) _ (224 DE-D+5 _ K K K 2.221)
z z+2)(z+3)(z—1) z+2 z+3 =z-1
We calculate the corresponding numerators as
1:(12z+1)(zfl)+5><(Z+2) _ 64
(z+2)(z+3)(z—1) s 3
(12z+1)(z—-1)+5 —135
= x(z+3 =— 2.22.2
T )233 4 @22
= 12z+1)(z—-1)+5 (z—1) :i
(z+2)(z+3)(z—1) ., 12

Substituting the values of K, into Y(z)/z, we multiply with z, hence,

_64/3z " 135/4z  5/12z

Y 2223
(@) z+2 z+3 z—1 ( )
By using the inverse z-transform, we get
64 ¢ 135 K, 5
k)=|—(-2)" ——=(-3)" + —|u(k
y(k) 3 (=2 1 (-3) +35 u(k) (2.22.4)

EXERCISE 2.23
Calculate the unit-step response of a system with the difference equation

y[nl+1.5y[n—1]+0.5y[n - 2] = x[n] —x[n—1], y[-1]=2,y[-2]=1

Solution

We apply z-transform in the given equation taking into consideration the
initial conditions.



z-Transform

y(z)= ~@yl-11+ 2azy[—Z])z2 —ayl=llz 2bozZ thz oy
z°+az+a z°+az+a,
_ —((15)(2) +(0.5)(1)2* — (0.5)(2)z N 22—z [ z ]
22 +15z+0.5 22 4+15z+05(z—1
—3.5z2—z z?

= + 2.23.1
z>4+152405 2z*4+15z+05 ( )

Equation (2.23.1) can be further simplified to

-25z2—z 0.5z 3z

Y(z)=— = -
z+15z2405 z+05 z+1

(2.23.2)

The inverse z-transform gives
y[n]=0.5(-0.5)" -3(-1)", n=0,1,2,... (2.23.3)

The corresponding MATLAB code, which calculates and depicts the
system’s response is

num = [1 -1 0];

den = [1 1.5.5];

n = 0:20;

x = ones(1l, length(n));

zi = [—1.5*%*2-0.5*1, —0.5%2];
y = filter(num, den, x, zi);

stem(y, 'Linewidth’, 3)

3I— o999 0 00 0 o0
()
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EXERCISE 2.24

Compute the z-transform of function x(n) =[3 54 3], 0 < n < 3 using
MATLAB.

Solution

A—solution method

syms z
x0=3; x1=5; x2=4; x3=3;
Xz=x0%* (z"0) +x1* (z"-1) +x2* (z2*-2)+x3* (z"-3)
pretty (X)

4 3
X(2)=3+24 242
zZ Z Z

B—solution method

syms z
x=[3 5 4 3];
n=[0 1 2 3];
X=sum(x.* (z
pretty (X)

A

.7-n))

4
X(2)=3+2 4 242
z z z

EXERCISE 2.25
Compute the z-transform of f(n) = 2" using MATLAB.

Solution

syms n z

f = 2%n;
ztrans (f)
simplify (ans)

F(z)=2z/(z—2)

To verify the above result, we calculate the inverse z-transform of F(z)
=z/(z - 2);

syms n z
F=z/(z —2);
iztrans (F)
ans =2"n

EXERCISE 2.26

Compute the z-transform of: &(n), u(n), n-u(n), a"u(n), na"u(n), cos(wen)u(n),
sin(wyn)u(n), a"cos(wyn)u(n), asin(wyn)u(n) using MATLAB.
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In the following table, the main transform relations are provided, and
their accuracy is verified with the aid of ztrans and iztrans functions.

It is noteworthy that the ztrans function calculates the single-sided
transform Ztrans (1 > 0)” so the unit-step function can be omitted.

Discrete-Time Domain z-Domain Commands Result
x(n) X(z) symsnzaw
6(n) 1 f=dirac(n); ans =
ztrans(f,z) dirac(0)
% 6(0)=1

u(n) z f=heaviside(n) ans =

(z—1) ztrans(f,z) z/(z—1)
n-u(n) z ztrans(n,z) ans =

(z—17 z/(z-1)"2
a”u(n) z Fzz/(z—a); f=

z—a f=iztrans(En) a’™n
na"u(n) az f=n*a’n; ans =

(z—a) ztrans(f,z) z*a/(—z+a)"2
cos(won)u(1) 22 — zcos(wy) f=cos(w*n) ans =

22— 2zcos(wp) +1 ztrans(f,z) (—z+cos(w))*z/

(—z"2+42*z*cos(w)—1)

sin(won)u(n) zsin(wy) f=sin(a*n); ans =

2% —2zcos(wp)+1 ztrans(f,z) z*sin(a)/

a" cos(won)u(n)

a" sin(wyn)u(n)

2% —azcos(wy)

2% —2azcos(wp) + a*

azsin(wy)

2% —2az cos(wy ) + >

f=(a”n)*cos(a*n)
ztrans(f,z)
simplify(ans)

f=(a”n)*sin(a*n);
ztrans(f,z)
simplify(ans)

(z"2—2*z*cos(a)+1)
ans =
—(—2z+cos(a)*a)*z/

(zN2—2%z*

cos(a)*a+a”2)
ans =
z*sin(a)*a/(z"\2—2*z*

cos(a)*a+a”2)

EXERCISE 2.27

Rewrite the following function in a partial fraction expansion

formulation.

Solution

22 +3z+1

X(z)=

2® 45224228

% Calculation of denominator’s roots

A=[1 5 2 -8];
riz=roots (A) ;

°

% Calculation of numerators of the partial fractions
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syms z
X=(z"243%z+1)/ (273+5*xz2"2+4+2*%2-8) ;
cl=limit((z-riz(1))*X,z,riz (1))
c2=1limit ((z-riz(2))*X,z,riz(2))
c3=limit ((z-riz(3))*X,z,riz(3))

Hence, we get

Z2+3z+1  1/2 1/6 ,1/3

X(z)=— 3 =
z°+5z°+2z2—-8 z+4 z+4+2 z-1

EXERCISE 2.28

Rewrite the following function in a partial fraction expansion
formulation.

22 +3z+1

X(z)=
@ 28 —3242

Solution

A—solution method

% Calculation of denominator’s roots
>> A=[1 0 -3 2];
>> riz=roots (A7)

riz = —2.0000 1.0000 1.0000

Observe the existence of a double root at point 1.0000
X(z) can be expressed as

G C2 Cr Cri1 et Cn

X(z)= + ot .
@ z—N  (z—=N) (z=M)" z—Ai zZ— M

The coefficients ¢,...c, can be calculated as

1 d7'(s —A)'X(@)

¢; =lim i=1,..,r
e (r—i)! dz" " .
¢; =lim(z—\)X(2), i=r+1,..,n
z— N

% Calculation of €

syms z

X=(2"24+3%2z+1) /(2"3-3*2+2) ;

cl=1limit ((z-riz(1))*X,z,riz (1))

% Calculation of € (i=1) - 2 common roots (r=2)

r=2

definition of (z-X\;)* X(z)
=((z-1)"r) *X;

$ Definition d" “(z — \)"X(z) /dz" "
par=diff(f,z,r-1);

o°

h
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% Calculation 1/(r — 1)
fact=1/factorial (r-1) ;
% Calculation c,
c2=1imit (fact*par,z,1)
% Calculation c; (i=2)
par=diff(f,z,r-2);
fact=1/factorial (r-2) ;

limit (fact*par,z,1)

Therefore,

Z2+3z+1_-1/9 10/9  5/3
z2-3z2+2 z+2 z-1 (z—1)7

X(z)=

B—solution method
X(z) can be converted to partial fraction expansion via the residue
command.

% Define the coefficients of numerator and denominator
num=[ 1 3 1];
den=[ 1 0 -3 2]

% Use of residue command
[R,P,K]=residue (num, den)

X(2) cannow be expressed as a fractional expansion
-1/9 ,10/9 & 5/3

X(@)= z+2 z—-1 (z-1)

5, which is the same as in the previous result.

EXERCISE 2.29

Expand the following function into partial fractions X(z) = 3z%+ 822+
4/z% + 5z + 4.

Solution
n= [ 3 8 0 4]
d=[ 1 5 4];

[R,P,K]=residue(n,d) ;
X(z) can be written as

e T T

X(z)=
z+4 z+1

Let us verify the above result using an alternative definition of the
residue command.

R=[ 20 3];
P=[-4 -1];
K=[ 3 -7];
[

Then, X(z) = B(z)/A(z) = 3z° + 822+ 4/2°+ 5z—4

47
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EXERCISE 2.30
Solve the following difference equation y(1) + 0.5y(n—1) + 2y(n—2) = 0.9"

Solution

The general definition of a difference equation is provided by
q P
y(n)= Zbkx(n —k)+ Zaky(n —k), a;,i=1,..,n constants
k=0 k=1

The following procedure is applied:
Taking z-transform at both parts of the given equation

Z{y(n) +0.5y(n— 1)+ 2y(n — 2)} = Z{0.9"}

Due to the linearity, we get

10z
V4 0.5Z -Di+2Z —-2)}=
{y(m)}+0.5Z{y(n — 1)} + 2Z{y(n - 2)} 1029
Calculate the z-transforms of the following
Y(z)+ 0527 'Y(2) + 22 Y (z) = ———
z—09
Solve the resultant expression in terms of Y{(z):
z z°

Y(s)=

(z—09)(1+052 ' +222) (z—09)(z> + 05z +2)

Calculate the inverse z-transform of Y(z), i.e., calculate y(11), which is the
desired solution.
The corresponding MATLAB code is given as follows:

syms t s Y

X=ztrans(0.9%n,z) % z - transform for the 2nd part of the
difference equation

Y1=z"(-1)*Y; % Define Z{y(n — 1)} as Y1

Y2=z"(-2)*Y; % Define Z{y(n — 2)} as Y2

Next, we take X into the left part of the difference equation and
we define a variable G, which is equal to the entire left part (a polyno-
mial of Y).
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G=Y+ 0.5*Y1 + 2*Y2-X; % Mainly, G includes variables Y and z
SOL=solve(G,Y); % Solution of Y using the solve command

Hence, we get

Z3

(z—0.9)(z* + 0.5z + 2)

y=iztrans (SOL,n); % the inverse z-transform is applied and
the desired result is obtained.

EXERCISE 2.31

a. Solve the following difference equation, using the z-transform:
ym) —y(n — 1) = u(n).
b. Plot the results for the range 0 <n < 50.

Solution

a. syms n z Y
x=heaviside (n) ;
X=ztrans (x,z) ;
Yi=z"(-1)*Y;
G=Y-Y1-X;
SOL=solve (G,Y) ;
y=iztrans (SOL,n)

The solution for y(n)isy =1 +n

b. n1=0:50;
yn=subs (y,n,nl) ;
stem(nl,yn);
legend ('LISI y(n)');

mmHHHHmHHHHHH (A
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a. Solve the following difference equations using the z-transform

y(n)—y(n—1)=x(n)+x(n—1) and
y(n)+1.5y(n—1)+0.5y(n —2) = x(n) + x(n —1)

where x(n) = 0.8".

b. Plot the results for the range 0 <n <20.
c. Verify the accuracy of the solution by replacing the result in the
given difference equation.

Solution

1. y(n)—y(mn—1)=x(n) +x(m—1), x(n)=0.8"

a.

>>symsnzY

>> x=0.8"n;

>> X=ztrans(x,z);
>> X1=z"(-1)*X;

>> Y1=z"N(-1)*Y;
>> G=Y-Y1-X-X1;
>> SOL=solve(G,Y);
>> y=iztrans(SOL,n)
b.

>>n_s=0:30;

>> y_s=subs(y,n,n_s);
>> stem(n_s,y_s);
>> legend('LISI")

c.
>> xn=0.8"\(n);

>> xn_1=.8"(n-1);
>> yn=10-9%(4/5)"n;

>> yn_1=10-9*(4/5)\(n-1);
>> test=yn-yn_l-xn-xnl

>> simplify(test)

The solution of y(n) is

10-9%(4/5)"n
Notice the definition of z — transform entitled as
X1 for x(n—1)

:
ol [=eLISI
sk
aL
s
sk
ab
3k
ok
1
0
0 5 10 15 20 25 30
test =

-10*(4/5)"n+8*4/5)"(n-1)
One should expect test=0. Is something wrong
here?

ans =

0

The answer is correct, yet a further simplification
is necessary.
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2. y(n)+1.5y(n—1)+0.5y(n —2) = x(n) + x(n — 1) , x(n) = 0.8"

a. The solution of y(n) is
>>symsnzY y=
>> x=0.8"n; 5/13*(—1/2) n+8/13*(4/5)"n

>> X=ztrans(x,z);

>> X1=z"(-1)*X;

>> Y1=z/(-1)*Y;

>> Y2=z/\(-2)*Y;

>> G=Y+1.5*Y1+0.5*Y2-X-X1;
>> SOL=solve(G,Y);

>> y=iztrans(SOL,n)

b. 1
>> n_s:0:20,' 09}
>>y_s=subs(yn,n_s); sk — LISTy(n)

>> stem(n_s,y_s);
>> legend('LISI y(n)")

" HIITITTH...H

0 2 4 6 10 12 14 16 18 20
c. ans =
>> Xn=Xx; 0
>> xn_1=0.8"(n-1); Therefore, the solution is correct.

>> yn=y,;

>> yn_l=subs(y,nn-1);

>> yn_2=subs(y,n,n-2);

>> test=yn+1.5%yn_14-0.5*y
n_2-xn-xn_1

>> simplify(test)

EXERCISE 2.33

Solve the following difference equation: y(k + 2) + 0.8y(k + 1) + 0.1y(k)
= u(k) using MATLAB.

Solution

We will use the function recur.m (function y = recur(a,bn,x,x0,y0);),
where the solution of a difference equation of the following form is
provided

yln]+al*y[n—1]+a2*y[n—2]---+an*y[n— N]=
b0 * x[n]+b1* x[n—1]+---+ bm * x[n — M]



52

Digital Control Systems

The corresponding MATLAB code is

$ a = [al a2..aN], b = [b0 bl..bM]
a = [0.8 0.1]; b = [0 0 1];

x0 = [0 0]; yO = [0 0];

k =0:5;

x = ones(1,6);

y = recur(a,b,k,x,x0,y0)
stem(k,y) ;xlabel (‘k’) ;ylabel (‘y(k)’);title(’'Stem plot of
system step response’)

Stem plot of system step response
1 T T T T T T T T

09 k
0.8 | E
0.7 1 k
0.6 | E

04 | 3
031 R
021 g
0.1 ]

The function recur.m can be retrieved from the following web-address:
https://www.mathworks.com/matlabcentral/fileexchange/2148-fun-
damentals-of-signals-and-systems-using-the-web-and-matlab/content/
recur.m


https://www.mathworks.com/matlabcentral/fileexchange/2148-fundamentals-of-signals-and-systems-using-the-web-and-matlab/content/recur.m
https://www.mathworks.com/matlabcentral/fileexchange/2148-fundamentals-of-signals-and-systems-using-the-web-and-matlab/content/recur.m
https://www.mathworks.com/matlabcentral/fileexchange/2148-fundamentals-of-signals-and-systems-using-the-web-and-matlab/content/recur.m
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Transfer Function

3.1 Introduction

The transfer function is defined as the ratio of the z-transform of the out-
put for a linear invariant system to the z-transform of its input, when the
initial conditions are zero and corresponds to a relation which describes
the dynamics of the system under consideration.

Consider the system of Figure 3.1. Its transfer function is given by

_ Y@ _

%6

0 3.1)

The transfer function represents the z-transform of the impulse response.

3.2 Open-Loop Sampled-Data Control System

Consider the system of Figure 3.2, which corresponds to an open-loop
sampled-data system.
In this case, the output (Y(z)) of the given system is

Y(z) = Z[Go(5)G, (9)IG:(2)X(2) = G(2)G.(2) X(2) (3.2)

where
G,(s) is the transfer function of the system under control,
G.(2) is the transfer function of the digital controller,
G(2) is the transfer function of the analog system in discrete time, and
Go(s) is the transfer function of the system with which G,(s) is discretized.

53
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FIGURE 3.1
Sampled data system.

G(2)
Y(z)
ud G.(2) G, G,
X Tk
FIGURE 3.2

Open-loop sampled-data system.

3.3 Closed-Loop Sampled-Data Control System

Consider the system of Figure 3.3, which corresponds to a closed-loop
sampled-data control system.
In this case, the output (Y(2)) of the given system is

B G.(2)G(2)
)= G @) ZHE)G G, ()] ¢3)

The expression (3.3) deduced from the above block diagram and will
subsequently be explained.
According to Figure 3.3 we have that

G(2)

Y
+ ~ e(d) e(kT) L(z) 6.0 6,09 ¥(t) (2)
x(t) — T

b(t)

H(s)

FIGURE 3.3
Closed-loop sampled-data system.
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Y(2) = G(2)Gc(2)E(z) (1)

E(z) = X(2)-B(z) (2)

B(z) = Z[H(s)Go(s)G, (s)IL(z) (3)

L(z) = Gc(2)E(z) (4)

(3),(4) = B(z) = Z[H(s)Go(s)G(s)IG(2)E(z) (5)
(2),(5) = E(z) = X(2) — Z[H(5)Go(s)Gp(5)IGc(2)E(2) (6)

Thus
ZORR X(z) @)
4 GU(2)ZIH(E)Go(5)G, ()]
10),7)= Y(2) = C:(2)Cz) (®)

1+ Go(2)Z[H(5)Go(s)G1(s)]

The transfer function of the closed-loop system is

_Y(z) _ G(2)G(z)
Ga(z)= X(@) 11 G.@ZHEGEIG,E)] (34)
For H(s) = 1 it holds that
_ G(2)G(2)
) = 6.6 (4.5)

It should be noted that the expression (3.3), which provides the system’s
output in z-domain, can be dynamically changed according to the form of
the sampled data system, correspondingly.

In the Formula Tables of this chapter, several block diagrams for digital
control systems are presented, including their corresponding transfer
function in terms of z.

3.4 Signal Flow Graphs

Signal flow graphs (S.F.Gs), similar to block diagrams, provide an overview
of the system and represent an alternative representation of the relationship
among the variables of the system. S.E.G theory was developed by S. J. Mason
(July 1953) and is implemented in any system without the need to simplify
the functional diagram, which is a particularly laborious process for com-
plex diagrams. A flow graph consists of nodes, branches, and loops.
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(a) (b)
X, X
X X3 X, X;
X}’I
FIGURE 3.4
Nodes of S.EG.

Each node denotes a certain variable (signal) and corresponds to one of the
following categories:

a. Source or input node: The node from which one or more branches start
and in which no branch ends (Figure 3.4a).

b. Sink node: The node which receives one or more branches and from
which no branch starts (Figure 3.4b).

¢. Mixed node: The node which has incoming and outcoming branches
(Figure 3.4¢).

In addition, each branch connects two nodes and can be described by two
features, namely, the direction and gain. The direction stands for the signal’s
direction from one node to another (Figure 3.5), while its gain is the a factor
or the transfer function, which connects the variables x; and x,. The direction
and gain are related to each other as x, = ax;.

Path is abranch sequence of the same direction (e.g., x;, x,, x5, X, in Figure 3.6).

Forward path is the end-to-end path between the input and output node
(e.g., xy, X5, X3, x, in Figure 3.6).

Loop represents the closed path which starts and ends at the same node
(e.g., x5, X3, X, in Figure 3.6). Two loops, within S.F.G., are called nontouch-
ing loops in the case when they do not contain any common node to each
other.

FIGURE 3.5
Branch of S.EG.
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X a X, b X3 c Xy
® > > > ®
d Loop
FIGURE 3.6
Loop of SEG.
I

3.5 Mason’s Formula

Mason’s formula (Mason’s gain formula—1953) provides the relation between
the input and output of a given system via S.EG,, directly, without successive
simplifications and is expressed as

k

> 1A,

Gle)== (3.6)

where
T, = the gain of the n-th direct path which connects the input and output.
A = The determinant of the graph, which is given by

A:1—2L1+ZLZ—EL3+~- (3.7)
with

Ly is the loop gain
YL, is the sum of each loop gain at the signal flow graph

L, is the gain product of two nontouching loops

YL, isthe sum of all the per two nontouching loop gains

and so on.

A, = The subdeterminant of T,, which is obtained from (3.7), with-
out taking into account the branches that are adjacent to the nth forward
path.
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In the case when we deal with a complex block diagram and we need
to calculate the control ratio O/I (output/input), then we convert the block
diagram to S.EG. and apply the general output-input gain equation.

The exact procedure followed using Mason’s formula in digital control
systems is

1. Design S.FG. directly from the block diagram of the sampled data
system.

2. Observing the flow graph, one can notice certain discontinuities
due to the involvement of the samplers; thus, we are able to redesign
S.EG. removing the latter discontinuities, with the aid of the math-
ematical model. Apparently, the newly derived S.F.G. is equivalent to
the previous one.

3. Calculate the transfer function by using Mason’s formula at the
modified S.EG.

3.6 Difference Equations

Difference equations correspond to discrete-time systems, while differen-
tial equations correspond to continuous-time systems. In the difference
equation: y[n] + y[n — 2] = x[n], x[n] denotes the system’s input, which is a
known signal, while y[n] is the corresponding output, which represents the
unknown parameter. The question posed by the above difference equation is
as follows: Determine a signal y[n], which gives a known signal x[n], when is
added to itself, yet shifted by 2 units to the right, namely, y[n — 2].
The general form of an N-degree difference equation is

N

Z byln—k] = iamx[n —m] 3.8)

k=0 m=0

and to solve it, (N + M) initial conditions of y[-1], y[-2], ..., y[—N] and x[-1],
x[-2], ..., x[—M] should be known.

NOTE: In the solved exercises presented below, the concept of sampled
signal will be used. The sample signal extracted from the sampling of its
analog counterpart is mathematically expressed as (Figure 3.7):

() = x(t)- 60 () = x(t)- ié(t —kT) = i x(kT)5(t —kT) 39)

k=0 k=0
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x(t) TX 0
) 50 x*ft) . .
| I I |
y - R
T T T T | IR N B |
[ I |
‘0 t IO + + + + t ‘0 t
FIGURE 3.7
Sampled signal.
+00 .
Since: 67(t) = Z(S(t—kT) - Z Celkest = = Z ekt o =27 )T
k=—oc kf—oo
. T/2 04 0,
C,= Sp(t)e™™'dt = f& el dt = f& Pt = L
R e L e
-T/2 0 0
We have
1 +00 Laplace
) = x(8)- — e X*(s) = X(s + jkw, 3.10
(t) ()T;; L X= Zx (s+jkes)  (310)
where: X(s)_L[x(t)]_fx(t)e“dt]
0 (3.11)

+00
The frequency spectrum of x*(t): X*(jw)= % Z X[j(w+ kws)]

k=—00

The frequency spectrum of x(t) and x*(f) are presented in Figure 3.8a and b,

respectively.
It holds that

Z[X*(s)] = X(2)

(3.12)
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(a) (b) | X*(jw)|
[XG)|
Filter \ iiiiiiiiiii L w
/ \ YA AV
~%max / = 2w
FIGURE 3.8

Frequency spectrum of analog and sampled signal.

3.7 Formula Tables
Tables 3.1 throguh 3.3.

TABLE 3.1

Transfer Function of Closed-Loop Sampled-Data Systems

System

Transfer Function C(z)

r

H(s)

G(s)

G(s)

H(s)

G(s)

H(s)

(o) REGE)
1+GH(z)

GH(z) = Z[G(s)H(s)]

o) RGE)
1+GH(z)

RG(z) = Z[R($)G(s)]

o) REGE)
1+ G(z)H(z)
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TABLE 3.2
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Transfer Function of Closed-Loop Sampled-Data Systems

System Transfer Function C(z)
R(2)G1(2)Ga(z)
r - G(s) Gy(s) 1+ Gi(2)G.H(2)
H(s)
R(2)G1(2)G,(2)
Aﬁg_/ G, G 14 GIGHE)
H(s)
, RE)GI()Gx(2)
y G,(s) > Gy(s) 1+ G;Hi(2) +Gi(2)G2Ha(2)
H,; (s)
Hz(s)
TABLE 3.3

Transfer Function of Closed-Loop Sampled-Data Systems

System

Transfer Function C(z)

@/ e e e}

RGi(2)G(2)G3(2)

H(s)

]

RS ) (&)

14 G2(2)G3(2)Gi(2)H(2)

RG1(2)G2(2)Gs(2)

H,(s)
Hz(s)

1+ Ga(2)G3Hi(2) + G2(2)GiGs Ha (2)

3.8 Solved Exercises
EXERCISE 3.1

Find the difference equation for the system of the following scheme.

Let: K=10, T = 0.5 s and r(f) = u(t).
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T7< cm

e* K(5s +1)
s(2s+1)

Solution

From the above scheme, we have that

Cs) _K(Gs+1) M 0] L de(t) _ gy der(t)
e*(s)  s(2s+1) da? dt dt

FKeXt) (3.11)

The expression (3.1.1) takes the form of expression (3.1.3), after discreti-
zation, which is the difference equation of the entire system.

’ dzc(t) c(k) 2¢c(k — 1)+ c(k — 2) de(t) ~ c(k)—c(k—1)

dat* T? dt T
5K de;t(t) ~ 5K &) *T*(k V. Kex(r) = Ket(k) .
Thus, the difference equation becomes
2+T 4+T - SK;KT *(k)+ K k1)
c(k)—‘ii clk~1)+ T dk—2)= 5K§i;@2 k) + 2IjTe*(k—1):>
c(k):% ()+% (k=1 )+4+Tc(k— - Tc(k—Z)
(31.3)

For K=10,T =0.5s, we get

(3.1.3) = c(k) = 11e*(k) + 10e*(k — 1) + 1.8c(k — 1) — 0.8c(k —2) (3.1.4)

It holds that

e*(k)=r(k)—c(k)=1—c(k) (3.1.5)
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So
_ N
) =175~ ek =1~ c(k—2) (3.1.6)

If ¢(0)=0, then substituting in expression (3.1.6) and solving it
successively, it stems that

41 4
1)=175——c(0)——c(-1)=1.75
c(1) 60 @D

41 4
o(2) =1.75——c(1) — —c(0) ~ 0.554
2) o0 W@

41
—c

3)=175—
c(3) %0

4
2)———c(1) ~1.255
@)=y

c(m)= 1.757%C(M71)7%C(W172) (3.1.7)

EXERCISE 3.2
Find the transfer function of the following discrete systems:

a. y(k)+0.5y(k —1) = 2x(k)
b. y(k)+2y(k —1)— y(k — 2) = 2x(k) — x(k — 1) + 2x(k — 2)
c. y(kT)+3y(kT — T)+ 4y(kT — 2T) + 5y(kT — 3T)

= r(kT)— 3r(kT — T) + 2r(kT — 2T)

Solution
To derive the corresponding transfer functions, it suffices to apply

z-transform onto the difference equations, by assuming zero initial
conditions.

a. y(k)+0.5y(k —1) = 2x(k) 3.2.1)

2 2z
Y(z)(1+0.5z71) =2X = H(z)= =
(2)(1+0527) @ @ 1405z z+05

b. y(k)+2y(k —1)—y(n —2) = 2x(n) — x(n — 1)+ 2x(k — 2). (3.2.2)
Y(z)142z'—z2)=X(z)2 -z +2z7?)
2—z7 142z 227—z+2
142z =22 Z2242z-1
¢ YR +3Y(@)z '+4Y(2)z 2+5Y(2)z > =R(z)—3R(z)z ' +2R(z)z *
L
R(z) 143z +4z °+5z z°+3z"4+4z+5
(3.2.3)

= H(z)=
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EXERCISE 3.3

Derive the difference equations of the systems with transfer functions

given as
2t 4328 4222 4241 z
G(z)=— 3 3 and H@)=—5—F—F——
z°4+4z° +5z°+3z+2 z°—=172z+0.72
Solution
a.
—1 -2 -3 —4
Coy=rd) - AH3E A2 IAE b (331)
R(z) 144z +5z°+4+3z7°+2z
So, we have
Y(z) 144z +5272+327° +2z7%)
=R(z)(1+3z7" +2z 24z +27%) (3.3.2)

Applying the inverse z-transform in (3.3.2), it yields the
desired result.

y(KT)+4y(kT —T)+5y(kT —2T)+ 3y (kT —3T)+ 2y (kT —4T)
= r(kT)+3r(kT —T)+2r(kT —2T)+r(kT —3T)+r(kT —4T) ~ (3.3.3)

b.
H@)="z 1.77; ot 1.72’11+ 0.722 2 334

It holds that Y(z) = H(z)U(z). Hence
(1-1.7z7"+0.72z72)Y(2) = z 'U(=2) (3.3.5)

We are transferred from the z-domain to the time domain;
thereby, the requested difference equation is presented as

Y = 1.7]/1(,] — 0-72]/1(72 + U1 (336)

EXERCISE 3.4

Derive the transfer function of the following discrete systems and show
that they are different to each other.

w0 xw 1 " w 1 )
5, ]

x(t) / X*(t) 1 1 ¥(0)

s, s+b s+b
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Solution
For the first system, observe that the transfer function is given by
Y(2)

_ _ . z
X(z) CRH(E) = z—e T z—e”

- (341

For the second system, the transfer function is given by

Y@ _r
X(z)

1 _ 1 [ 11 ]
(s+a)s+b)| b—als+a s+b
(efﬂT _ e*bT)Zfl
(1 7370]-271)(17 e*szfl)

1 z z 1
_ _ - 34.2
bfa[zfe’”T zfe’bT] b—a } ( )

These systems are not equivalent since their corresponding transfer
functions are different.

EXERCISE 3.5

Derive the output function of the following scheme, into the z-domain,
when the input function is z() = u(f).

G(s)

z(t) + 1 /
¥ 1+2s T
T
Solution
The expression of the output function in z-domain is
ZR(s)G(s)]
Clg)=—7T"—"— 3.51
O T G666 5D
where
k k(1—e %)z
R(s)G(s)] = RG(z) = =
ARGGEI=RGE) =z sl = ey 652)
and
1-e™ k k(1—e0°T)
G.aG(z) = = 5.
iG(2) =2 1425 z—e 05T (3:53)
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Substituting, we get

k(1—e 5Tz
G(z)= 3.54
B = e T ke 7)) 054
Fork=1and T = 0.314 s, we have that
0.145z
Clz)= 2%
@)= D@ 0709) (35.5)
EXERCISE 3.6
Are the following systems equivalent?
M) e S e )
T B) G)
H(s)
x(2) B(z) ¥(2)
/ > G(s)
T

Solution

The most usual case is to use a sampler in the error channel e(f), as the first
scheme shows. Since the system is linear, the sampler can be moved from
the error signal to the system’s input and to the output of feedback unit.

We have:
Y(z) = G(z)E(z) (3.6.1)
where
E(z) = X(z) — z[G(s)H(s)]E(2) (3.6.2)
Hence
E(z)= %{Z;H(S)] (3.63)

(3.6.1),3.6.3):
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Y(z) _ G(2)
X(z) 1+ 2[G(s)H(s)]

(3.6.4)

EXERCISE 3.7

Find the expression that provides the output Y(z) as a function of the input
and the included system parameters, as shown in the following scheme.

Q@)+ E(s) Y(z)

Y(s)
G(s) J /T'
B(s) F6) YN\ .

We compute Y(z) from the system’s model equations. Note that the out-
put of each sampler is marked with a superscript (*), for example, Y* cor-
responds to the postsampled Y(s) used for the feedback channel.

From the above block diagram, we have that

Solution

E(s) = (s) — B(s) (3.71)

B(s) = E(s)Y*(s) (3.72)

Y(s) = G(s)E(s) 0 G(s)(CU(s) — B(s)) 3.7.3)
(3.7.2),(3.7.3) = Y(s) = G(s)x(s) — G(s)F(s)Y*(s)) (3.74)

By observing the expression (3.7.4), it is clear that both Y(s) and Y*(s)
are present; thus, to derive Y*(s) as a common factor, we apply a starred
Laplace transform as follows.

(3.7.4)=(Y(5))* =[G(s)2s) — G(S)F(s)Y*(s)) |* =

Y*(s) = [G(s)US)* — [G(S)F(s)Y*(5))I* = GEx*(s) — Y*(s)[G(s)F(s)]*
=GOQ*(s) — Y*(s)GF*(s) =

Y*(s) 4+ Y*(s)GF*(s) = GQ2*(s) = Y*(s)(1 4+ GF*(s)) = GQ*(s) =

GQ*(s)
Yis) = )
(s) 11GP) (3.7.5)
Using z-transform in (3.7.5), we get
GQ(z)
Y(z)=—FT-—
(2) 11 GF(2) (3.7.6)

where GQ(z) = z[G(s)(s)] and GF(z) = z[G(s)F(s)]
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EXERCISE 3.8

Find the expression that provides the output Y(z) as a function of the
input and the included system parameters, as shown in the following

scheme:
RO B/ EO [ cw Ctz)
T T
B(s)
H(s)
Solution

We compute Y(z) from the system’s model equations.
From the above block diagram, we have that

E(s) = R(s)— B(s) (3.81)

B(s) = H(s)C(s) 3.8.2)

C(s) = G()E*(s) (3.8.3)

(3.8.2) = B(s) = H(s)G(s)E*(5) (3.84)
(3.8.1),(3.8.4) = E(s) = R(s) — H(s)G(5)E*(s) (3.8.5)

By observing the expression (3.8.5), it is clear that both E(s) and E*(s)
are present; thus, to derive E*(s) as a common factor, we apply a starred
Laplace transform as follows:

(3.8.5)= E¥(s) = R*(s) — HG*(s)E*(s) =
E*(s) + HG*(s)E*(s) = R*(s) =
E*(s)[1+ HG*(s)] = R*(s) =

-y R(s)
E(s)= T1HG®) (3.8.6)
(3.8.3),(3.8.5)= C(s) = G(s)E*(s):lc*(s) =G'(5)E"(s)=E'(s)= cC;E:; (3.8.7)

CE) R oy R

(3.8.6),(3.8.7) = 8
G*s) 1+ HG*(s) 1+ HG*(s)

G*(s) (3.8.8)
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Using z-transform in (3.8.8), we get

R(z)

& =1 How)

G(z) (3.8.9)

EXERCISE 3.9

Find the expression that provides the output Y(z) as a function of the
input and the included system parameters, as shown in the following

scheme:
X + L L* Y(s) Y(2)
(s G [ HL L0 /T'
B(s)
E(s)
Solution
We compute Y(z) from the system’s model equations.
From the above block diagram, we have that
E(s)= X(s) — B(s) 39.1)
B(s) = F(s)Ga(s)L*(s) (39.2)
L(s) = Gi(s)E(s) (39.3)

(3.9.1),(3.9.3) = L(s) = Gy(s)E(s) = Gy (s)(X(s) — B(s))
& 6,(5)(X() — FS)Ga()L (5)) =

L(s) = Gi(s)X(s) — Gi(s)F(s)G2(s)L*(s) (394)

By observing the expression (3.9.4), it is clear that both L(s) and L*(s)
are present; thus, to derive L*(s) as a common factor, we apply a starred
Laplace transform as follows:

(3.9.4);>L*(s) =[G1(5)X(s) — G1(S)F(s)G2(s)L*(s)]* =
=[Gi(S)X )] —[Gi($)F(s)Ga(s)L*(s)]* =
=G X*(8) — GiFGy*(s)L*(s) =

L¥(s)(1 + GiFG,*(s)) = G1X*(s) (39.5)
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However,
¥(s) = Gil*(8) = YX(5) = [GL*O)F = G *(6)L*(s) (396)
(3.9.5),(3.9.6) = Y'(s) = G{(g% (39.7)
Using z-transform in (3.9.7), we get
=Y(z)= Gz(Z)%F(ZG)Z(Z) (39.8)

EXERCISE 3.10

Find the expression that provides the output Y(z) as a function of the
input and the included system parameters, as shown in the following

scheme:
R() +<> E(s) /E*(s) Ms) /S M) s
GI(S) GQ(S)
R(z) X T T Clz)
B(s) Hs)
Solution
We compute Y(z) from the system’s model equations.
From the above block diagram, we have that
C(s) = Go(s)M*(s) (3.10.1)
M(s) = Gy (s)E*(s) (310.2)
E(s) = R(s) — B(s) (3.10.3)
B(s) = H(s)C(s) (310.4)
E(s) = R(s) — H(s)C(s) (3.10.5)
E(s) = R(s) — H(s)G2(s)M*(s) (3.10.6)

Discretize Equation (3.10.6) as

C*(s) = G*(s)M*(s) (3.10.7)
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(3.10.2):; M*(s) = G*(s)E*(s) = M*(s) = G1*(s)[R*(s) — HG,*(s)M*(s))
= M*(s) = G*(s)R*(s) — G1*(s)HG, *(s)M*(s) (3.10.8)

(3.10.6)= E*(s) = R¥(s) — HG,*(s)M*(5) (3.109)

Cs) _ _ Gi*(5)Ga*(s)

(3.10.7),(3.10.8) = = (3.10.10)
R*(s) 1+ G*(s)G,H*(s)
Using z-transform in (3.10.10), we get
G2(2)Gi(2)R(z)
Clz)=—" 3.10.11
( ) 1+G1(Z)HG2(Z) ( )
EXERCISE 3.11
For the system of the following scheme, find the closed-loop transfer
function C(z)/R(z)
Ris)  ~ E(s) S B 6 Cls)
or
M* M
Hy(5) OIEEN | (s) H,()
op
Solution
From the above block diagram, we have that
C(s) = G(s)E*(s) (3.11.1)
E(s)=R(s) — Ha(s) M*(s) (3.11.2)
M(s) = Hi(s)G(s)E*(s) (3.11.3)

Applying the starred Laplace transform at the above equations, it
holds that

C*(s) =G*(s)E*(s) (311.4)
E*(s) = R*(s)— Hj(s)M*(s) (3.11.5)

M*(s) =[G(s)H.(s)|*E*(s) (3.11.6)
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(3.11.5),(3.11.6) = E*(s) = R*(s)— Hx *(s)[G(s)H1(s)]* E*(s) =

() R*(s)
EX(s)= 1+ B ") [COH O (3.11.7)

G*(s) R*(s) _ G*(s) R*(s)

(3.114),(311.7) = C(s)= @GOG ~ 1+ HO[CH.E

Hence, the resultant transfer function is given by

C_  GE)

RGz) 1+H(z)GHi(z) (311.8)

EXERCISE 3.12

For the system of the following scheme, find the closed-loop transfer
function C(2)/R(z), using Mason’s formula.

R(s) h E(s) / E*(s) C(s)
T

H(s)

Solution

Design the S.F.G., which corresponds to the block diagram of the above
scheme.

Observing that S.EG. presents a discontinuity between E(s) and E*(s),
we redesign S.F.G. without discontinuities using the system model.

S.EG.
Output Input Output
R(s) 1 E(s) E*(s) G(s) C(s) 1 C(s)
Input
—H(s)
It holds that

E(s)=R(s)—H (s)G(s)E*(s):; E*(s) = R*(s) — GH*(s)E*(s) (3.12.1)
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C(5) = G(5)E*(s)=> C*(s) = G*($)E*(s) (3122)

From Equations 3.12.1 and 3.12.2, design the equivalent SEG. as

R(s) 1 E*(s) G*(s) C*(s)
®

@ > >

—GH*(s)

Applying Mason’s formula, we have that

C*s) _ Tl (3.12.3)

R*(s) A '

where
Ty =G*(s)
A=1—(—GH*(@s)) and A;=1-(0)=1
3.123)= C6O GO (3.12.4)
R*(s) 1+GH*(s)
Thus, the desired transfer function is given by

@ _ G (3.12.5)

R(z) 1+GH(2)
The complex S.F.G. is formed by combining the initial and the equiva-
lent diagram, which is presented at the following scheme:

R¥(s)o ! E(s) G °C¥(s)

—GH*(s)

1
R(s)o e 0 C(s)
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EXERCISE 3.13

For the system of the following scheme, find the closed-loop transfer
function C(z)/R(z), using Mason’s formula.

R(s) + Iy E(s) /" E*(s) 6.6 L(s) /' L*(s) 6, C(s)
T

Solution
Design S.EG., which corresponds to the block diagram of the above scheme.

1 E(s) E*s) Gi@s) L(s) L*(s) G3(s) C(s) C(s)
o—r—0
—H(s)

Observing that the S.EG. presents a discontinuity between E(s) and
E*(s), and between L(s) and L*(s), we redesign the S.F.G. without disconti-
nuities using the system model.

E(s)=R(s)— H (s)Gz(s)L*(s):; (3131
E*(s) = R*(s) = HG,*(s)L*(s)

C(5) = Ga(s)LX(5)=> C*(5) = G *()L¥(s) (813.2)

L(s) = Gu(8)EX(s)= L*(s) = Gy*(5) EX(s) (3.133)

From Equations 3.13.1, 3.13.2, and 3.13.3, design the equivalent S.EG.

R(s) 1 E*(s) Grs)  L*(s) G3(s)  C(s) 1 C(s)

—HG,*(s)

Applying Mason’s formula, we get

C*(s) _ i
R*s) A

(3.134)
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where
Ty = Gi*(5)G2*(s)
A=1—-(-G*(s)HGy*(s)) and A;=1-(0)=1
Hence, substituting into the expression (3.13.4), it stems that

Cs) _  Gi(5)G2(9)

= (3.13.5)
R*(S) 1+ G] >e(S)GZ}‘I’(-(S)
The desired transfer function is presented as
C Gi(2)G:
() _ GG 6136

R(z) 1+Gi(2)G:H(2)

EXERCISE 3.14

For the system of the following scheme, find the closed-loop transfer
function C(z)/R(z), using Mason’s formula.

C(s)
R(s)
Solution
Design the S.EG. which corresponds to the block diagram of the above
scheme.
R(s) 1 E(s) EXs) Gi(s) E,(s) E}s) G,s) Cls) 1 C(s)

Observing that the S.FG. presents a discontinuity between E;(s) and
Ei*(s), and between E,(s) and E,*(s), we redesign the S.EG. without
discontinuities using the system model.

It holds that

Ey(s) = R(s) — C(s) = E*1(s) = R*(s) — C*(s) (3.14.1)

C(s) = Ga(s)E2*(s) = C*(s) = G2 *(s)Ex(s) (3.14.2)
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Ex(s)=Gi(s)Ex (5) — H(s)C(s) =
Ey(s) = Gi(S)Ey () — H(5)Ga(S)Ea(s) = (6.14.3)
E; () =Gy (S)E: (5) — GoH (S)Ez (s)

From Equations 3.14.1, 3.14.2, and 3.14.3, design the equivalent S.F.G.

R%(s) 1 E¥(s)  Gils) Ej(s)  G3(s) C*(s) 1 C*(s)
® > @
Applying Mason’s formula, we have
C ) T (3.14.4)

R'(s) A
where
Tr = G*1(s)G*2(s)

A =1—(—G*(s)Gy*(s)— G,H*(s)) and A;=1-(0)=1
Hence, substituting into the expression (3.14.4), it yields

C*(S) — Gl >{.(S)C;'Z >{.(S) (3 14 5)
R*(s) 14 GH*(s)+ G*(5)G2*(s) o

The desired transfer function is presented as

€l _ G1(2)G(2) (3.14.6)

R(z) 1+ Gi(2)Gs(2) + Z[GoH(s))]
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EXERCISE 3.15

For the system of the following scheme, find the closed-loop transfer
function C(z)/R(z), using Mason’s formula.

C(s)

R(s) + EE)/’
A T

Solution

-1

Design S.EG. which corresponds to the block diagram of the above
scheme.

Observing that the S.F.G. presents a discontinuity between E,(s) and
Ei*(s), we redesign the S.E.G. without discontinuities using the system

model.
It holds that
Ei(s) = R(s) — C(s) (3.15.1)
C(s) = Ex(5) + Ga(s) (Ga(s)Er*(s) — C(5)) (315.2)
= Ei(8) + Gi(8)G2(8)E1 *(s) — Ga(5)C(9)
(3.15.1),(3.15.2) = C(s) = R(s) — C(s) + G1(s)G2(S)E1 *(s) — G2 (s)C(s)
= 2C(s) + G2(s)C(s) = R(s) + G1G,(S)E; *(s)
3.15.3
L - RO GG9E) R
2+4Gy(s) 2+Ga(s)
_ _ _ _ R(s) GGy (8)E1*(s)
Ei(s) = R(s) — C(s) = R(s) 21Gos) | 24Gal9)
(3.15.4)

R(s) (1 + GZ(S)) _ GGy (s)E1*(s)
2+ G,(s) 2+ G,(s)

= Ei(5)=
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GGy (s)
2+ Gy(s)

(3153y;c*@)_[ R(s) ] +[

(3.15.4) = F,*(s) =

R(S)(l +G2(S)) * GiGs(s) >fE *(s)  (3.15.6)
24+Go(5) 2+Gy(s)) o

From Equations 3.15.5 and 3.15.6, design the equivalent SEG. and
observe that two inputs and one output appear.

G,G,(s)
B 2460 coH 1 Cw

»
>

—

.;

(R(S)(l + GZ(S))J*
2+ Gy(s)

\ 4

_( G,Gy(s) j* [2 +Gyfs) ]

2+ Gy(s)

To compute the total output, we apply the superposition theorem,
which states that

GiGy(s) |
2+ Gs(s)

GiGy(s) |
* [ 24 Gz(S)]

R(is) "
+L+@@] (3.15.7)

CH(s) = Ci*(s) + Co*(5) = C*(s) =

RE)(1+Gy(9)))
2+Gy(s)

From the expression (3.15.7), the following expression is derived, which
represents the z-transform of the system’s output.

4@@@)
2+ G,(s)

- R(s)(1+ Ga(s))

&)= 24Go(9)

(3.15.8)

Z{R@
2+ Gy(s)

GGy (s)

The desired transfer function is presented as

7 GGy (s)
2+ Gy(s)
GiG(s)
2+Gy(s)

1
R(z)

R(s)

2+Gy(s)

C) _
R(z)

4mmuﬂmn (5159)

2+ Gz(S)

1+4 M”
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EXERCISE 3.16

For the system of the following scheme, find the closed-loop transfer
function C(z)/R(z), using Mason’s formula.

Cls)
G,(s) —>®—> Goyfs) >
A

R(s) < E(s) 4 E*(s)
T

Solution
Design S.EG. which corresponds to the block diagram of the above
scheme.
R(s) 1 E@s) Es) Gyl G, (s) 1 Cls)

Observing that the S.FG. presents a discontinuity between E (s) and
E*(s), and between C(s) and C*(s), we redesign the complex S.E.G. without
discontinuities using the system model.

It holds that

E(s) = R(s)— C(s) (3.16.1)

C(s) = (Gi(s)E* (s) = H(s)C* (5))Ga(s)

(316.2)
=Gi(8)Ga(s)E* (5) — Ga(8)H()C * (s)

To design the complex S.F.G., we use the pulse transform of Equations
3.16.1 and 3.16.2:

(3.16.2) = C*(s) = GG, * ()E* (s) — G,H * (5)C * () (3.16.3)

(3.16.1)=E*(s) =R*(s) — C*(s)
=R*(s)— GG, *(S)E*(s) + Go.H *(s)C *(s) 3.16.4)
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The complex S.EG. is given by

~G,G;(s) G,H*(s)

The transfer functions C*(s)/R*(s), E*(s)/R*(s), C(s)/R*(s) can be calculated
with the aid of Mason’s formula.

C*(s) _ GiG*(s)
R¥s)  14GiGo*(s) + GoH*(s) (316.5)
E*(s) _ 1 x (1—(—GyH*(s)) _ 14 G,H*(s) 6166)

R 1+GG 6+ GHYS) 1+GGH ) +GHYE)
C(s)  Gi(5)Ga(8)[1 + GoH*(5)] — Go(8)H(8)G1Go*(5) 1
R¥(s) 1+ GiGy*(s) + G,H*(s) (3167)

In z-domain, we get
E(z) _ 14+GyH(2)

R 1+GGa(2) + GoH(z) (3.16.8)
- Siste) (3.16.9)

Rz) 1+GiGy(z)+G,H(z)
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EXERCISE 3.17

Provide the expression for the output Y(z) for the following systems.

&3 Y, (S)
U*(s) o 6.0 1
U(s) Y(s) Y¥(s)
C >
G Y.
LI*(s) R Gz(s) ()
* Y.
u(s) | 6.6 1(s)
u(s) y Y0 ()
> Gy(s) 1)

Solution

From the block diagram of the first scheme, the desired result is obtained
as

Yi(8) =Gi()U*(s)  Ya(s) = Ga(s)U*(s)

Y(s) = Yi(s) + Ya(s) = Gi(s)U*(8) + G (s)U*(s)

YX(5) = GL(S)UX(S) + GaSUM()=

3.171)
Y(z) = Gi(2)U(z) + Gy (2)U(z)
Y(2)=Gi(z) + Ga(2)
Similarly, we have for the second scheme
Y(s)=Gi(s)U*(s) + Ga(s)U(s)
(3.17.2)

YX(5) = GLSUX(S) + (Ga()U(s))* =

Y(2) = Gi(2)U(2) + GoU(2)
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EXERCISE 3.18
For the system of the following scheme, find the transfer function of
Y(2)/R(2).
V(s)
G4(S)
u \ Y
R(s) —% G,(s) s —i»
+ T
H(s) (=
Solution
From the above block diagram, it holds that
E*(s)= R*(s)— B*(s) (3.18.1)
X*(8) = (Gs(s)R*(s))* = G5 *(s)R*(s) (6.18.2)
B*(s) = (H(s)Y*(s))* = H*(s)Y*(s) (3.18.3)

Y*(5) = (Gi(5)G2(s)E*(5))* — (Ga()X*(s))* =

Y4(5) = (G (G5 E(s) — Gy *(9X5) G154

(3.18.1) = E(z) = R(z)— B(2) (318.5)

(3.18.2) = X(s) = Ga(2)R(2) (318.6)

(3.183) = B(z) = H(2)Y(2) (318.7)

(184 = YD) =2 GEGOED - G@XE) (189
Combining Equations 3.18.5, 3.18.6, 3.18.7, and 3.18.8, we get
Y(z)(1+ G1G2(2)H(z)) =(G1Ga(2) — G3(2)G4(2))R(2)* =

@) _ 6i6a(2) = Ga(2)G(2) (3.189)

R(z)  (1+GGy(2)H(2)
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EXERCISE 3.19
Find the open-loop step response of the system of the following scheme.

X0 >0 G(s) Gy(s) G,(s)
7*(1) HE)
Let
9
T =15,G(s) = [Gu(5)Gi(5)G, (5)H (s)| = 19
Solution
From the given block diagram, we have that
Y(z) =G(z)X(z) and y(kT)=Z"[Y(z)] (3.19.1)
where
G(z) = Z[G(s)| = Z|Gu(s)G1(5)G, (s)H(s))] (3.19.2)
X(@)= 2] = _~ (319.3)
9 1 s
G(z) = ZIG(s)] = le(szm} = Zlg T2 49 (3.194)
z 1-z"cos3T  z 7> —zcos3T

3.194)=G(z)= — — _
( ) @ z—1 1-2z'cos3T+z? z—1 z*—2zcos3T +1
22 4+z—27c0s3T —zcos3T _ z(z+1)(1—cos3T)
(z—1)(z> —2zcos3T +1)  (z—1)(z*> —2zcos3T +1)
(3.19.5)

z z(z+1)(1—cos3T)
z—1(z—1)(z% —2zcos3T +1)
~ Z%(z+1)(1—cos3T)

T (z=1)%(z% —2zcos3T + 1)

(3.19.1),(3.19.5) = Y(2) = X[z]Glz] =

(3.19.6)
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Applying the partial fraction expansion of

1

11
—1? 2

1 z+4+1
(z z—1 22z%>—2zcos3T +1
z z 1 z*—zcos3T 114 cos3T zsin3T

1
T (z—12 " 2z-1 22z2-2zcos3T+1 2 sin3T z’>—2zcos3T +1

Y(z)=z

Hence, y*(t)=|— ——l 3t—lM in 3t
T 2 2 2 sin3T
(3.19.7)
For T = 1s, the desired expression is presented as
y ()= (t+0.5—0.5cos3t —0.0354sin 3t) (3.19.8)

EXERCISE 3.20
Find the closed-loop pulse transfer function for the system of the follow-

ing scheme.
O EY e [P 6y =0
Let
1—e ™ K
Gils)= s Ga(s)= s+l
Solution

The pulse transfer function G(z) arises as

G(z)=Z[G(s)]=Z

lles =(1- *1)

s(s+1)]
K

K K K
=(1-z"YZ|=-—-|=(1-z -
€=z ls s+1 =( )[1—2’1 1—e’Tz’1]§
K(1—eT)z!
G(z)= T (3.20.1)
The closed-loop pulse transfer function G(z) is presented as
Ty
Gulz) = C)_ Gz _ Kl—-e ")z (3:202)

R(z) 1+4G(z) 1+[K—(K+1)e ]z
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EXERCISE 3.21

For the system of the scheme depicted in Exercise 3.20, let
Gi(s)=(1—eT)/s, Gy(s)=10/(s+10), H(s)=0.1, e "=05 and
T = 0.07 s. Find the step response of the system.

Solution

The closed-loop system output is

GiG2(2)R(2)
CR)=——— 3.21.1
( ) 1+ G1G2(Z)H(Z) ( )
where
z
R(z)= — (3.21.2)
1-e™ 10 4 10 1—e 17
GiGx(2)=Z —|=1-z")Z =
1G2(2) s s+10 =2 s(s+10)| z—e 1T
(3.21.3)
—Ts
CGHEZ) =2z =10 pql—a—znz— L |
s+10 s(s +10)
(3.21.4)
1_ e 10T
G]Gz(Z)H(Z) = Olm
Since e 1T = (.5, it yields that
0.5z
Cl@)=——— 21.
@)= 045)z-1) (3.21.5)
The closed-loop step response is derived as
0.5z"

o(kT) = iRe S[C(2)z" .., =

i=1

(z—0.45)

z=1

0.5z*
* \(Z D01

o(kT) = %(1)(1 —0.45") (3.21.6)

C*(t) = 08(t) + 0.58(t — T) + 0.7258( — 2T) + 0.8268(t — 3T)
+0.8275(t — 4T) + 0.8948(t — 5T) +0.9028(t — 6T) +...  (3.217)
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EXERCISE 3.22
Forthesystem of theschemedepictedinExercise3.20,letG,(s) = (1 — e ™)/s,
G,(s) = 1/(s(s+1)), T = 1 s. Find the step response of the system.
Solution
From the given block diagram, it holds that
C(s) = G(s)E*(s), E(s) = R(s) — C(s)
E*(s) = R*(s) — C*(s) = R*(s) — G*(s)E*(s)

* 3.22.1
Ex(s)= - 1) 022D
1+ G*(s)
_ R*(s)
C(s) =G(s) 11G) (3.22.2)
where
G(s) = G1(5)Ga(s) (3.22.3)
From Equation 3.22.2, taking the inverse Laplace transform, we
have that
1 1 R*(s)
c(t)=L"[C(s)]=L lG(S)1+G*(s)
_ 1—e™ 1 R*s) |T=' q|1—e* 1 R*(s)
B s s(s+1)1+G*s)| s s(s+1) 1+G*(s)
(3.22.4)
N R*(s) 7T
Let X*(s)=(1—e¢ )1+G*(s):>
L RE) (3.22.5)
X@=0-27"50
where R(z)=Z[1(t)]= 1_1271 3.22.6)
B =™ 1 | (1
=G(z)=Z[G(s)]=Z s sea) =1-z)Z ss(s—i—l)}
_ 0.368z7! —0:1().2642121 (3.22.7)
(1-0.368z )(1—z")
(3.22.6),(3.22.7) = X(z)
—1-zY /(-2

1+(0.368z7" +0.26427%)/(1—-0.368z ) (1—z7")
~ 1-1.368z"" +0.368z "
1-z'+0.632z72
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hence

1—1.368¢° +0.368¢ >
1—e°+0.632¢7%

X*(s) = (3.22.8)

_qgl 1 oyl —
c(t)=L SZ(S+1)X(S)]_

1 1-1.368¢"+0.368¢7>
S2(s+1) 1—e*+0.632e%

=L 1 (1—0.368¢° —0.632¢ —0.400e > 4 0e~** +0.253¢ >
s (s+1)
+0.253¢%...)]
However,
a1 I | o
=Ll=-= =t—1+e
s*(s+1) s s s+1

thus c(f)=t—14+e "' —0.368[(t—1)—14+e VIt —1)
—0.0632[(t—2) -1+ “ 2t —2)
—0.400[(t —3) — 1+ e N1t — 3)
—0.000[(t —4)—1+e 1t — 4)
+0.253[(t —5)— 14 e 1t - 5)
+0.253[(t—6) —1+¢e Ot —5)+--

Thereby, the step response of the system is

t—1+e! 0<t<1

f—1+e ' —0.368[(f—1)—1+e D@ —-1) 1<t<?2
ct)=1t—14+e"—0368[(t—1)—1+e “N(E-1)—
0.0632[(t —2)—1+e “ 271t —2) 2<t<3

c(0)=0-14+1=0
¢(0.5)=0.5—1+0.607 = 0.107
¢(1.0)=0.368 —0.368 * 0 = 0.368
o(1.5)=0.723 — 0.368 *0.107 = 0.684
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EXERCISE 3.23

For the system of the scheme, find the transfer function B(z)/M(z) using
MATLAB® for T = 0.01 s.

M(z) M(s) us) | 1 | Q9 |4 O(s)
———| ZOH > 10 > - = >
s+12 N
B(2) N B(s) 1
- s+5
Solution
The desired transfer function is expressed as
B(z) 1 1 1
=Z4|10- T sz S 23.1
M(z) {[ s+12 s s+5] ’()] (323.1)
The corresponding MATLAB code is given by
Gl = tf(10,[1 12]);
G2 = tf(1,[1 01);
H = tf(1,[1 5]);
G = G1*G2*H;
Gd = ¢2d(G,0.01, zoh’)
Transfer function
1598e-006z"2 + 6126e-006z + 1468e-006
z"3- 2.838 z"2+ 2.682 z - 0.8437
Hence
p— 2 — —
B(z) _ 1.598e —006z" + 6.126e — 006z + 1.468¢ — 006 (3.232)

M(z) 73 —2.8382% +2.682z —0.8437
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Transfer Function Discretization

4.1 Introduction

There are two basic techniques for designing a digital filter for the automatic
control of a system, which we will deal extensively in Chapter 8.

The first technique is called discrete design or direct digital design and is
accomplished in two stages:

1. Discretization of the system that we want to control.

2. Construction of suitable digital controller using analytical methods
of discrete-time systems.

The second technique is called simulation and is accomplished in the fol-
lowing steps:

1. Construction of the analog controller using continuous-time analyti-
cal methods.

2. Discretization of the analog controller.

3. Verification of the correct operation of the digital controller using
discrete-time analytical methods.

In this chapter, we will describe how we can transform the transfer func-
tion G(s) of an analog system in the s-domain to an equivalent transfer func-
tion G(z) of a discrete system in the z-domain.

The G(s) to G(z) transform can be performed by three different methods.

The first method relies on the use of numerical methods for solving differ-
ential equations describing the given system and for converting them to dif-
ference equations. Thus, we convert the transfer function into an equivalent
differential equation and we use numerical differential methods to solve the
differential equation.

If we use numerical integration methods then the discretization process is as
follows: Given the transfer function, we find the equivalent transfer func-
tion. Then, we integrate both parts of the differential equation and approach
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the integration regions numerically. We divide the integration region into
several subspaces of length T, where T is the sampling period.

If we use numerical differentiation methods, then the discretization pro-
cess is as follows: We calculate the equivalent differential equation of the
transfer function and then approach the derivative of the output function
numerically.

The second method is based on the response of an analog filter with a pole
at the point s = s, when sampled over a time period T, is represented by the
response of a discrete filter with a pole at the point z = ¢*”. Such a matching
is used to equate the poles and zeros of G(s) in s-domain with poles and zeros
of G(z) in z-domain.

The third method is based on the identification of response of continuous-
time systems to specific inputs (step, impulse, and ramp functions), to those
of discrete-time systems for the same inputs.

The equivalent discrete-time system must have approximately the same
dynamic characteristics as the original continuous-time system.

This means that the discrete system is desired to have transmission and
frequency response characteristics as close as possible to those of the origi-
nal analog system.

In reality this cannot be achieved.

Using a specific discretization method is likely to have identical or nearly
identical characteristics of the impulse response, while simultaneously hav-
ing significant differences in the frequency response characteristics or vice
versa.

The goal is to keep these important characteristics by selecting the appro-
priate discretization method.

Regarding the characteristics of the frequency response, it is important
to note that an undesirable phenomenon appears during the discretization
of the analog system displays, namely, the frequency aliasing, which occurs
when the sampling frequency is too low to satisfy the sampling theorem.
The selection of low sampling frequency results in a poor approximation
of the analog system. Consequently, the satisfactory performance of the
discrete system depends on the selection of the appropriate discretization
method and sampling frequency.

4.2 Discretization Methods

The most important comparison points of the discretization methods to be
mentioned are

e Fase of use

¢ Stability maintenance
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¢ Impulse response maintenance

¢ Harmonic response maintenance

4.2.1 Impulse-Invariance Method or z-Transform Method

The equivalent discrete-time filter of the impulse response is the filter whose
impulse response is identified with the impulse response of the continuous
time filter G(s), at time instances k7, k=0,1,2,3..., T where T denotes the sam-
pling period.

The impulse response in the z-domain is the inverse z-transform of the
transfer function G(z). While in the s-domain the impulse response is the
inverse Laplace transform of the transfer function G(s).

Consider the systems of Figure 4.1.

The digital transfer function G(z) arises from the corresponding analog
G(s), by implementing the following steps:

e From G(s), we extract g(f) in the time domain using inverse
z-transform.

¢ From g(t), via discretization, we extract the function g(kT), where T
is the sampling period.

e From g(kT), using z-transform, we derive G(z) in z-domain.

Thus,

G(s)—— g(t)— = ¢(kT)—21—- G(z) (@1
or
G(z) = Z[g(kT)], where g(kT) = [L'G(s)],_ir 4.2)

Since the z-transform always projects a stable pole in the s-domain to a sta-
ble pole in the z-domain, we conclude that the discrete system will be stable
if the original analog system is stable. Using this method, both the frequency
and step responses are not preserved (frequency warping is observed due to
overlap).

X(s) G(s) Y(s) X(2) J— G(2) J

FIGURE 4.1
Analog and discrete system.
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4.2.2 Step-Invariance Method or z-Transform
Method with Sample and Hold

The aim of this method is to construct a discrete system G(z) whose step
response will consist of step response samples of the continuous system G(s)
at time instances k7; k=0,1,2,3..., where T represents the sampling period.
Consider the system of Figure 4.2.
The digital transfer function G(z) arises from the analog G(s), using the
expression (4.3) or (4.4).

1_eTs

G(z) = Z[Gi(s)-G()] = Z \ -G(s)|t 4.3)

or
—(1_,1 G(s)
G(z)=1-z")Z ; @4

If the original analog system G(s) is stable then the equivalent discrete G(z)
obtained by the method of the invariance of the step response is stable. Using
this method, neither the frequency (harmonic) nor the impulse responses are
preserved.

At this point, the zero-order hold (ZOH) circuit (filter) is used with the
transfer function G,(s). A D/A converter is actually a restraint network
whose output is a partially continuous function. Figure 4.3 summarizes
the ZOH operation, which is the preservation of the last sampled value of
signal f(t).

Consider the system () with an impulse response as given in Figure 4.4.
The reconstructed signal is captured by the convolution of hy(t) with the
postsampled signal, say g*(), hence, g(t) = g*(£)*h,(f) and is sketched in Figure
4.5. Also, Figure 4.6 summarizes the first-order hold (FOH) operation.

Because the result of the convolution is stable for the duration between the
value of the previous and next sample, this gives a reason for the name of
this type of recovery filter, such as zero-order filter.

x(kT)
x() ZOH G(s) > Y(2)
T y(2) T

FIGURE 4.2
Sampled data system using ZOH.
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FIGURE 4.3

Zero-order hold operation.

FIGURE 4.4

Impulse response /(t).

S Ju(®)
Hold
[ Sul®)
SfT)8(t - kT)
AR
h,(t)
1
t
TS
- 0]
\\ /
\\ ST
/

FIGURE 4.5

The reconstructed signal with ZOH.
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FIGURE 4.6
The reconstructed signal with FOH.

The impulse response, say f;(t), of the restraint network is a gate function,
such that f,(t) = u(t) — u(t — T) or

Fi(s) = L{u(t) —u(t — T)} = L{u(t)} — L{u(t - T)}

_ ,Ts
= Fi(s)= 1 le’Ts _1-e 4.5)
s S S

Apparently, since the input is the impulse function, the restraint system
transfer function is given by

1— e—TS

Gu(s) = (4.6)

Furthermore, there are higher order restraint filters (first, second, etc.), which
are used in practice.

For example, the output of a first-order hold (FOH) filter is not partially sta-
ble, as in ZOH, but partially linear with a slope {u(kT) — u[(k — 1)T]}/T and it
has a transfer function given by

—Ts 2
O @7)
with output function 0 <m <T
(KT +m) = u(kT) +| "D = L,}[(k - DT]] @.8)

4.2.3 Backward Difference Method

One way of calculating the derivative g(t) at time instance t = kT is by using
the difference between the current and the previous sample divided by the
sampling period, such that
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35— di(tt) _8(k) - Ig(k -1 “9)

The derivative of x(f) in s-domain is sX(s) while in z-domain is
2(0) 3"‘)‘g("‘1)]—121.c(z>
8 T T .

Comparing the above derivatives, the conversion of G(s) in z-domain is pre-
sented as

4 =z

G(z) = G(S)ng (4.10)

The expressions s = ((1— zY/T) z=(1/(1-5sT)) represent the projection
from s-domain to z-domain and it is depicted in Figure 4.7.

This occurs by using the substitution s =jw, in the expression z =
(1/1 — sT).

1 1 1+ jw,T .
1—sT — 1—jw T 14+ (wsT)
But
2 2
1 Ni 1 51 2
Xy’ = 7|+ y 7| = +w )z 2
1+ (wT) 14 (wsT) 1+ wT))
1
=4y’ = =ty =x=>x"—x+y*=0
s 11 1]2 , 1 @11)
S —x+———Fy =0=>|x——| +y =— :
4 4 Y 2 y 4
Jiz
Jis) - jo, z-plane
s-plane
/ R{z}
Ris}=0 k 1
s=jw
FIGURE 4.7

Projection from s-domain to z-domain using the backward difference method.
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The expression (4.11) represents a circle equation with center (1/2) and
radius (1/2). If we set z = (1/1 — sT) where s = o + jw, we get the same equa-
tion and the o values define points within the circle (1/2, 1/2).

Using the backward difference method the stability is preserved but the
harmonic response does not.

4.2.4 Forward Difference Method

Another way of calculating the derivative g(t) at time instance t = kT is by
using the difference of the next sample and the current one, divided by the
sampling period

)= di(:) _ 8k 1T)_ 8(k) “12)

The derivative of x(f) in s-domain is sX(s) while in z-domain is
z[g(t)]=z[(g(k+1)—g(k))/T]=((z—1)/T)-G(z). Comparing the above deriv-
atives, the conversion of G(s) in z-domain is presented as

G(z) = G(S)L:zT;l 4.13)

Using the forward difference method the stability is not always preserved
neither its harmonic response; thereby it is usually not preferred.

4.2.5 Bilinear or Tustin Method

Using this method, the conversion of G(s) in z-domain is presented as

G(z)=G(s)| 2z
)=G0), 221 (4.14)
The Tustin transform is defined by
-1
s:gl_z_1 and ZZM 4.15)
T1+z 1-s(T/2)

In fact, it represents one of the most popular methods because the stability
of the analog system is preserved, while the impulse response can be also
preserved in the case when the nonlinear relation between the analog and
digital frequency is taken into account.

By substituting s = jw, in the expression (4.15) (to visualize the jw, axis in
z-plane), we have
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L 14s(T/2)) _14j@T/2) _ 1-@T/27 + juiT
1-s(T/2)|_,  1-jwT/2) 1+ (wT/2)
IR 1 (w,T/27 | . w,T
T T T2 T w2y
But
s (1 @T/2P) (wT V1 @T/2P e
* Ty _[1+(wsT/2)2] +[1+(wST/2)2] REO 75

The expression (4.16) x*+ 2= 1 defines a circle with center 0 and radius 1,
as Figure 4.8 shows.

Based on Figure 4.8, the left s half plane is presented within the unit cir-
cle in z-domain, using the Tustin method, therefore the discrete system will
always be stable. The drawback of the Tustin method is the warping level in
the w frequency axis, which is caused by the nonlinear relation between the
frequencies w, (in s-domain) and w (in z-domain). Indeed, if we set s = jw, and
z = e/* in the expression (4.15), we have that

_ 2 1_e—jw B 2 e*j(w/Z)(ej(w/Z)_e—j(u/Z))

Jos = Tl4e ™ T iw? (ej(w/Z) + e—j(w/z>)
= jws = 2 2jsin(w/2) _ gj’cang and hence
T 2cos(w/2) T 2
w=2tan'[“L| and Ws = 2 4.17)
2 T 2

1N a
e ®

Forward difference Backward difference Trapezoidal appoximation

FIGURE 4.8
Stability regions using different methods.
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w=QT w=2 tan*l(%j

FIGURE 4.9
Nonlinear relation between w, and w.

The nonlinear relation between w, and w is referred as frequency warping
and is presented in Figure 4.9.

When the specification of the digital filter is known, the most important
analog frequencies are intentionally distorted (i.e., frequency prewarping)
so as to provide the desired specifications for the digital filter. The usage
limitation of the bilinear transform is the fact that the amplitude |H(w,)| of
the analog filter should be a partially linear function of w;.

4.2.6 Frequency Prewarping Method

Even though the bilinear transformation method moves the left s half-plane
within the unit circle in z-domain, preserving the stability, it causes distor-
tion to the impulse response of the original system at the same time.

In various digital control and digital signal processing applications,
the development of a digital filter G(z) is desirable, which should tightly
approach the frequency response of the continuous filter G(s) with the con-
straint 0 < w < (7/T)((n/T) = Nyquist frequency).

The frequency response of the continuous filter G(s) is calculated with the
substitution s = jw, while the frequency response is calculated by setting
z = . To compare G(jw) and G(¢™) via the bilinear transform, we set s = jw
and z = ¢~ in the equation s = 2/1)((1 + z7")/(1 + z ™)), so we have

21zt 21T 21-(1/eT)

Titz ' T Tlge ™ T14(1/eM)
g I1/2enT _ ,=j(1/2)epT B g 2jsin(wpT/2)
T /20T | p=i(1/2)e0T T 2cos(wpT/2)

wol =>w, = g’can wol (4.18)
2 T

= jw, =

. .2
= Jw, :]?tan

Hence, if w, = (2/T) tan (wpT/2) holds then G(jw) = G(e™).

For small wp, values with respect to 7/T, we have jw,. = j(2/T)(wpT'/2) = jwp,
thus the behavior of the digital filter satisfactorily approaches the frequency
response of its analog counterpart.

If wp approaches the value 7/T, then jw,=(2/T)tan(wpl/2)=j(2/T)
tan(n/2) — joo, therefore the w, frequency tends to infinity and the
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corresponding distortions become stronger. Hence, the distortions of fre-
quency response can be greatly reduced in the case when the bilinear trans-
form method is implemented using the constraint w. = (2/T)tan(wpT/2).

The implementation procedure of the Tustin transform method with fre-
quency prewarping is as follows:

1. Given the transfer function G(s), extract a new transfer function G/(s)
changing the poles and zeros of the original function as
(s+a)—@+a)o =@2/T)tan @T/2) if « is a real root and
§* 4+ 2jw,s +wh — 8 +2jw,s +w)’ |wh = (2/T)tan(w,T/2) for the com-
plex roots.

2. Apply the Tustin method in G'(s) substituting each s with s=(2/T)
(1-zY/A+z") into G'(s).

3. Adapt the fixed term k of G(z) using the expression G(z),_; = G(s).

4.2.7 Matched Pole-Zero Method

A simple yet efficient way of deriving the equivalent discrete form of a con-
tinuous-time transfer function is the matched pole—zero method. If we cal-
culate the z-transform of e(kT) samples for a continuous signal e(t), then the
poles of the discrete signal E(z) are connected to the poles of E(s) according
to the expression z = eT. The matched pole-zero method is based on the fact
that we can use the z-transform and the expression z = ¢ to locate the zeros
of E(2).

According to this method, we separately consider the numerator and
denominator of transfer function Ge(s) of the continuous filter and we depict
the poles of Gc(s) at the poles of discrete-time transfer function GD(z) and the
zeros of Gc(s) to the zeros of GD(z).

The way how the zeros and poles that reach to infinity in s-domain (s = o)
are depicted in z-domain using this method is noteworthy. The jw axis from
w=0 to w= (1/T)(= (w,/2) Nyquist frequency) in s-domain, is depicted via
z = ¢ in the unit circle from z = =1 to z =¢/™"/D = —1 in z-domain. So,
if we choose w; as the cyclic frequency that satisfies the sampling theorem,
then we can assume that the maximum achievable frequency is w = (w,/2)
and not w = oo.

Consequently, we can assume that the frequency response G(jw) tends to
zero as w tends to w/T. Equivalently, it holds that GD(z) (the discrete form
of Gc(s)) tends to zero as z approaches to —1. Thereby, the point z = —1 in
z-domain presents the maximum achievable frequency at w = (7/T).

The pole—zero matching is accomplished as follows:

1. All finite poles of Gc(s) are given in z-domain according to z = ¢,

2. All finite zeros of Gc(s) are given in z-domain according to z = ¢T.
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3. a. The infinite zeros of Gc(s), that is, the zeros at s = oo, are pre-
sented in GD(z) at z = —1. Therefore, we have a z + 1 factor in the
numerator of GD(z) for each infinite zero in Gc(s). Similarly, the
infinite poles of Gc(s), if exist, are presented at z = —1. Hence, for
each pole at s = oo, we have a z + 1 factor in the denominator of
GD(2).

b. If the numerator of GD(z) has a smaller order than its denomi-
nator, we add powers of z + 1 at the numerator until the order
between the numerator and denominator is equal.

4. Adapt the gain of GD(2)
For low-pass filters, GD(z)| z =1 = Gc(s)| s = 0 should hold.
For high-pass filters GD(z)| z = —1 = Gc(s)| s = oo should hold.

If we use the pole-zero matching method to calculate GD(z), certain dif-
ference equations arise in which the calculation of y(kT'+ T) depends on
u(kT'+ T); so the output at the time instance kT'+ T depends on its input
value at the same time instance. Nonetheless, if a time delay is acceptable,
that is, if the calculation of the output y(kT'+ T) requires the input value
u(kT), then the numerator of Ge(z) = (Y(z)/U(z)) should have a smaller order
than its denominator. In this case, the modified pole—zero matching method is
used. the modified pole-zero matching method arises from the pole—zero
matching method by ignoring Step 3(b).

Both methods preserve the stability of the original system because all
the s < 0 points, viaz = ¢, are presented to the z points with z < 1, since
0<eT<e< 1.

Let the analog transfer function having the following form:

o 55+ ) (5 pin)
=K e tm) s im) " @)

Then, based on the pole—zero matching method, G(z) becomes

(z+1)""(2+21)(z +22) (2 + 2Zn) (4.20)

G(z)=K,
(z+p)(z+p2)-(z+pa)

The z; and p; “are matched” with the corresponding y; and 7; according to

zi=—e " and pi=-—e " @.21)
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The n-m multiple zeros (z + 1)"~ that arise in G(z) represent the difference
on the order between numerator and denominator polynomial.

The constant K, (dc gain) is selected so as the G(s) and G(z) to be equal for
s =0 and z = 1 (where the behavior of systems in low frequencies is of par-
ticular interest), hence

G(z)(for z=1)=G(s) (fors=0) 4.22)

Therefore, K, is easily computed as

L g m (1+Zl)(1+zz)...(1—|—z,n) _K L fho o

2 s 4.23
A+p)A+p)-(tpn)  mmeem, 429
Alternatively, the constant K, can be computed by
lim y(t) lims(1/s)-G(s)
2 == =0 - &0 (4.24)

T limy()  limz—1)(z/(z-1)GG) ()

4.3 Comparison of Discretization Methods

The relation between s and z for the Euler’s forward, Euler’s backward, and
Tustin methods are

Euler’s forward s— Z—_l, z—1+Ts

z—1 1
Euler’s backward s oz
uler’s backwar — > _>1—Ts (4.25)
Tustin s—>gz_1, ZHM
Tz+1 1—(T/2)s

The latter methods are shown in Figure 4.10.

For each method, the stability region for continuous-time systems (left
complex s half-plane) in z-domain is given in Figure 4.11.

In general, the Tustin method is the most accurate one, yet with marginal
differences. The Tustin method with prewarping is the best choice if we
desire accuracy at the response for a given frequency range.

Euler’s backward method is used to discretize PID controllers in commer-
cial digital control systems. Euler’s forward method is less accurate but suit-
able for discretization of nonlinear differential equation modeling.
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Backward Euler
(rectangular)

f
il —

Sk=1 Tustin
(hatched area)

— Forward Euler
(gray area)

Fk-1 fk
T

FIGURE 4.10
Euler’s forward, Euler’s backward, and Tustin methods.

Unit circle

~
/

Forward difference Backward difference Tustin

FIGURE 4.11
Stability regions of Euler’s forward, Euler’s backward, and Tustin methods.

FOH is typically a good choice if there is no special requirement. ZOH,
although simpler, introduces a time delay/offset equal to half of the sam-
pling time.

4.4 Formulas

The formula Tables 4.1 and 4.2 are discussed here.
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TABLE 4.1
Discretization Methods
Discretization Method Discrete Transfer Function
Invariant Impulse Response G(z) = Z[g(kT)]

where g(kT) = [L71G(5)],ir
Invariant Step Response G(z) = (1—z""Z(G(s)/s)
Backward Difference G(z)= G(s)‘ "

ST
-1
s= 1-z and z= 1
T 1-sT
Forward Difference G(z)= G(S)L:(H/T)
Bili Transf —
1lInear lransiorm G(Z) = G(s) =2/ T)(z-1)/(241))
5751_[1 ,_ 1+s(T/2)
T1+z! 1—5(T/2)
Pole-Zero Matchin,
& G(S):KS (S+H1)(S+.LL2) (S+MW1), m<n
(s+m)(s+m2) (s +m)
G(z)=K. z4+D)""z4+z)z+22) (24 2zn)
(z+p)(z+p2)--(z+pa)
zi=—e T and pi=—e"
_lmy_ ms/969 g

" limy(R)  lim(z - )(/(z-D)GE) GO

TABLE 4.2

Discretization of Analog Transfer
Functions of the Form c/(s — b)" Using
the Invariant Impulse Response Method

G(s)

G(2)|H(z) where a = T

c
s—b

_c
(s—by

(s—by’

s-b*

Tc
1—az

1

T?caz™?

(1—az 1y
T?caz'(1+az™")
2(1—az')?

T*caz '(1+4az 'a’z?)
6(1—az™h)*
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4.5 Solved Exercises

EXERCISE 4.1

Consider a system with transfer function G(s) = (1/s + a). Find the dis-
crete transfer function G(z) using the invariant impulse response method.

Solution
If the input is described by the impulse function, the response is given
asg(t) =eT

From the definition of z-transform, we have

G(z)= ig(kT)z*k = ieﬁ”z* = i(e’”z’l)k @11
k=0 k=0

k=0
or

1 z

G(z)= e =1+ Tz ez 4 (412)

z—e

Observe from expressions (4.1.1) and (4.1.2) that the above method pre-
serves the impulse response at the discrete time points t = kT.

Let’s check whether the digital system, resulting from this method,
preserves the step response of the analog system.

The step response of the analog filter is

L’ —aT
vt L _Va_ Val g @.1.3)
s s+a s  s+a
The step response of the digital filter is
z z 1 z z—e T
Y(z)= . = —
(@) z—1 z—e™" 16”7[21 ze“T] “.14)
fzt 1 —aT ,—akT
=y = (1= Te ™ Ju(k)

It is obvious from the expressions (4.1.3) and (4.14) that the step
response of the analog system differs from the corresponding response
of the discrete system.

EXERCISE 4.2

Find the digital filter resulting from the conversion of the first-order ana-
log low-pass filter G(s) = (1/s + 1), using (a) the exponential method and
(b) the FOH method.
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Solution

a. Exponential method.
The desired transfer function is derived by

G(z):(l—z’l)Z[@] @2.1)
S
B 1] 1

42.1)= G(z)=(1—2z )Z{S(S_Fl)]_(l 2 )le S+1]:>

SO N R ST IR P N N ¢ St 0

CE)=0-z )z—l z—e T ==z )(z—l)(z—e’T)
ET o el 4.2.2)
l1—-e 'z

For T =1 s, we have

0.632(z—1)  0.632

G(z)= - 42.3)
(z—1)(z—0368)  z—0.368
For unit step input, where X(z) = (z/z—1), we have
Y(z)= 2. 0632 4.2.4)
z—1 z—-0.368
with final value,
lim y(k)=lim Y(z)(z 1) =1 @.2.5)

The final value of the step response of the continuous system is

limy(t) — limsY(s)=lims-—— -1 =1
fLr;}y() = lims (s)fslir[}s-s—_i_l;f (4.2.6)

The inverse z-transform of Y(z) is

Y(z) _ 1 1

> y(k)=1-(0.368)", k>0 @.2.7)

z  z-1 z-0368

where y0)=0
y(1) =1 - 0.368 = 0.632
y2) =1 — (0.368)>*=0.864, etc.
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The inverse z-transform of Y(s) is

-1

Y(s):%—s—il:sy(t) =1-¢" 4.2.8)

It is clear that the values of the analog step response coincide
with the y(kT) values, at the discrete points t = kT. Consequently,
this method preserves the step response.

Setting A=(1-eT) and B=¢7T, and using the expression
(4.2.2), the transfer function can be written as

(1—eMz'  Az7' Y(2)
1—eTz7'  1-Bz!' X(z)
=Y(2)(1-Bz )= AX(z)= Y(2)—BY(2)z ' = AX(z)z*

= y(k)—By(k—1)= Ax(k—1) “.29)

G(z)=

Hence, the desired difference equation of the system is

y(k) = Ax(k —1)+ By(k — 1) 4.2.10)

For T=1s, we have A = 0.6321 and B = 0.3679.
For unit input, the response is

y(k) = 0.6321x(k —1) + 0.3679y(k — 1) 4.2.11)

Construct the table of values and observe the response varia-
tion with respect of the discrete time.

k 0 1 2 3 4
xk) 1 1 1 1 1 1
yk 06321 1 1 1 1 1

b. FOH.
Since

6= ZiGneeI=1-= ¥z TEICE) a2

we proceed by computing the term

(T +1)G(s)

- 4.2.13)

i

_le{mgm)

T S

_1 Z{(Ts—i-lz)G(s)
T S
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Amplitude

However
(T, + 1)G(s) 1 T-1 1—T]
== 4214
s sz+ s +s+1 ( )
So
1 1 T-1 1-T
Giz)=—(1-z"Z|~ =L
@) T( Z) 52+ S Jrerll
1 Tz ! T-1 1-T
=—(1-z" + + 4.2.15
T( z )'(12‘1)2 (1-zY 1-eTzT ( )

Calculate the corresponding step responses using MATLAB®, as follows:

sysc=tf ([1],[1 11)
Ts=0.1;
sysd=c2d(sysc,Ts, ' foh’)
step(sysc, 'b’,sysd, 'r-')

Step response
1.2 T T T T T T T T

0.8 —— Continuous d

— Discrete

0.6 - .

0.4 4

EXERCISE 4.3

Consider the transfer function G.(s)=(a/s(s+a)). Plot the step
responses of the analog and discretized system using ZOH. Let a = 0.1
and T = 0.2s.
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Solution
Applying the invariance method of the step response we get

1—¢ ™ a

s .s(s-i-a)

(11 a
=~z )Z[sz(s—i—a)]

GD(Z)—Z[

:GD(Z):(lfz’l)z[izfiJrlL]
s as as+a
_z=1f Tz z 1 z

N (z—1? a(z—1) az—e™

z
(e +aT —1)z4+1—e T —aTe™)
=G = 4.3.1
p(2) a(z—1)(z—e ™) @3
Fora=0.1and T = 0.2s we have
0.1

G(s)=—t 432

= s+01) @32
and

Go(z)=0.002 2+098 433)

(z—1)(z—0.9802)

Using MATLAB, estimate the corresponding step responses.

sysc=zpk([ ],[0 -0.11,0.1)
sysd=zpk ([-0.98], [1 0.9802],0.002,0.2)
step(sysc,'r’,sysd, 'b’), axis ([0 10 0 6])

Step response
6 T T T

Amplitude
w
T
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EXERCISE 4.4

Find the digital filter which is derived from the first-order analog low
pass filter Gp(s) = (1/s(s + 1)) using the exponential method.

Solution

The desired transfer function is derived by

G(z)=(1— z*l)z[G (S)] @4.1)

Hence

ce)—- z1>Z{GP(S)}_<1—zl)z{1}

s*(s+1)

1 1 1 1 1 1 1
~a@=0-2zf k-1 L oa-z )[ [ }—z{s}m{m}]
RN I - | 1
=~z )[(1_21)2 1—zl+1—eTzl]

S G=T1Fe Dz e T —Te) @a2)

-z H1-e7z

EXERCISE 4.5

Find the digital filter which is derived from the first-order ana-
log low-pass filter Gp(s)=(ab/(s+a)(s+Db)), using the exponential
method.

Solution
The desired transfer function is derived by

N 110 ) Bty I
Gir(z) = (12 Z| " }—(1 z ’Z{S<s+a)<s+b>}

=(1-zhHZ LR + ks ]

s s+a s+b

—(—zhz|Ly Pzt | e/ *“)} @51
S s+a s+b
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Hence
1 b 1 a 1
G =(1-zhHZ1= Z Z
nr(2)=(1-z )[ {S}Jra—b {s+a}+b—a {s—i—bH
1 b 1 a 1
=(1-2z"
(1-z )[1—2’14_&1—171—6””2’1 b—al—e’“z’l]
_(1—271) a—>b b _ a (452)
" a-b 1—2’14—1—6’”2’1 1—e Tz !

EXERCISE 4.6

An integrating element with transfer function G(s) = (1/5s) is being sam-
pled with period T,. A ZOH circuit is applied in its input.

a. Define the pulse transfer function of the integrator.

b. Derive the difference equation of the integrator.

c. Derive the difference equation of the integrator for the bilinear
transform.

d. For both cases, define the output signal values at time points
t=0,T, 2T, 3T, 4T, for step input and for 4(f) input.

Solution

a. The following scheme presents the continuous and sampled
output of the integrator.

u(t) = 8(9) T,
1 _
bt h JJJLL

] ZOH L1 :

—

©

The sampled signal at the output of integrator can be written
as

yt) =0+ T,[6(f — T,) + 6(t — 2T, )+ 6(t — 3Ts) +--+] (4.6.1)
The z-transform of the signal is
Y(z)=0+T,(z '+z 2 +z° 4+ )=Tz 'Q+z "' +z2+..) 462

Substituting the geometric series at the right-most part of the
expression (4.6.2) with a sum

Y(z) =

Tz T,
i 4.6.3)
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Since the z-transform of input signal is 1, the pulse transfer
function becomes

Y@ _ T

Glz)= Uiz) =z-1

4.6.4)

b. From the expression (4.6.4), the difference equation is
expressed as

yInT.] = Taul(n ~ DT.] + yl(n — DT:] (465)

c. The pulse transfer function of an integrator, resulting from the
bilinear method, is

Y(z) T z+1
U(z) 2:z-1

G(z)= 4.6.6)

From the expression (4.6.6), the difference equation is
expressed as

YInT]= %u[nn] + %u[(n DT+ yl(n- 1T 4.67)

d. Let’s calculate the output signal values at the points n =0, 1, 2,
3, 4 for step input, using both methods.

n 0 1 2 3 4
Yeon 0 Ts 2 Ts 3 Ts 4 Ts
yTustin Ts/z 3 Ts/2 5 Ts/z 7 Ts/z 9 Ts/2

For input 4(t)
n 0 1 2 3 4
Yzon 0 Ts Ts Ts Ts
y Tustin T:/ 2 Ts Ts Ts Ts

EXERCISE 4.7

A proportional lag element with transfer function G(s)=(1/1+5sT;) is
being sampled with period T,. A ZOH circuit is applied in its input.
Define the pulse transfer function of the integrator for step and impulse
responses.
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Solution
Design the system with transfer function G(s) and ZOH in its input.

u(t) = 1(¢) 0
it 1 i
ZOH
1+sT;
The signal y(t) is analytically defined as
y(t)=1-¢ /" @71

The mathematical expression of y(f), after the sampling process,
becomes

v =0+ 1—e TNt —T)+(1—e @Mt —2T,) +---  (4.72)

Using the z-transform of y*(t) we have

Y(z)=(1- e*(Ts/Tl))Zfl +(1— e*(ZTs/Tl))sz +(1- e*(3Ts/Tl))Z*3 4.
_ 271(1 + 71 + Z—Z F. ) o e*(Ts/Tl)Z—l(l + e*(Ts/Tl)Z’1 + e*(ZTs/Tl)Z*Z 4. )
4.7.3)

Substituting the geometric series at the right-most part of the expres-
sion (4.7.2) with a sum

71 e*(Ts/Tl)Z*1

1—z 1 11— B/t @74)

Y(z) =

The pulse transfer function is obtained by dividing the z-transform
of output signal with the z-transform of input signal (U(z) = (z/z — 1) =

(1/1 = z ).
. Y(Z) 4 e*(Ts/Tl)Zfl(liz—l) B (176*(1}/7"1))271 B 1767(]'5/1"1)
@ Uz) ~ 1—e ™Mzt g Wy (/M)

4.75)

for 4(t) as an input, the response of ZOH is a rectangular pulse of width 1
and length T,. The output exponentially increases up to T, and then it
exponentially reduces up to T;.

The z-transform of output signal, after the sampling process, is
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Y(Z): 0+(1_37(T5/T1))Zfl +(l_e*(Ts/Tl))E*(n/Tl)Z*Z
+(1_37(Ts/ﬂ))ef(2Te/T1)273 4.
:>Y(Z):(1_e*(Ts/Tl))zfl(l+67(T.-/T1)Zfl _l_ef(ZTs/Tl)ZfZ +)

(1 _ e*(Ts/Tﬂ)Zfl

1 _ o T/, 1 4.7.6)

The z-transform of input signal is 1, so the pulse transfer function
becomes

B Y(Z) B (1_67(T5/T1))Zfl _ 1_67(T5/T1) (4.7.7)

- U(Z) - 1— e*(Ts/Tl)Zfl 7z — e*(Ts/Tl)

G(z)

Observing the expressions (4.7.5) and (4.7.7), it is clear that the pulse
transfer function is identical with the two given input signals.

EXERCISE 4.8

a. Find the discretized with ZOH transfer function G(s)=
(V(s)/ U(s)) for a cruise control system, where u is the input, v
is the speed, and b is the damping coefficient.

b. Repeat the procedure for the system of the second scheme,
where the transfer function is G(s) = (Y(s)/U(s)).

u
by M

by y

Solution

a. The transfer function in the first case is

V) 1 K/T
CU(s) Ms+b  s+1/7

G(s) 4.8.1)

where K=1/band 7= M/b
We know that

C)=(1-z" )z[@‘ .82)

113
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G(s) K/t T T
o) ™MT kol
s s(s+1/7) (K/m) s s+1/7 48.3)
Thereby
_ KT T
Gz)=1-zHZ|| =]~ -
(@)=( ) {[T]S s+1/7
=(1-z1Z|K 1
s s+1/7
z—1 z z z—1
= G(z) = K _ -k (4.84)
() z  |z—=1 z—e"7 [ z—e 17
or
z—e T —z41 1—e /"
G(z)=K e v b K s T 4.8.5)
b. The transfer function in the second case is
Ge= & _ 1 __ K/ .8.6)
U(s) s(Ms+Db) s(s+1/71)
G K/m i 7, T
s Sfs+l71) |8 s s+1l/T 487
Hence
z—1 z TZ TZ
Clz)— _ 488
@) z (zfl)2 zfl+zfe’T/T ( )
Making the appropriate simplifications, it yields
1 7(z—1)
G(z>=1<{z_1 —T
_ -T/7 _ T/
_K{a r+re Mz (r—e (T+1)] @89

(z—=D(z —e 7'M

EXERCISE 4.9

The second-order transfer function is G(s) = (1/(1+sT;)(1+sT)). The
input and output are being sampled with period T, A ZOH circuit is
applied in its input. Define the pulse transfer function.
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Solution
Design the system with transfer function G(s) and ZOH in its input.

J !
— ZOH

(1 +sT))(A +sT,)

Applying a partial fraction expansion to G(s), the block diagram of the

sampled system is presented as

1
ZOH J

1+sT,

T,
ZOH |

1+sT,

_ b
,-T

wherer, = 0

T
T-T,

The pulse transfer function of the first-order transfer function with
transfer function (1/(1 + sT,)), assuming ZOH, is (1—e /") /(z—e ™'T)).

The total pulse transfer function is

T 1— e*(Ts/'H) T 1— e*(Ts/Tz) z4a

49.1)

G(z)=

where K and a are provided from the expressions (4.9.3) and (4.9.4).

K

T -T

_ TZE*(TS/T1)(1 _ e*(Ts/Tz)) _ T]e*(Ts/Tz)(l _ e*(Ts/Tl))
T1(1 _ e*(Ts/Tl)) _ T2(1 _ e’(Ts/TZ))

EXERCISE 4.10

Using the backward difference method, convert the transfer function
G(s)=(a/s+Db) into a digital form and define the difference equation for

computer emulation.

T,—T, z— o (/M) T,—T z— o /M) =K (z— e—(Ts/Tl))(Z — e—(rs/rz))

492)

B T](lfef(Tg/ﬂ))iTz(lfef(Ts/Tz)) (493)

494

115
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Solution
It holds that
G2 =GO 1)
a aT Y(z)
G(z)= = =
S O@= e a2 X 10D
Hence
Y(z)(1+bT)—2z7'Y(z) = X(z)(aT) 4.10.2)
The difference equation is
y(k)A+bT)—y(k—1)=aTx(k) or
1
k) =|——|y(k —1)+aTx(k (4.10.3)
)= otk 4 a7t
EXERCISE 4.11
Convert the analog controller G(s) = (4/(s + 4)) into a digital form using
the Tustin method.
Solution
It holds that
G(@)=GO)|_p/rye /ey (411.1)
consequently
(o) = 4 _ 4T 14z
Q/TYA1—z"/1+z2)+4 24+4T 1+z((4T —2)/(4T +2))
_Y(@)
- X()
@11.2)
The resultant difference equation is
4T -2 4T
k)y=— k-1 k k-1 411.3
y(k) 4T+2y( )+4T+2[X( )+ x(k—1)] 411.3)

For T =0.1s, we have

Yk = %y(k 1)+ %(x(k) 4x(k—1), k>0 @114)
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EXERCISE 4.12
Consider the transfer function G.(s)=(1/(s+1)(s+4)) which has poles
at points s = —1 and s = —4, thus it is stable. Calculate the equivalent
discrete-time transfer function Gp(z), using the backward difference
method.
Solution
Wesets = (1 —z™)/T) in Gs).
Thus
Go(2)=G, - 1
D(Z) - c(s) S:((lfz—l)/T) - 1_271 1 z’l
+1 +4
[ T T
T? T?Z*
(14T —zHA+4T -2z [A+T)z—1][(1+4T)z—1]
2 -1 -1.2
=Gp (Z) _ T (1 + T) (1 + 4T) z (4121)

[Z[le]][Z[l-FlélT]]

The poles of Gp(z) are zy =(1/(1+T)) and z, = (1/(1+4T)).

Since T > 0 we have |z, [=[1/(1+T)I<1 and|z, |=|1/(1+4T)|<1
Consequently, the arising system is also stable.

For T =1, we have

Co(z)= L z @12.2)
10 (z—(1/2))(z—(1/5))

Therefore, the poles are located at z; =1/2 and z, =1/5 with |z,|0.5 < 1
and |z,] =0.2 < 1; hence the arising system (setting s=((1-z")/T)) is
stable.

Design the step response of the analog and discrete system (for T =1 s)
in the following scheme.

We import the above functions in MATLAB using the zpk command
and then we estimate the step response using the step command.

zerol=1[];
polel=[-1 -4];
k1=1[11;
sysc=zpk (zerol,polel, k1)
zero2=1[0 0];
pole2=[0.5 0.2];
k2=[1/10];
T=1;
sysd=zpk (zero2,pole2,k2,T)
step(sysc,'b’,sysd,'r’)

Observe that the step responses of the continuous-time and discrete-
time system are almost identical, using the backward difference method.
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Step response

0.25 T T

Discrete

e
=
5

T
|

Continuous

Amplitude

o
-
.

0.05 - 1

0 L L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20

Time (seconds)

EXERCISE 4.13

Consider the transfer function G.(s)=10((0.5s+1)/(0.1s +1)) which has
a pole at point s = —10, so it is stable. Calculate the equivalent discrete-
time transfer function G(z), using the bilinear method.

Solution

Wesets = 2/T)(1 — z )/ + z7Y) in G(s).
Hence

1005/ T)((A—z)/(A+27)+1
s=@/T)(-="D/(A+z ) 0.12/T)((1—z Y /(14z7")+1
(1—z '+ TA+z Y/ TA+zY)

(020—z H4+TA+z)/TA+z1))
10—z '+ T+Tz ")
C02-02z ' +T+Tz!
1+T+(-14+T)z"" 4.13.1)
02+T+(-02+T)z™"
(1+T)z+(T —1)
(02+T)z+(T -0.2)

Gp(2)=Gc(s)

= Gp(z)=

If T =0.025 s, then

10.25z-9.75 _ 45.55z —43.33

- 4.132)
0.225z—0175  z—0.7778

Gp(z)=
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The function Gp(z) has a pole at z = 0.7778 with |z| = |0.7778| < 1, so
the stability is preserved.

The digital controller GD(z) has the optimum performance when the
circular sampling frequency ws is at least 20 times higher than the band-
width circular frequency wb. Let wb =10 rad/s. and, hence, we choose
ws > 20wb, ws = 25wb = 250 rad/s.

So, T=02n/w;)=0,025s.

Implementing the latter example in MATLAB, we have

sysc=tf (10*[0.5 1],[0.1 1]);
sysd=c2d(sysc,0.025, 'tustin’) ;
step (sysc,'r+’,sysd, 'b-")

Design the step responses of the analog and discrete system (for
T =15) in the following scheme. Observe that the step responses are
almost identical.

Step response
50 T T

45

40

35

d.)
g
2
= 30 E
g + + Continuous
25 F Discrete i
20 | :
15+ :
10 1 1 1 I " "
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Time (s)

EXERCISE 4.14

Find the equation for the digital filter, derived from the conversion of the
analog filter with transfer function H(s)=(s+1)/((s+1)* +4) using the
pole—zero matching method, for T =1s.

Solution

H(s) is written as

s+1

H(s)= - .
(s+14+2))(s+1-2j)

4.14.1)
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Since the order of denominator and numerator is n =2 and m =1,
respectively, it is assumed that there is n — m =2 — 1 =1 zero to infin-
ity. Note that every zero of G(s) tend to infinity, they are substituted with
zeros z = —1 in z-domain. It stems that

(1—ze™*1-z"lT)

4.14.2)
1—2z""e T cos(2T) +e 2Tz 72

H(z)=

Explanation of the term 1 — z7'e~/™ The s-domain frequency, w, — oo
(when zero tends to infinity) is equivalent to z-domain frequency, w — ,
and such a relation is given by

1—z el =1z /M =1zl =1z Y (-1)=1+2z"" 4.14.3)

1+zHa—zleT)

4.14.2),(4.14.3)= H(z) =
( ) ) @) 1-2z'¢ Tcos(2T)+e 2z 2
z+D(z—e")
= H(z)=
@) 22 —2ze T cos(2T) +e T (4.14.4)
For T =1s, we get
(4.14.4) = H(z) = 2T 1(z—=0.3678) 414.5)
z*> 4+0.306z +0.135
Yet
2
H(z)= Y(z) 4149 2 2+ 0.6322z —0.3678 414.6)
X(z) z°+0.306z+0.135

The expression (4.14.6) should be multiplied with the dc gain
factor as

Y(z) . 2*+0.63222-0.3678

H(z)= ) 4.14.7)
(@) X(z) " 22 40.306z+0.135
where K, is calculated as
lim y(t)
=tmx (4.14.8)

© lim y (k)
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FVT. 1
limy(t) = lims[f]H(s):limH(s):O.Z
t—00 LT s=0 |s 50
1.2644
1.441

(4.148)= Ky =22 — 023 (4.14.9)
0.877

=0.877

1

. FVT.. z .
lim y (k) = lzlgrll(z—l);H(Z)—lzlglle(Z)—

Y(2) _ o5l 0.6322z7' —0.3678z2

X(z) 1+0.306z7" +0.135z7>

= (14+0.306z 1 +0.1352 )Y (z) = 0.23(1 4 0.6322z ' —0.36782z 2)X(z)
= Y(z) = —0.135z 2Y(2) — 0.306z 'Y(z) +0.23X(z)

+0.145427'X(z) — 0.084z 72X (z) (4.14.10)

(4.14.7), (4.14.9)= H(z) =

Thereby, the difference equation of the digital filter becomes

y(k) = —0.135y(k —2) — 0.306y(k — 1)+
+0.23x(k)+0.1454x(k —1)— 0.0846x(k —2) (41411

EXERCISE 4.15

Convert the analog filter with transfer function H,(s) = (1/((s +0.1)* +9))
into a digital filter by using: (a) the backward difference method and (b)
the invariant impulse method.

Solution

a. Using the backward difference method and the transform
s=((1—z")/T), we have that

H(z)=H,(s),

=((1-z"1)/T)
1
= - .
—Z
+0.1| +9
T?/(140.2T +9.01T?)
= H(z)= 4.15.1
© B 1 Y R N @150
1+0.2T +9.01T? 140.2T +9.01T
For T = 0.1 s, the poles are
P, =0.914 j0.27 = 0.949¢ /1% 4.15.2)

Thus, the poles are located near to the unit circle (exactly the
same occurs if we choose T < 0.1).
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b. H,(s) can be described as fraction expansion

_ 2 12 (4.15.3)
s+01-73 s+01+;3

H,(s)

H(z)=H,(s), ( , therefore

=(1-z"")/T
(4.152)
H@)=ZH.6)] = 2| Y2 |z 12
s+0.1—;3 s+0.1+;3
1/2 1/2

= H(z)

1 _ g 0T 3T ;-1 T _ 0IT ;3T ;-1

1—(e " cos3T)z ! (4.154)

=H(z)=
(@) 1—(2e T cos3T)z ! 470277

EXERCISE 4.16

Convert the analog filter with transfer function G(s)=((s+0.1)/
((s+0.1)* +9)) into a digital filter using the invariant impulse method.

Solution

s+0.1

G )= 4.16.1
®)= 1017 +9 @16.0
Using the invariant impulse method, we get
5+0.1 z? —e "7 cos3Tz
G(z)=Z(G(s))=Z = 4.16.2
(2) = Z(G(6) (s4+0.1* +9| z*>—2e7" cos3Tz+e " ( )
. 2
(416.1) =|Glju)| = ol OO+ 416.3)

w0 91 J(9.01— W) +0.04u?

[e/® — e % cos0.3e/ |
[e/% —2e7" c0s0.3e™ 4 ¢70% |
| cos2w + jsin2w — 0.946(cosw + jsinw) |
| cos2w + jsin 2w —1.8916(cosw + jsinw) 49802 |
(o8 2w — 0.946 cos w)* + (sin 2w — 0.946sin w)*
\/(0.9802 + cos 2w —1.8916 cos w)* + (sin 2w — 1.8916 sin w)?

4.16.4)

(4.16.2) =|G(e™) | =

=1Gle™)|=

=1G(e")|=
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EXERCISE 4.17

Convert the analog filter with transfer function G(s) = 2/((s +1)(s + 2))
into a digital filter, using (a) the backward difference method and (b) the
invariant impulse response method.

Solution

a. Backward difference method.

2

9= 612

4.171)

Using this method, we have

2 272

CE =06 =~ 2 G2~ = 1Ez1)

4.172)

Setting z = ¢/ in the expression (4.17.2), calculate the discrete
frequency response as

2€j2w'

G =G _. = 5o e —1)

4.17.3)

The amplitude and phase of the digital frequency response of
the discrete system are

G- — —
J(2cosw—1) +4sin’wy(Beosw—1) +9sin’w | (4174)
@(W):2W—tan’1 2sinw —tan! 3sinw
2cosw—1 3cosw—1

Setting s = jw in the expression (4.17.1), calculate the analog
frequency response as

2

=66 = Dot

4.175)

The amplitude and phase of the digital frequency response of
the analog system are

2
|G(jw) |= ——F7—
= V1+w 4+’ 4.17.6)

(w)=—tan ' w— tan’lg

123
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dB
|H(jo)|

|H(e/®)| .
|H(jw)|

(/)]

1 (0]
/2

Using the backward difference method, the analog system is
transferred to z-domain with negligible differences.
b. Invariant impulse response method.

_ 2 _ 2 2
(s+1)(s+2) s+1 s+2

tkT}

z 9 z _ _ 2z 2z
z—e T Tz—e? gz z_e
_ 2z(z—e ) —2z(z—e") 22" —2e*z—22" 42z
 z—e D=y (z—e ) (z—eT)

= G(n)= 2ze ;—23 ZET
(z—e " )z—e)

G(s) 4177)

Taking the z-transform of G,(s), it yields

) I
G(z)={[L {G(S)}]tkT}Z[L {54_1 s+2}

=2

2T

4.17.8)

So, G(2) is formed as

4.179)

Gl2)= (Ze’:— 26’”}; _ 2(7€T’T71— e’ZT)iT1 -
(z—e )Nz—e") (A—-e 'z )1—-e“z7)

If T=0.1 then

G(z)=0.1722 z 4.17.10)
(z—0.9048)(z — 0.8187)

Using MATLAB, estimate the corresponding impulse
responses as follows:
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sysc=zpk ([ 1,[-1 -2],2)
sysd=zpk ([0], [0.9048 0.8187],0.1722,0.1)
impulse (sysc,'r’,sysd, 'b’)

Observe that the impulse response is preserved, at the sam-
pling time instances, as expected.

Impulse response

T T T T T 7

0.5

045

04

0.35

0.3 Ff —— Continuous sysc 1

—— Discrete sysd

0.25 |-

Amplitude

0.2 |

0.15

0.1

0.05

o

EXERCISE 4.18

Consider the transfer function G.(s)=3/(s + 3) which has a pole at point
s = -3, so it is stable. Calculate the equivalent discrete-time transfer
function Gp(z), using the forward difference method.

Solution
Wesets=((1—-z1)/Tz").
Hence
3 3Tz
C& = urymen = (1-z"/Tz)4+3 1-z'+3Tz"
3T 3T
T z-143T z—(1-37T) 418.1)

The pole of G(2) is at the point z, = 1 — 3T. The system is stable only for
values of T, where it holds that |z, |=|1 — 3T| < 1.

For T = (1/6) we have |z |=|1—(3/6)|=0,5<1, so the arising system
is stable, setting s =((1—z7")/Tz™).

For T =5/6 we have | z; |=|1—-3(5/6)|=1.5>1, so the arising system is
stable, setting s=((1—z"")/Tz™").
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We calculate the corresponding functions and step responses using
MATLAB as

zerol=/[];

polel=[-3];

k1=1[3];

sysc=zpk (zerol,polel, kl)
T=1/6;
zero2=1[];

pole2=[0.5];
k2=1[1/2];

sysdl=zpk (zero2,pole2,k2,T)
T1=5/6;

zero3=1[];

pole3=[-3/2];

k3=[2.5];

sysd2=zpk (zero3,pole3,b k3, T1)
step (sysc, 'b’,sysdl,'r’,sysd2,'g’)

Step response

4l | — sysc |
— sysdl, T=1/6
— sysd2, T=5/6
3+ 4
g 2t 1
2
H
< 1F
0 1
-1} 4
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8

Time (s)

EXERCISE 4.19

Consider the transfer function G.(s)= ((2007)?/(s* + 2007 - s + (2007)?)).
Calculate the equivalent discrete-time transfer function Gp(z), using the
bilinear transform method with frequency change at T = 0.002 s.

Solution

The poles of G.(s) are in the points s = 1007 + j1007/3.
We have

2Jw, = 2007 = w, =1007/] (4.19.1)
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1007 _

Wn

w2 =(2007)* = w, =200 and (= 0.5

Hence

Wh

w, T 2 2007 -0.002
n = -tan
2 0.002 2

_2
T
—1000tan 22T _ 726 54 rad/s
1000

Also, for complex roots we have
s? +2jw,,s+w,,2 = s +2jw,TS +w,fz
and G(s) is given by

k k

Gi(s)= 2 2 2 2
s°+2-0.5-726.54s 4 (726.54) s° +726.54s +(726.54)

Applying the Tustin transform method in G/(s), that is, we set

2z-1 2 z—1_1032—1
Tz+1 0,002z+1 z+1

Gp(2) is presented as

Gp(z)=Gl(s)

5=10%((z—1)/(z+1))

k

T (10%(z—1)/(z + 1) +726,54-10%((z — 1)/ (z + 1)) + (726, 54)?

Gol2) = k(z+1)?
DT 10%(z—1)7 + 726,54 -10%(z — 1)(z + 1) + (726,54)2(z + 1)
. Gy(z)= k(z+1)

2254405z% — 944273z 4+ 801321

To compute the constant k, we set Gp(1) = G(0).
Hence

4k

=———"—=1=k=>527863.28
21114531

Gp(1)=1

4.19.2)

(4.19.3)

(4.19.4)

(4.19.5)

(4.19.6)

4.19.7)

(4.19.8)

4.199)

127
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Thus
2
Golz) =, 2341+ 419.10)
27 —0.41892 +0.3554
For sampling period T = 0.001 s, we get
2
W, —649.839 and Gh(z)——, 20738+ 419.11)

z? —1.25052 4-0.5457

Implementing this example in MATLAB, design the Bode diagrams
for both the continuous-time and discrete-time systems for sampling
periods T =0.002 s and T = 0.001 s, whereas we can draw some useful
outcomes.

num=[ (200*pi)"2] ;

den=[1 200*pi (200*pi)"2];
sys=tf (num, den) ;
[numd, dend] =c2dm (num, den, 0.002, 'prewarp’, 726 .54)
sysd=tf (numd, dend, 0.002) ;

[numdl, dendl] =c2dm(num,den, 0.001, 'prewarp’,b649.8394)
sys=tf (num, den) ;

sysd=tf (numd, dend, 0.002) ;
sysdl=tf (numdl,dendl, 0.001) ;

bode (sys, 'r’,sysd, 'b’,sysdl, 'g’)

Bode diagram

200 . . .
— 0 .
5 R
o -200 - .
e~
2
g -400 8
]
= -600 |- .

-800 . . .

0 T T T
. -45} 1
=18}
)
A
> -90 .
A
=
&~ _135 | .
\
~180 L L T
101 102 103 10% 10°

Frequency (rad/s)
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EXERCISE 4.20

Consider the system of the following scheme. Find the open-loop and
closed-loop step response.

R(s) /-\ E(s) JoH 4 C(s)
T=0.1s s+2

Solution

The output of the discrete system in z-domain is given by

Cz) =@

R ELS (4.20.1)

where G(z) denotes the transfer function controlled by ZOH.

1-¢ " 4 4
s 542 s(s+2)
z—1 21-e?) 03625
z (z—-D(z—e?") 2z-0.8187’

z—1
z

G(z)=Z

T=0.1s 4.20.2)

The closed-loop transfer function is

14+G(z) z—0.4562

For step input R(z) = Z(1/s) = (z/(z—1)) so

(4201) = C(z)= 0.3625z _ 0667z , —0.667z
(z—1)(z—04562) z—1 z—0.4562
= c(kT) = 0.667[1— (0.4562)] 4.204)

The expression (4.20.4) provides the open-loop step response. We also
calculate the step response of the analog system for comparison reasons.

G(s) _ 4
1+Gy(s) s+6
4 0667  —0.667
s(s+6) s s+6
=, (t)=0.667(1—e*) (4.20.5)

Ga(s) =

=C,i(s)=

We formulate the subsequent table of values, where it is clear that the
step response of the analog and discrete system is preserved.
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kT C(kT) c,(®)
0 0 0

0.1 0.363 0.300
0.2 0.528 0.466
0.3 0.603 0.557
0.4 0.639 0.606
0.5 0.654 0.634
0.6 0.661 0.648
1.0 0.666 0.665

The continuous-time system output is expressed as

—Ts
C(5) = G(s) R(z) :4(1—e ) (z/z—1)
1+G@)| s ss+2) [1+G@) |
__4 1 e (s)( 1 (4.20.6)
s(s+2)|1+G(2) | _x 1+G(2)]_x
where
1 1 208187
14+G(z) 1+4(0.3625/(z—0.8187)) z—0.4562
=1-0.363z"'—0.165z 2 —--- 4.20.7)
4 2 2
CO= et s sa2
=alt)=201-e7) 4.20.8)
(4.20.7),(4.20.8)
(4206) =  C(s)=Cy(s)[1—0.363¢ " —0.165¢ 2 —-..]
ct)=2(1—e*)-03632)1—¢ 2 Dyu—1) 4209
—0.165(2)(1— & 2 =2D)y(t — 2T) —---
ForT=01s
c(3T) =¢c(0.3) =2(1— ) - 0.363(2)(1 — ") (4.20.10)

—0.165(2)(1 — ¢ ") =0.603

EXERCISE 4.21

Consider the transfer function G.(s) = k.(s + a)/(s + b)). Discretize it
by using the pole—zero matching method. Provide some conclusions
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regarding the impact of sampling time onto the deviation between the
continuous-time and discrete-time step responses. Repeat the process
for G.(s)=(a/(s+a)).

Solution
G.(s) has a zero at s = —a and a pole at s = —b.

The zero point at s = —a will appear at z = e~ in z-domain, while the
pole at s = —b will appear at z = eT in z-domain.

So

—aT

Go(z) = kp—5 @.21.1)
z—e

To calculate kj, we solve the equation G.(0) = G,

a 1—e al—e'"
G.(0)=Gp()=k.—=k kp =k, — 4.21.2
0)=Gp())= b Dl_e,bT@ D b1l_e (¢ )
Therefore
—bT —aT
Gplz) =k 21=¢_z=¢ 4.213)

bl—e z—¢'T

Leta=1,b=2and k.= 1. Then, the transfer function becomes

s+1
G.(s)= 4214
©) s+2 ¢ )

If G(s) is being discretized with sampling period T = 0.1, then

11 670.2

kp = 151: —7 =0.9524 (4.21.5)
and
7 — 01
Go(2)=09524"— 5 (4.21.6)

The deviation between the two step responses is quite important.
Using the corresponding MATLAB commands, we estimate functions
G.(s) and Gp(2)

sysc=tf ([1 11, [1 21)
sysd=c2d(sysc, 0.1, ‘'matched’)
step(sysc,'b’,sysd,'r’)

131
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However, if G (s) is being discretized with smaller sampling period
T =0.001, then the deviation is emphatically reduced. We add the
command

sysd=c2d(sysc,0.001, ‘'matched’)

Step response
1 ‘

09 1

0.8 : 1
— Continuous—sysc

— Discrete—sysd
0.7 + .

Amplitude

0‘4, I I I
0 0.5 1 1.5 2 2.5 3

Time (s)

Since the denominator of G,(s) has a higher order than the numerator,
then we have to set the z + 1 parameter in the numerator.
If G.(s) = (a/ (s +a)), then the equivalent function G,(z) is given by

a(z+1)

GD(Z) = kD 2 eiaT (4217)
And since G.(0) = Gp(1), we have
1+1 1—e
G.(0)=Gp(1) & Oj—a — ko f(_ :T) okp= 2‘; 421.8)
Setting A = e~ and kp = ((1—¢"")/2a), we have
Go(2) = ko aiz+1) _ (1-A)az+1) _ (1-A)(z+1) 4219)

(z—A) 2a (z—A) 2(z—A)
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Setting Gp(z) = (Y(z)/ U(z)), it yields

Y(z) _ (1-A)z+1) _ (1-A)1+z)

Uiz)  2(z—A) 21— Az

Y(z) (1-A)+(1-A)z"
Uz) 2-2Az"

S 2Y(z)-2Az Y (z) = (1- A)U(z) + (11— A)z 'U(z)

& Y(z)= Az-1Y(z)+(1_72A)U(z)+@z-IU(z) 4.21.10)

Using the inverse z-transform, it holds

yk)=Ay(k—-1)+ 1 _ZA) u(k) + {1 _ZA) u(k —1)

(1 _2A) k) +uk—1)]  @2111)

& yk)=Ay(k-1)+

Observe that the output y(k) depends on the input value u(k) at the time
instance k.

If 2 = 5, the continuous-time transfer function will be G.(s) = (5/(s + 5))
and the transfer function Gp(z) of the equivalent discrete system will be
expressed as

5(z+1)

GD(Z) = kD 5T (42112)
z—e
If the sampling period is T = 1/15, we have
1_ ¢ 50/13)
kp=—————=0.02835 (4.21.13)
10
and
Go(2)= 002835 2C D _ 1417 GFD 4.21.14)
z—0.7165 z—0.7165

We estimate the corresponding step responses using MATLAB

sysc=zpk ([1, [-5],5);
sysd=zpk ([-1], [0.7165],0.1417,1/15) ;
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Step response
14 ‘

12+ 1

0.6 - 4

Amplitude

0.2 .

0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8
Time (s)

However, if we use the modified method for the same transfer func-
tion Ge(s) = (a/(s + a)), we will have

a
GD(Z) = kD T
z—e
where
_ ,—aT
kp = 1—e

a

If a=05, then the continuous-time transfer function will be
Gc(s) = (5/(s + 5)) and the equivalent discrete-time transfer function
Gp(z) will be presented as

5 1-e" 5 1—e"
G =k = = 4.21.15
p(&)=ko z—e T 5 z—e z—¢%T ( )

For sampling period T = 1/15 then

1
Go(z)=02835— 1~ 42116
b(2) 207165 ( )
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We estimate the corresponding step responses using MATLAB

sysc=zpk ([1, [-5],5);
sysd=zpk ([], [0.7165],0.2835,1/15)
step(sysc,'r’,sysd, 'b’)

Step response
1 T T T T

09 1

0.8 1

0.7 1

0.5 1

Amplitude

0.4+ 1

03 1

O 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

Time (s)

Using the same method, we compute the corresponding difference
equation

Y(z) | Y(z) _ K a_ 1-eT g _ 1—e @2117)

Gr(z)= -
o(2) U(iz) U(z) Pz a z—e T z—eT

Setting A = e~, the above equation becomes

Y()_1-A _ Y() _(1-Az"

U(z) z—A Uz 1-Az"!
S(1-Az )Y (2)=(1-A)z 'U(z) (4.21.18)
S Y(z)—Az Y(z)=(1-A)z 'U(z)
SY(z)=Az Y (z)+(1-A)z 'U(z)

Deriving the inverse transform of the latter equation, we have that

y(k)=Ay(k —1)+(1— Au(k—1) (4.21.19)
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Observe that the output value y(k) depends on the input value u(k — 1)
at the time instance k — 1.

EXERCISE 4.22

Consider the system with transfer function H(s) = ((s —1)/(s* + 35 +2)).

Discretize the system using the forward and backward Euler dif-
ference methods, and using the ZOH method, for sampling periods
T=0.1s.and T =1s. Compare the discretized frequency responses and
derive useful conclusions.

Solution

The forward Euler method uses the expression s = (z — 1)/T, while the
backward Euler method uses s = (z — 1)/Tz.

The MATLAB code that extracts the resultant pulse transfer functions
is given as follows. For the discretization via the forward and backward
Euler methods, the MATLAB command bilin.m ([Gz] = BILIN(Gs,VER
S,METHOD,AUG)) has been used, which performs a bilinear transform
in the frequency domain, such that
s=((az+d)/(cz+Db)) (if vers=1)or z = ((d—Dbs)/(cs —a)) (if vers = —1), so
as Gs=C(Is—A)'B+D < Gz=Cb(Iz— Ab) ! Bb+ Db

$T=0.1s

H=tf([1 -1],conv([1 1],[1 2]))
Hf=tf (bilin(ss(H),1, ' fwdrec’, .1))
Hb=tf (bilin(ss(H), 1, 'bwdrec’,.1))
Hz=c2d(H, .1)% ZOH

$T=1s

o°

Forward Euler
Backward Euler

o°

Hfl=tf (bilin(ss(H),1,'fwdrec’,1l)) % Forward Euler
Hbl=tf (bilin(ss(H), 1, 'bwdrec’,1)) % Backward Euler
Hzl=c2d(H,1)% ZOH

We have the following transfer functions:

0.1z—0.11 z-2
Hipor(z)=—— 22 Hppq1(2) =
re01(2) 22 —1.7z+0.72 rea(2) 224z
0.0682z —0.0758z —0.167z
H = H =
s (2= s 0758 012 = 208332 1.0.167
0.0816z —0.09 0.0328z —0.306
HZOHpJ(Z):: I{ZOHJ(Z)::

2% —1.724z +0.741 2% —0.503z +0.0498

Design the frequency responses of the discretized systems along with
the corresponding ones of the analog system

subplot (121)
bode (H,Hf ,Hb,Hz) %7=0.1s
subplot (122)
bode (H,Hf1,Hbl,Hzl) %T=1s
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Observe that the quality of the approach worsens with increasing sam-
pling period.

EXERCISE 4.23

Consider a continuous-time process with transfer function
P(s)=(10/(s +10)). Discretize it with the aid of ZOH and sampling
period T, = 0.01 s. Using w-transform with the Tustin method, calculate
the analog transfer function and derive relevant conclusions.

Solution

The continuous-time transfer function with ZOH is given by

P(z)zz{lesn P(s)}:Z{lems 10 } @.23.)

s s s+10

The corresponding MATLAB code is

numPs=10;
denPs=1[1 10];
Ts=0.1;
[numPz,denPz] =c2dm (numPs,denPs, Ts, 'zoh') ;

Hence

P(z)= 063212 @4.232)
z—0.36788
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Using the d2em.m command, we transfer from z-domain to w-domain
[numPw, denPw] =d2cm (numPz, denPz, Ts, ' tustin’) ;

The result is

P(w) = 9.241 1= 9-05¢ (4.23.3)
w+9.241

Obviously, the expression (4.23.3) seems different than P(s) = (10/(s + 10))
The latter difference can be better revealed, by taking a frequency-domain
analysis.

omega= logspace(-1,2,200);

[Mags, Phases] =bode (numPs, denPs, omega)

[Magw, Phasew] =bode (numPw, denPw, omega)
loglog (omega, [Mags,Magw]) ,grid;

semilogx (omega, Phases, omega, Phasew) ,grid;

7
7

100

50

/[.]

-50
NN

-100 AN

-150 ~i

-200
1071 100 10! 102

It can be seen that the frequency response of P(w) tightly approaches
the corresponding response of P(s) in low frequency regions, while the
deviation starts to grow in higher frequency regions.

EXERCISE 4.24

Consider the system of the following scheme with transfer function
G(s)=(3/(s+1)(s+3)), which is being discretized with ZOH and a digi-
tal controller having the transfer function D(z) = 10/3, H(s) = 1.
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G(2)
R(S) +/—\ E(S) E(Z) D(Z) M(Z) 1-e TS_ G (S) Y(S)
. T E*s) M*(s) s ’
H(s)

Derive a function that creates and illustrates the closed-loop step
response of the above scheme, and utilize it to illustrate the step
responses of various sampling periods. Also, compare them with the
corresponding ones of the analog system.

Solution

The following function, namely, cl_stepzoh.m, creates and illustrates the
closed-loop step response of the given discrete system:

function [y,u,t] = cl_stepzoh (cn,cd,pn,pd,T,6 N)
[A,B,C,D] = tf2ss(pn,pd) ;
[Ad,Bd] = c2d(A,B,T/10) ;
[pnd,pdd] = ss2tf (Ad,Bd,C,D) ;
order c = max(length(cn),length(cd)) - 1 ;
order pd = max(length(pnd),length(pdd)) - 1 ;
xc = zeros(l,order c) ;
xp = zeros(l,order pd) ;
y =0
r =1 ;
uo = [ 1 ;
vo0
for i=1:N
if length(xc)==0,
[ucsim,xc] = filter(cn,cd,r-y) ;
else
[ucsim,xc] = filter(cn,cd,r-y,xc) ;
end

—

o°

ucsim = u(i-i)
% xc now = xc (i)
up = ucsim*ones(1l,10) ;
[ypsim,xp] = filter (pnd,pdd,up,xp) ;
y = xp(l) ; % assumes that the discretized plant is
% strictly proper !!!
u0 = [u0 upl ;
yO0 [y0 ypsim] ;
end
t0 = [0:10*N-1]*T/10 ;
if nargout == 0
subplot (211), plot(t0,y0), xlabel (’'time’), ylabel (’'output’)
subplot (212), plot(t0,u0), xlabel(’'time’), ylabel (’'input’)
subplot (111)
return
else
y = vy0 ;
u = ul0 ;
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t = t0 ;
end

where u denotes the system input, y is the system step response using ZOH,
pn and pd are the system numerator and denominator, respectively, cn and
cd are the numerator and denominator of digital controller, respectively, T
is the sampling period, and N stands for the number of samples for y and u.

% Estimate the transfer function for 7=0.05

Gnum = [0 0 3] ;Gden = [1 4 3] ;

Dnum = 10/3 ;Dden = 1 ;

[nol,dol] = series (Dnum,Dden,Gnum,Gden) ;

[ncl,dcl] = cloop(nol,dol,-1);

T = 0.05 ;

% Create the step response using the function cl stepzoh.m
[y,u,t] = cl_stepzoh (Dnum,Dden,Gnum,Gden,T,ceil(5/T)) ;

% Illustrate of the system step response and its input for
T7=0.05 sec.

cl stepzoh (Dnum,Dden,Gnum,Gden,T,ceil (5/T))

% Create the closed-loop step response of the analog system
tc = t;

yc = step(ncl,dcl,tc);

FontWeight = ’‘normal’; % or FontWeight = ‘bold’;
% Illustrate the system step response and input
plot(t,y,’-’,t,u,’-", 'Linewidth’,3)

grid

title(’Step response: y and u, T = 0.05’,'FontSize’,20,..
'FontWeight'’,6 FontWeight)

xlabel (' Time (sec.)’,’FontSize’, 20, 'FontWeight’, FontWeight)

set (gca, ' FontWeight’, 'bold’, 'FontSize’,15)

Step response: y and u, T = 0.05
3.5 T T T T T T T T T

3 3.5 4 4.5 5

Time (s)
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% Compare the closed-loop step responses of the analog and

discretized system for T=0.05

plot(t,y,’'-’,tc,yc,’'--',t,0.9231*ones (1, length(t)),’ --",...
t,0.7692*ones (1, length(t)),’--’,'Linewidth’,3)

axis ([0 5 0 11)

grid

title(‘Stepresponse: T = 0.05’,'FontSize’,20, 'FontWeight',

FontWeight)

xlabel (‘Time (sec.)’,’'FontSize’,20,’'FontWeight’, FontWeight)

set (gca, 'FontWeight’, 'bold’, 'FontSize’,15)

Step response: T = 0.05

09 : : : : : : H : : -

0.8 | R AR : : : : : ¢ : 1

O7F f
o6k b ]

05} : ‘ : e : : : : : .

N R
0.2 b

0.1 e E e : g : g : E .

Time (s)

% Compare the closed-loop step responses of the analog and

discretized system for T=0.15

T = 0.15 ;

[y,u,t] = cl_stepzoh (Dnum,Dden,Gnum,Gden,T,ceil(5/T)) ;

plot(t,y,’-’,tc,yc,’--",t,0.9231*ones (1,length(t)),’ --",..
t,0.7692*ones (1,length(t)),’--','Linewidth’,3)

axis ([0 5 0 1])

grid

title(’Step response: T = 0.15’,’'FontSize’, 20, 'FontWeight’,

FontWeight)

xlabel (' Time (sec.)’,’FontSize’,20, 'FontWeight’,hK FontWeight)

set (gca, ' FontWeight’, 'bold’, 'FontSize’,15)
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Step response: 7' = 0.15

09 [ : : . ]

0.8 F * 4
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% Compare the closed-loop step responses of the analog and
discretized system for T = 0.25

T = 0.25;

[y,u,t] = cl_stepzoh (Dnum,Dden,Gnum,Gden,T,ceil (5/T)) ;
plot(t,y,’'-',tc,yc,’'--",t,0.9231*ones (1, length(t)), ' --",...

t,0.7692*ones (1, length(t)),’--','Linewidth’,3)
axis ([0 5 0 1])
grid
title(‘Step response: T = 0.25’,’'FontSize’,20,'FontWeight’,
FontWeight)

xlabel (‘Time (sec.)’,’FontSize’,20,'FontWeight’,hK FontWeight)
set (gca, ' FontWeight’, 'bold’, 'FontSize’,15)

Step response: T = 0.25

0.3 | B B . . 4

0 L L L L L I L L L
0 0.5 1 15 2 2.5 3 3.5 4 4.5 5

Time (s)
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EXERCISE 4.25

Find the transform in z-domain for the system of the following scheme,
where the two subsystems are serially connected.

u U X Y™
(s) ‘>< (s) () (s) 18 Y(s) ‘T>< ()
T

Repeat the above process in the case when the two subsystems are
being separated by a sampler.

Hi(s)= S-Q-% and H,(s)= H—LA}' T =0.06s

Solution

Apparently, we have two different pulse transfer functions in these two
cases. In particular, in the first case, the total transfer function is given
in a form of H(z) = z(H,(s)-H,(s)), while in the second case is in a form of
H(z) = z(H,(s))-2(H,(s))-

The corresponding MATLAB code is
% Estimation of the transfer function when the two
subsystems are serially connected
num_s=[0 2];
den _s=conv ([l 21, [1 4]);
SYS_ s=tf (num_s,den_s)
T=0.06;
num_zl=[exp (-2*T) -exp (-4*T) 0] ;
den zl=[conv ([l -exp(-2*T)], [1 -exp(-4*T)])];
SYS zl=tf (num zl,den_ z1,T)

The following transfer function arises

0.1003z

4.25.1)
2> —1.674z +0.6977

H(z) = z(H1(2)H2(2)) =

°

% Estimation of the transfer function when the two
subsystems are separated by a sampler

num_z2= [2 0 0];

SYS z2=tf (num _z2,den_ z1,T)

The following transfer function arises

22*

(4.25.2)
2% —1.674z +0.6977

H(z) = z(H1(2))- 2(Hx(2)) =

It is obvious that: z(H,(2)H,(2)) = z(H,(2))-z(H,(2))
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EXERCISE 4.26

Using LabVIEW, discretize an analog integrator with the aid of the for-
ward, trapezoidal and backward methods, and indicate the impact of
each differential integrator in a sine input signal.

Solution

In this simulation example, three algorithms are used to compute the
discrete integrator: forward, trapezoidal, and backward. In the follow-
ing scheme, the block diagram for the simulation is provided. LabVIEW
Simulation Module is used.

S

Sine signal
;

Backward discrete integrator

Sample peried (s} " i 3
Gl Trapezoidal discrete integrator Input and ourputs

w1

Initial coodltloa: | 1|i=‘l]

The front panel of the simulation scenario for sampling period T = 0.6 s
is presented as follows:

‘Overview: This example applies a sine wave input 1o a discrete integration algarithm,
Instructions:
1. Select the initial condition for the discrete integrators and Sampling Period.
2. Run the VI .
3. Change Sampling Period and see that as you decrease the sampling time, you approach the continuous integrator
Input and outputs = Input signal
ol Backward
g o ' " Trapezoldal
Initial condition i 1 pes
'3_ Forward
-
= 1 Continuous
: i _
: B
o= =
= 1
= B o
=17 T
; 15
2 o
|22 AT
= 8
=1 Lo3en | E e
8 " - ' e
o 1 E 3 4 5 & 7 L] 9 w
Sample pariod (s) Simulation Time (s}
= — z
_. et (ST
|03 1 |

Reducing the sampling period to T=0.1s, observe the reduction
impact (from T = 0.6 s to T = 0.1 s) at the integrators’ performance when
the input is a sine signal of frequency 0.2 Hz.
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Input
<

\J
/
/>

Continuous Forward = Trap

0 1 2 3 4 5 6 7 8 9 10
Simulation time (s)

EXERCISE 4.27

Using LabVIEW, provide the responses of FOH and ZOH circuits for a
sine signal.

Solution

Using LabVIEW control design and simulation module, we can create
and simulate linearly, nonlinearly, and discrete control systems. From
the block diagram of a vi, in functions palette, we find the control design
and simulation module.

a. The front panel and block diagram of vi, which will be used
to show the ZOH operation via the simulation module, are
presented as follows: Selecting a sampling period T =0.11s,
observe that the sine signal with frequency 0.5 Hz and the sig-
nal after the impact of ZOH closely match. When the sampling
period increases, the quantization error also increases.

Original signal

Input and output Zero order hold signal -
=
0,5

0-

Amplituds

-0,5-

-1-1 g
0 10
Simulation Time

Sample period
[—— Rerun the VI to see the effect of STOP

.‘;: 0,1 changing the sample period.
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Sample period

Input and output

b. The front panel and block diagram of vi, which will be used to
show the FOH operation via the simulation module, are pre-

sented as follows:

Original signal
first-order hold signal -

Input and output

Amplitude

Simulation Time

Sample period
P Rerun the VI to see the effect of STOP
—’?_l 0,3 changing the sample period.

Sample period

Sine wave

Changing the sampling period to T =0.3s, observe the negative
impact of its increase onto the signal after the FOH operation.
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EXERCISE 4.28

Consider the transfer function G(s)=(4/(s+2)). Discretize it utilizing
all the discretization methods for T = 1 and 0.1 s, by using the LabVIEW
software platform.

Solution

We will use LabVIEW Control Design and Simulation Module so as to dis-
cretize the transfer function of the analog system.

Using the Continuous to Discrete Conversion.VI, we can discretize
an analog transfer function using various methods (e.g.,, ZOH—Tustin—
Prewarp—Forward—Backward—Z-Transform—FOH—Matched) and
illustrate the step response, zero-pole graph, and impulse response of the
resultant digital system, by comparing it with the original analog system.

The resultant transfer function of the system, discretized by ZOH, is
presented as

Glz)= 172933 428
2-0.135335

In the following, the front panel with the elements of analog system and
the step response of analog and discrete system are presented using
ZOH for T = 1 s. Relevant deviations can be observed.

If we select T = 0.1 s, the step response of discretized system will be
much closer to the corresponding response of analog system.

By experimenting with all the given discretization methods, the fol-
lowing transfer functions of discrete system arise:

| Description:
This example demonstrates the different ways you can use to discretize a continuous system.
Instructions:
Run this VI, select the type of model and change the Discretization Method and Sampling time to discretize the model

Discretized Model
Fixed Model | Random Model

Discretization Method 172933
z-0,135335

Numerator -
A - > | Zero-Order-Hold
g° = o =0

O [E===stremy L | status error code
Denominator o o
3. F o o Matching Frequency (rad/s)
3 Sampling Time (5) (Match Pole-Zero and Prewarp only)
| L |
10m 100m 1 10 100m 1 10 100
1 o 10
Frequency Domain Analysis ~ Step Response | Pole-Zero Analysis | Impulse Response
Step Response @ w

Time Scale Step

Continuous TF ™,

Discrete TF -

o 05 1 15 2 25 3 35 4 45 5 55 6
Time

Use -1 for Auto

B sor
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Tustin (Bilinear)

1.181818z +0.181818

G(z)=
z—0.818182

4.28.2)

Prewarp

1.196997z - 0.196997

G(z)=
z—0.803003

(4.28.3)

Forward

0.4

CE&="0s

(4.28.4)

Backward

0.33333z 4 0.11022E - 16
z—0.833333

G(z) = (4.28.5)

z-Transform

4z

- %= (4.28.6)
z—0.818731

G(z)

First-Order Hold

~0.187308z +0.175231

Glz) = 4287
@ Z— 0818731 (4.28.7)

Matched Pole—Zero

Glz)= 0347651z 4.28.8)
z—0.818731

0 Zero-Order-Hold (default)

2(z-1)
T T+
)
T'(z+1)
2tan(wT/2)
w

1  Tustin (bilinear)

2 Prewarp

where T™ =

RS
T

3 Forward

Backward s — (Chnt)
zT

z-Transform — Impulse Invariant Transform
First-Order-Hold
Matched Pole-Zero

N O O
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NOTE: The front panel and block diagram, which are respectively presented
below, have been designed to discretize an analog system with ZOH. By

appropriately setting G(s) = (4/(s + 2)), we have a pulse transfer function iden-
tical to the expression (4.28.1).

Description:

This example demonstrates the different ways you can use to discretize a continuous system.
Instructions:

Run this VI, select the type of model and change the Discretization Method and Sampling time to discretize the model.

- Discretized Model
Fined Model | Random Madel |
e 0,362538
Discretization Method T
Numerator =) [z ﬁ(d Hold |
. = = o = | Zero-Order-
f)D = 0 5 [ = ,[n |
_ﬂ—l .ﬁj status error code _I 3|
Denominator .ﬂ jo S )
r.)2 =15 |"'|'u | Matching Frequency (rad/s)
=N - - 2 : (Match Pale-Zero and Prewarp onky)
_‘I 5 Sampling Time (s)
10m  100m 1 10 00m 1 10 100
01 = 10 b
Frequency Domain Analysis ~ Step Response | Pole-Zero Analysis | Impulse Response
Step Response _‘Hﬂ ﬂ
o -
18-
Time Scale Step 16~
f 0 1.4-
o %" 12
de 2 -
-1 LTS
7 i 0.6~
’
-1 -
02~ Continuous TF ™,
oy s .l T
Use -1 for A 0 05 1 15 2 25 1 35 4 45 H 55 & &5 T
Time
[ B o |
e B i
Discratizing the Model = - o
e i apiioe] [ o
o o e *
_—_— = LB .
== 1 P—
b [Ru— | =
| 1 = Fole-Taro Map
e —‘§>_E: : o
i B i
: Coure D Fatin
=l ) -
@ = -
m o o8 i TR =

EXERCISE 4.29

Consider the transfer function G(s) = (25/(s +1)*(s +2)). (a) Discretize it
using all the discretization methods given in the comprehensive control
(CC) program and theoretically prove the simulation results.

(b) To discretize with the sample equivalence method, design the sys-
tem open-loop step response and verify the results.
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Solution
a. With the Enter command of the program, the transfer function
G(s) is imported.
# | function enter ﬁ—
Aoy | ok | gesest | e
Fidars:
[omm =] =] Enlersatusing polmomial costicents. The
;;;;I::ﬁ"m -.+al*s+oll. The coeficients
aee antarad high 1o low: an__alal
Output parameters:
n
Input paramsters:
# numerator factors = 1 ﬂ
Tatiactor, oder [T aled B
ndisctor, order: | an_sd r—

# denominator facors = 2 il
Isthoctor, oder 1 alal iz
2nedfnctor. ordar: E aZelal 121

Alternatively, we can write

cC>G=enter(1,1,2,0,2,1,1,2,2,1,2,1)

1. Discretize G(s) with the forward rectangle method.
Using the Convert command, discretize the transfer func-
tion G(s). We choose the forward rectangle method for sam-
pling period T =1s.

® | function convert “
apy | o | cencal Help | ‘
Cornversions:
,"—Ll ﬁ Comen enalog system fo digital.
- Qutput parameters:
Digital system: Ed
Input paramaters.
Annlog systam: E
Comver option:
@ 1:foeward rectangle " B pole-zero-map
cz gl " 7: somple equ
3 bilinear 8 20h equivalence
" 4 Tustin prewamped " 9 firstorderhold equivalence
5 nof uss € 10: slewer-hold equivalence
Sample period: II
[
= |n
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Alternatively, we can write
CC>gd=convert(G,1,1)
The transfer function in z-domain arises as

_2z-)

=261 4.29.1)

8d(z)

To prove the expression (4.29.1), it suffices to set
s=((z—1)/T)= z—1 in transfer function G(s), hence

2(z—1) _2(z-1)
(z—1+172(z—142) 2z%(z+1)

gd(z) = (4.29.2)

2. Discretize G(s) with the backward rectangle method.
Using the Convert command, discretize the transfer func-
tion G(s). We choose the forward rectangle method for sam-
pling period T = 1 s. We write the command

CC>gd=convert (G,2,1)

The transfer function in z-domain arises as

0.1667z%*(z—1)

898 = (0333322 —2 1 0.25)

4.29.3)

To prove the expression (4.29.3), it suffices to
set s=(z—1/zT)=1-z"",T=1 in G(s) where
s=((z—1)/zT)=1-z",T =1 hence

2(1-z7h

N 0.166z%(z —1)
(1-z"+10A-z"+2)

(z—0.5)*(z—0.33)

gd(z)= gd(z)= (4.29.4)

3. Discretize G(s) with the bilinear method.
Using the Convert command, discretize the transfer func-
tion G(s). We choose the Bilinear method for sampling
period T = 1 s. We write the command

CC>gd=convert (G, 3,1)

The transfer function in z-domain arises as

0.111(z - 1)(z+1)

4.29.5
z(z—0.333) ( )

8d(z)=

151



152

Digital Control Systems

To prove the expression (4.29.5), it suffices to set
s=2(1-z")/TA+z ")=2(z-1)/T(z+1),T=1 in G(s)
where s=Q(1-zY)/TA+z ) =Q2z-1)/T(z+1)), T=1
hence

42—1
gd(Z) _ Zz+ 1
2z-1/z+1)+1P[2(z-1/z+1)+2]
_ 0.111(z - 1)(z+ 1) 4296
= $d() z(z—0.333) ( )

Discretize G(s) with the pole—zero map method.
Using the Convert command, discretize the transfer func-
tion G(s). We choose the pole-zero map method for sam-
pling period T = 1 s. We write the command

CC>gd=convert (G,6,1)

The transfer function in z-domain arises as

0.086(z —1)(z + 1)

4.29.7)
(z—0.368)%(z — 0.135)

gd(z)=

To prove the expression (4.29.7), it suffices to match the poles
and zeros of pulse transfer function with the correspond-
ing ones of G(s), according to the expressions z; =e "' =¢ ™"
and p; =e™™" =¢ ™, and to compute the dc gain factor so as
G(s) and gd(z) to be equal fors =0and z = 1.

Ki(14+2)%(z—1)

4.29.8)
z—ez—eT)z—e")

gd(z) =

We set T=1 and compute K, according to gd(z)|,,=
G(5)| sz It yields that K. = 0.086. The final form of the func-
tion is

0.086(z — 1)(z + 1)

4.299
(z—0.368)*(z—0.135) ( )

gd(z)=

Discretize G(s) with the sample equivalence (or sampled inverse
Laplace transform) method.

Using the Convert command, discretize the transfer
function G(s). We choose the sample equivalence method
for sampling period T = 1 s. We write the command

CC>gd=convert (G, 7,1)

The transfer function in z-domain arises as
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0.1944z(z — 1.248)
gd(z) = 2
(z—0.3679)%(z —0.1353)

(4.29.10)

To prove the expression (4.29.10), it suffices to compute
the inverse Laplace transform of G(s), set ¢t = kT and then
calculate the discretized transfer function, using tabulated
values (from the given tables).

2s

R ()

=e'(4—2t)—4e7* (4.29.11)

g(kT)=e (4 —2kT) — 4e "

= g(kT)=4e " —2kTe ™™ — 42" (4.29.12)
Tze T z
dz)=4 % 2 % 4 :
8 (z—e T (z—e T)Z (z—e ZT) €2913)

0.194z(z —1.24)
(z—0.368)*(z —0.135)

——gd(z)=

6. Discretize G(s) with the ZOH equivalence method.
Using the Convert command, discretize the transfer func-
tion G(s). We choose the ZOH equivalence method for sam-
pling period T = 1 s. We write the command

CC>gd=convert (G, 8,1)

The transfer function in z-domain arises as

~0.2707(z +0.2642)(z — 1)
(z—0.3679)*(z—0.1353)

gd(z) (4.29.14)

The proof of the expression (4.29.14) is given as follows

d(z)=(1— zfl)zl@]
a2 2 2
==z )Z\(s+l)2 (s+1)+(s+2)}
1 _z—1( 2z 2z 2z
— —gd@)= z [(z—el)2 z—el+z—ez]
. gi(zy— 0270== (02702 0071 @2915)

(z—0.368)%(z — 0.135)
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7. Discretize G(s) with the first-order hold equivalence method.
Using the Convert command, discretize the transfer func-
tion G(s). We choose the FOH equivalence method for sam-
pling period T = 1 s. We write the command

CC>gd=convert (G, 9,1)
The transfer function in z-domain arises as

0.3996(z +0.3679)(z — 1)
(z—0.3679)(z — 0.1353)

gd(z) = (4.29.16)

8. Discretize G(s) with the Tustin prewarped method.
Using the Convert command, discretize the transfer func-
tion G(s). We choose the Tustin prewarped method for sam-
pling period T = 1 s. We write the command

CC>gd=convert (G,4,1)

The transfer function in z-domain arises as

0.1193(z — 1)(z + 1)
(z—0.2934)*(z 4 0.4425)

gd(z) = (4.29.17)

b. To design the system open-loop step response with transfer
function  gd(z) = (0.1944z(z —1.248)/((z — 0.3679)*(z — 0.1353))),
we type the command

CC>time

[ function time ﬁ

Apply ] ok ‘ Cancel Help ‘
—Plots:
ime ~ | Plots a unit step response. More types of time

> | responses are available than are implemented
using this dialog box

Input parameters:

I—
Tt lgdi More
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The following graph represents the resultant step response

027
0154/
01|
0.05 1

-0.05
-0.1

—-0.15
0

10 20 30 40 50 60 70 80 90 100
Time

The theoretical proof follows:

0.194z(z—1.24)  z
(z—0.368)*(z—0.135) z—1
115922 164z 0.62z 0.4z
(z—0368) (z—0.368)  (z—0.135) (z—1)
20T )= e "(1.15n—0.49) + 0.62¢ 2" —0.14  (4.29.18)

Y(z)=gd(z)xU(z) =

=Y(z)=

[ function izt w

Agply | o | cancal Help

~ Displays:

i—_lj“ == il Display the Inverse z-Transform.

Output parameters:

Input parameters:

Input f: Jy

—Region of comvergence:

" ‘ant-causal'
 'stable’

" 'roc' (as entered below:)

From y(n), we provide a table of values, which are identical to
the values of the above graph.
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Y(n)

=

—0.010
0.180
0.110
0.009

—0.060

—0.100

—0.120

—0.133

—0.137

—0.138

10 —0.139

O 0 N3 O Ul = W IN = O

The IZT command for Y(z) would provide the same result.

CC>y=gd*z/(z—1)y(n) = —0.1395 + (1.164n + 0.6774)(0.3679)"
+0,6261(0.1353)" (4.29.19)

In the same graph, we can add the step response of
the closed-loop step response with transfer function
Gu(z)=(gd(z)/ (1+ gd(z))) and derive some useful results.

From the menu, plot options, select Add new line and add
the closed-loop transfer function. The following graph arises,
which jointly shows the two step responses.

[} Plot options m

v Auto Agoly | ok Cancel Help |
= Add new line
xhuis
xy.  |gdi(i+gd)

7 whuis
C Tite )

Colar: |Autn ﬂ
" Font

Line Style:  |Solid ]|
 Grid

Symbol: |Nnna Li
® Lines

Line width (points): l1
 Text

Symbol size (points): EE

" Standard I

<< Previous Line | lew Line > |
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5

State-Space Representation

5.1 Introduction

A large class of systems (linear, nonlinear, time-varying, nontime-varying, etc.)
is analyzed using the methodology of the state space, where the system is
described by a set of first-order difference equations, describing the state variables.

The state variables are the smallest number of variables describing the
future response of a system when the current state of the system, the inputs,
and the equations that describe its function are known. The state variables
may not always be observed or measured, however, they affect the behavior
of the system. They determine how the system evolves and somehow “save”
its previous behavior.

By state of a system we refer to past, present, and future of the system.
From a mathematical viewpoint, the state of the system is expressed by the
state variables which represent a new “dimension” in the study of systems.
The state variables are quantities related to the internal structure of the sys-
tem and provide important information about it; which other traditional
methods fail to give us. Thus, this method of analysis provides additional
information about the system, not limited to the study of the transfer func-
tion, or system response time.

Definition 5.1

The state variables x,(n),x,(1),...x,(n) are defined as a (minimum) number of
variables, such that we know

1. Their values at time instance 7,
2. The system input for n > n,
3. The mathematical model

to determine the system status at any time n > n,,.

The state differential equation gives the relationship between the system
inputs, system state, and rate of change.

159



160 Digital Control Systems

The advantages of the system description using the state equations method
in comparison to the conventional methods are

* The simulation and scheduling in computer systems is quite easy
since they represent a linear difference equations system.

* They facilitate the solution of control problems, such as stability and
optimized control.

* Besides the linear systems, they are also able to describe nonlinear
systems, which cannot be performed using the transfer function.

¢ There is the possibility of describing the state of the entire system
each time; unlike the transfer function, which connects the input
with the output.

5.2 Discrete-Time State-Space Equations

The state equations of a discrete-time system is a first-order difference equa-
tion system of the form

x(k +1) = Ax(k) + Bu(k) (5.1)
The system output vector y(k) is

y(k) = Cx(k)+ Du(k) G.2)

The matrices A, B, C, D are called state-space matrices. Specifically, the matrix
A is a square matrix of dimension nxmn, it is called the state matrix and repre-
sents the physical (actual) system; the matrix B of dimension nxr is called the
input matrix; the matrix C of dimension mxn is called the output matrix; and
the matrix D of dimension mxr is called the feedforward matrix.

In the case of a single input—single output (SISO) system, where r =m =1,
the system is described by the difference equations

x(k +1)= Ax(k) + bu(k)
y(k) = c" x(k)+ du(k) (.3)
x(0)=x,

where
¢ is a column vector with n elements
b is a column vector with n elements
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d is a scalar and
x(0) = x, is a column vector of the initial conditions of state variables.

Is it possible to learn everything about the dynamic behavior of a system, described
by state equations, using only measurements of the input and output? In other words,
when and how can we estimate the system state vector?

In practice, it is impossible to measure all the system states. But if the sys-
tem mathematical model is available, then we can calculate (estimate) the
state vector, by using the already measured inputs and outputs.

5.2.1 Eigenvalues and Eigenvectors

The elements of the system matrix depend on the components comprising
the system.

Consider an n order system with column vectors x = X; (i = 1,2,...,n) and
real or complex values for the parameter A, which satisfy the equation

Ax=Xx=MN—-A)x=0 (5.4

The matrix (A, — A) is called characteristic matrix of the system. The values
of parameter A satisfying (A, — A)x = 0 represent a column vector and are
called eigenvalues or characteristic values of the system, which arise from the
solution of the linear system.

Eliminating the determinant of the characteristic matrix, the characteristic
polynomial of the system is revealed, such as

PO\ =det(\[— A)=\"+a, N+ +aA+a,=0 (5.5)

The roots of P()), namely, its eigenvalues, denote the poles of the closed system.
The characteristic equation of the system is given by

[zl - A]=0 (5.6)

I
5.3 Solution of State Equations

1. Solution in time domain
The general solution of state vector is

k—1
x(k) = A*x(0) + ZA"-f-lBu( ) k>1 (5.7)
=0

where A¥= ®(k) = the transition matrix.
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The exponential matrix A* is denoted as ®(k) and called state tran-
sition matrix, which represents the response of the system only by
the influence of the initial conditions (i.e., the free response of the
system).

The output vector is defined as

k—1
y(k) = CO(x(0)+ » _Co(k—j—DBu(j)+Du(k), k>1 (58

j=0

2. Solution in z-domain
The general solution of state vector is

x(k) = IZT(X(2)) = IZT[z(zI — A) *x(0) + (zI — A) 'BU(z)] (9)

The output vector is defined as

y(k)=IZT(Y(2)) = IZT[(C(z] — A) B+ D)U(2)] (5.10)

The state transition matrix is

B(k)=A* =1ZT[z(zI - A) '], k>1 (5.11)

The pulse transfer function is presented as

_ Y@

H(z) )

=C(zI-A)'B+D (5.12)

In Figure 5.1, the transforms between the model at state space and the dis-
crete transfer function are presented.

5.4 State-Space Representation
5.4.1 Direct Form

Consider a system described by the transfer function

Y(z) bz '+bz i+t b,z "
U(z) 1+az ' 4wz 2+ Faz”

H(z)= (5.13)
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Analytical . Iterative
. -4 —_— .
solution Equation solution

z-transform
Direct

method » Discrete

Inverse z-
transform

Discrete
function space
D+ C(zl - @)1
Block Block
diagram diagram

FIGURE 5.1
Transforms between the model at state space and the discrete transfer function.

Solving with respect to Y(z), we have
Y(2)=—[mz '+ +az Y@+ bz bz M U(2)
or
Y (z) = (bU(z) — Y (2))z ' + (boU(z) — 2, Y (2)) 2> + -+ (5.14)

The block diagram of the discrete system in direct form is given in
Figure 5.2.

U(z)
b, by b,
<+ 71 X k“<+ z1 ST <+> '7‘ Y(z)
A(K) 20 Xl(k+1)|_lxl(k)
—a,
—a,
—a,
FIGURE 5.2

Block diagram of the discrete system in direct form.
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The state equations are

x1(k +1) = —ayx1 (k) + x2(k) + bid (k)
x;)_(k + 1) = —ﬂle(k) + X3(k) + b2U(k)

(5.15)
Xu(k+1) = —a,x,(k) + b,U(k)
The state equations and the system output are given in direct form as
xl(k+1) —mM 1...0 xl(k) bl
Xo(k+1)| |—a,01...0| |x2(k)| |b
kD) _ |- _[®) 2] 516

X, (k+1) —a,0...1 x, (k)| |b,

ym)=[1 0--0Jx(k)

5.4.2 Canonical Form

Consider a system described by the transfer function of the expression (5.13).
The digital diagram is generated after a proper disintegration of the quotient
of the transfer function as shown below. The technique is the separation of
the diagram construction process in two steps which are connected through
a new variable W(z).

Y(z) numerator Y(z) U(z)
= = = = W(z ‘
U(z) denominator numerator denominator () (17)
Step 1: Structure of U(z)/denominator = W(z)
U(z) U(z)
il St p— W _ .
denominator 2) l14mz '+ taz" (5.18)
The solution with respect to W(z) is
W(Z) = —CY1271W(Z) — HQZQW(z) 4t U(Z) (5.19)

Step 2: Structure of Y (z)/numerator = W(z)

Y(z) = bz 'W(2)+ bz "W (z) + -+ b,z "W(z) (5.20)
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@A )
Y + D), y(k
b, b
- Wi(z)z™"
X,,_4(k) X,(k)

FIGURE 5.3
Block diagram in canonical form.

The block diagram that reflects the discrete system in canonical form,
which corresponds to the expressions (5.19) and (5.20), is given in Figure 5.3.
The state equations are given by

x1(k +1) = x5(k)
X (k+1) = x3(k)

X, (k +1) = u(k) — ayx, (k) — axx,_1 (k) — - — a,x1 (k) (5.21)

and
y(k) = bmxl(k) + bm—le(k) + -t blxn (k)

The state equations and the system output in canonical form can be expressed
in vectors/matrices as

S B L[ 0 (522)
x,(k+1) —a,...—a ||x, (k)| |1

y(k) =10y ...bx] x(k)

5.4.3 Controllable Canonical Form

Consider a system described by the transfer function of the expression

Y(z)  bZ"+bz" 4+ by,

H(z)= =
(@) U(z) z'+az" ' +az" 2+ ta,

(5.23)
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We study the case when m = n.

Let X&) (5249
U(z) z'4+az" 4oz "+ +a,

The output Y(z) can be written in terms of X(z)

Y(z) = (boz" +biz" " +---+b,) X(2) (5.25)
or in the time-domain, such as
y(k) = by x(k +n)+ by x(k+n—1)+--+Db, x(k) (5.26)

The block diagram that reflects the discrete system in controllable canoni-
cal form is presented in Figure 5.4.
The state equations are given by

x1(k +1) = x,(k)
?w+9=&W) . . (5.27)
2 (k +1) = (k) — 0120, (k) — a2, 1 (k) =+ — a,%1 (k)

y(k) = (by — aybo)x1(k) + (by—1 — ay_1bo)x2(k)
Fee 4 (b — bo )x, (k) + bou(k)

? ?_ . 4?_?1@
By B B, B, B,
x, -1 ) x, = 7(k)
u(k) +/-\ 21 e U T B I !
061 % an—l an

FIGURE 5.4
Block diagram in controllable canonical form.
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The matrices at state space are provided by

01 0
0 0
A= B=|.
(5.29)
—y...— M 1
C=I[b,—aby by1—a,4by by—mby)] D=by,

5.4.4 Observable Canonical Form

The expression (5.23) can be written as

(2" 4z 4 2" )Y (2) = (Boz™ 4+ biz" o by )U(2)

or
Y(z) = bl(z)—z (@Y (2) - biU(2)) =z "(a,Y(2) - b,U(2))  (5.30)

The block diagram that reflects the discrete system in observable canonical
form is presented in Figure 5.5.
The state equations are

Xu(k +1) = x,1.(k) — a1 (2 (k) + bou(k)) + bru(k)
Xua(k +1) = x,,2(k) — a2 (x4 (k) + bou(k)) + bou(k)
: 5 E 5 (5.31)
x1(k +1) = —a, (x, (k) + bou(k)) + byu(k)
y(k) = x,, (k) + bou(k)

u(k)

l 1 1 |

an ﬁn-l T ﬁl ﬁo

O o PO O - %g&

FIGURE 5.5
Block diagram in observable canonical form.
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The matrices at state space are provided by

0 0 0. 0 -a
¢ b, —a,bo
1 0 0.. 0 -a,
bn—lian—lbo
A=lo 1 0.. 0 —a,. B=|
: (5.32)
A
0 0 0. 1 -a 1 Mm%

C=[0 0 0..1 D=b

5.4.5 Jordan Canonical Form

The transfer function of the expression (5.23) can be rewritten in a partial
fraction expansion as

Y(z) n T 7,
=by+ + +- .
U(z) R N O Z—X Z— M (5:33)

The parallel implementation of the transfer function of the latter expres-
sion is presented in Figure 5.6.

Bo
¥
u(k) N » x,(k) . " /L (k)
< 1
+ +4+
M i
Ly T e
o |

+
+
N
N\
L
K
3=~
=
o

FIGURE 5.6
Block diagram in Jordan canonical form.
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Assuming the outputs of the delay elements as state variables, it can eas-
ily be shown that the model at state space is represented by the following
matrices:

(5.34)

5.5 Controllability and Observability

The controllability of a system refers to whether it is possible to move a
system from a given initial state to any final state in finite time (Kalman,
1960).
Consider the system described in the state space by Equations 5.1 and 5.2.
This system will be controllable when S = n. Matrix S is called controllabil-
ity matrix and is derived by

S=[B:AB:A’B:...A" 'B] (5.35)

An example of a noncontrollable system is presented in Figure 5.7, where
we can see that regardless of the level of influence of the input u,, the variable
X, remains unaffected.

The observability of a system refers to whether each position x(k) can be
determined by observing the output y(k) at a finite time.

. X,k N X, ()
? 71 2 z1 - y(K)
FIGURE 5.7
Noncontrollable system.
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+
@ Z—l Xl ( k)
) T
T
\T z1 X,(k) =y (Output)

FIGURE 5.8
Nonobservable system.

Such a system is observable when R = n. Matrix R is called observability
matrix and is given by

CT
T
A
rR=| € (5.36)
CTAn—l

A typical example of a nonobservable system is presented in Figure 5.8,
where we cannot acquire information of the variable x,(k), regardless of how
much time we observe the output y(k).

Overall, a system is controllable when we can control the system operation
process, given an initial state, while a system is observable when all the pro-
vided information about the system state must be recovered from knowledge
of the obtained measurements.

In a sense, the observability is a tradeoff to the concept of controllability,
which is related to the acquisition of certain controlling tools that allow us to
achieve a desired state.

How the properties of controllability and observability are involved in the design
and analysis of digital control systems?

In the automatic control theory, concepts of controllability and observabil-
ity are related to the design of the controller, which solves the problem of
regulation through the positioning of the hedged system poles at desired
positions.

The digital control engineer selects the appropriate measuring tools
(transducers, sensors, etc.) and decides the variables to be measured and
at what point, so that the system is observable. Also, the engineer decides
how many directional elements are required in order for the system to be
controllable.
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5.6 State-Space Discretization

The transformation of a continuous-time system to an equivalent discrete-
time system, in the state space, is achieved by two methods.

¢ The first is based on numerical integration and differentiation tech-
niques for solving the differential equation x(t) = Ax(t)+ Bu(t).

* The second method is based on the sampling of input signal u(f) and
holding the sample values u(kT) for a time period equal to the sam-
pling period T (hold equivalence).

5.6.1 Discretization of Continuous-Time Systems in the
State Space with Numerical Integration Methods

Consider the following continuous-time system

X(t) = Ax(t)+ Bu(t) (5.37)

y(t) = Cx(t) + Du(t) (5.38)

A particular method to calculate the equivalent discrete system, corre-
sponding to a continuous one, is to integrate the differential equation of
the state space and then to approach the factors that contain integrals using
numerical integration methods.

Hence, we have that

() = Ax(t) + Bu(t) = f %dt: f [Ax(t)+ Bu(t)]dt

= x(t) = x(ty) + f [Ax(t)+ Bu(t)|dt (5.39)
kT+T
x(kT +T) = x(kT) + f [Ax(t) + Bu(t)|dt (5.40)

kT

e FEuler’s forward method

The resultant system, using this method, is expressed as

x((k+1)T) = Ax(kT)+ Bu(kT) (5.41)
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y(kT) = Cx(kT)+ Du(kT)

where

e FEuler’s backward method

The resultant system, using this method, is expressed as

X(kT +T) = Ax(KT) + Bu(kT)
y(kT) = Cx(kT) + Du(kT)
where
A=[I-AT]", B=[I-AT] 'BT
C=C[I-AT]!, D=C[I-AT] 'BT+D

¢ Trapezoidal method

The resultant system, using this method, is expressed as

x (KT +T) = A%(KT) + Bu(kT) + Bu(kT —T)

y(kT) = Cx(KT) + Du(kT) + Du(kT —T)

where
1 -1
A:[I_AT‘ \I—&—AT],B—{I—ATl E
2 2 2 2
~ -1 -1
B[t AT BT ol AT [ AT)
2 2 2 2
-1
D:C[I—AT] E+D,
2 2
N —1
D:C[I—AT] BT
2 2

(5.42)

(5.43)

(5.44)

(545)

(5.46)
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5.6.2 Discretization of Continuous Time Systems in State-Space
with Numerical Differentiation Methods

Consider the continuous-time system of Equations 5.37 and 5.38. A particu-

lar method used to approach the derivative of state vector x(t).

¢ Euler’s forward method
The resultant system, using this method, is expressed as

x(kT +T) = Ax(kT) + Bu(kT) (5.47)
y(kT) = Cx(kT) + Du(kT) (5.48)
where
A=(I+AT),B=BT,C=C,D=D

¢ Euler’s backward method
The resultant system, using this method, is expressed as

X(kT +T) = Ax(kT)+ Bu(kT) (5.49)
y(kT) = C[I — AT] '%(kT) + (C[I — AT] 'BT + D)u(kT) (5.50)

where

A=[I-AT]"', B=[I-AT| BT,
C=C[I-AT|', D=C[I-AT| 'BT+D

¢ Trapezoidal method

The resultant system, using this method, is expressed as

%(kT +T) = A%(KT)+ Bu(kT) + Bu(kT —T) (5.51)

y(KT) = CE(kT) + Cu(kT — T)+ Du(kT) (5.5
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where
-1
2 2
5_[;_AT] BT
2 27
F_[_AT]'BT
2 27
-1
c—cli-AT 1+AT},
2 2
~ 1
E_cl_AT]'BT
2| 2
1
D=C 1—% BT . p

5.6.3 Discretization with the Zero-Order Hold Method

The resultant system, using this method, is expressed as

x[(k +1)T] = Ax(kT)+ Bu(kT)
y(kT) = Cx(kT) + Du(kT)

where

or B=(e"T —I)A™'B if A is invertible.

5.6.4 Discretization with the First-Order Hold Method

The resultant system, using this method, is expressed as
x((k +)T) = Ax(kT) + Bu(kT) + Bu((k —1)T)

y(kT) = Cx(kT)

(5.53)

(5.54)

(5.55)

(5.56)
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where
T
A=e¢"T, B= feAw 2w}dw B,
T
0
B T
B= feAwZ;—lldw B, and C=C
0
|

5.7 Formula Tables
The formula Tables 5.1 through 5.3 are discussed here.

5.8 Solved Exercises

EXERCISE 5.1
Consider the block diagram of the following scheme.
y(&)
(k) m - X, (k) S X, (k)
-1.1
-0.3

a. Derive the state equations of the given system.
b. Derive the transfer function H(z) = Y(z)/R(z).

Solution

a. Assume the state variables x,(k) and x,(k) at the output of the
two delay elements, thus the desired state equations are pre-
sented as

x1(k +1) = x5(k)
Xo(k+1)=—-0.3x;(k) — 1.1x, (k) + r(k)
and

y(k) =—0.3x1(k) — 1.1x5 (k) + r(k)

(.11
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TABLE 5.1

State Equations of Linear Discrete Systems

# System Category State-Space Description Matrix Dimensions

1 Multiple input-multiple output x(k+1) = Ax(k) + Bu(k) (n X n)

A:
systems
Pl L Y=Cx)+Du® Bin x 1)
ty— MIMO w o x(0)=x Ci(m x n)
: System ° :
r O D: (m x r)
r,m>1
Xy Xy Xy
2 Multiple input-single output x(k +1) = Ax(k) + Bu(k) A: (n x n)
t
systems y(k) = " x(k) + du(k) Bi(n x )
Uy
2 ;\;[Sltsez y  XO)=x c:(n X 1)
“r d: (m x 1)
r>1, m=1
X Xy X,
3 Singie input-multiple output x(k +1) = Ax(k) + bu(k) A: (n x n)
systems y y(k) = Cx(k) + du(k) b (n x 1)
SIMO — x(0) = x
" System & 0 C: (m X n)
m d: (m x 1)
r=1
R m>1
4 Singie input-single output x(k +1) = Ax(k) + bu(k) A (n x n)
m
systems y(k) = c"x (k) + du(k) bi(n x 1)
: e ;o O=x ol
d:(scalar)
X Xy X,
Hence, the state equations can be written in vector form as
x(k+1) B 0 1 ||xi(k) n 0 (k)
x(k+1)| |-03 —1.1{x:(k)| |1 (512)
x(k) -
y(k)=[-03 —1.1] (k) +r(k)
2
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TABLE 5.2
State-Space Description of Dynamic Systems in Various Forms

1 Transfer function of a form
YY) bz Yy bzt 44 bz
U(z) 14+az oz 24 +a,z™"
Direct form

I

xi(k+1) —a;1...0 x (k)| |
k+1 —-a,0 1...0 k b
X :+ ) | _ :xz( ) 4| (k)

H(z)

x,(k+1) —a,0...1 x, (k)| |b,
y(m)=[1 0---0]x(k)

2 Transfer function of a form
Y@ bzl'4bz+otbz”
U(z) 14z 4oz 2+ Fa,z”
Canonical form

I

xk+D] [0 1 0--0]xk)] [0

zxz(k-i-l) _ :o 0 10 :xz(k) . ?u(k)

H(z)

X”(k-‘rl) —lp— 0 xn(k) 1
Y(k) = [buby1---bi Jx(k)

3 Transfer function of a form

Yz b +bz" 44D,
U(z) z"+oz" ' +az" 4 Fa,

H(z)

Controllable canonical form
01 0.0 0

A=|. "l B= .
a1

C= [bn _anhO by1—ay, 1b() by _alb(]] D= hO

4 Transfer function of a form

_Y(z) boz" +biz" 4+ b,
Uz) z'+az" ez 4 +a,

H(z)

Observable canonical form

(Continued)
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TABLE 5.2 (Continued)

State-Space Description of Dynamic Systems in Various Forms

0 0 0... 0 -—a,
b, —a,by
1 0 0... 0 -—-a,4
by —a,4bo
A=|0 1 0.. 0 -4 B=|
by —ayb,
0 0 0. 1 -a 1
C=[0 0 0.. 1 D=bh
5 Transfer function of a form
m m-1
Hiz)= Y(z) boz" +b;z" +---+ by,

a U(z) 2tz ez ety
Jordan canonical form
N 0 0... 00

0 X 0. 00
A=[0 0 X; 0 0| B=

00 o 00N
C=[n n n.n] D=bh

b. It holds that
H(z)=C"(zl = A)'b+D (5.1.3)
Calculation of (zI — A)

- A) 1 0 [o0 1 z -1
zl—A)= - =
2o 1] ]—03 —11] |03 z+1 (614
Calculation of (zI — A)™*
z 1) 1 z+11 1
T—A)yl= = 5.1.5
(1 =4) [0.3 z+1.1] 2 +11z+03| —0.3 z] G15)
(5.1.3),(5.1.5)= H(z) =C"(z2 - A) 'b+D
1 z+1.1 1]{0
=[-03 -11]—4——— 1=
[ iz v 03| 03 ZH1]+

After some algebraic manipulations, the transfer function is
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TABLE 5.3
Transfer Matrix—State Equation Solution—Controllability—Observability
# Illustration Formula
1 Transfer Function H(z) H(z)=C(z - A)"'B+D
2 State Equation Solution in Time k-1
Domain x(k) = A*x(0) + ZAk’HBu( ) k>1

j=0

y(k) = C2(k)x(0)

k—1
+Z CO(k— j—1)Bu(j) + Du(k), k>1

j=0

3 State Equation Solution in Z x(k) = IZT[z(z] — A) " x(0) + (zI — A) ' BU(z)]
Domain
y(k) = IZT(Y(2)) = IZT[(C(zI — A 'B+ D)U(2)]

4 Transition Matrix D(k)=A* =IZT[z(zI — A)"], k>1
5  State Vector Controllability S=|B : AB : .. i a"lp
TAZH S=n
6 State Vector Observability RT—[c" : AT'CT : .. (ATy'ch
TAEH R'=n
2
H(z)=——"——— 5.1.6
@) 2 +z+03 ¢16)

EXERCISE 5.2

a. Derive the transition matrix ®(k) of the discrete-time system
x(k + 1) = Ax(k) 4+ bu(k) with

A= , b=||, x(0)=
016 -1 1 1

b. Calculate the state vector x(k) for step input.
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Solution
a. It holds that

o(k)= A =z {z(zI-A)'}

where (ZI-A)'=
0.16 z+1

z+1 1
(z+0.2)(z+0.8) (z+0.2)(z+0.8)
-0,16 z
(z+0.2)(z+0.8) (z+0.2)(z+0.8)
4z/3  z/3 5z/3 5z/3

z+02 z+08 z+02 z+08
—0,8z/3 0,8z/3  —z/3 = 4z/3
z+40.2 z40.8 z+02 z+0.8
4(-02)" (-0.8) 5(-0.2)°  5(—0.8)"
3 3 3 3
—0.8(—0.2)F N 0,8(-0.8)"  (=0.2) N 4(—0.8)
3 3 3 3

z -1 }l

= (ZI-A) ' =

(.2.1)

=ZI-A)" =

= B(k) =

b. To calculate the state vector x(k), we have

zZ

X(z) = (ZI — A (zX(0) + BU(2)), U(z)= -

where

ZX(0)+BU() =|

(2% +2)z -17z/6 = 22z/9 = 25z/18
(z+0.2)(z+0.8)(z—1) _[z+02 z+0.8 z—1
(—2* +1.842)z 3,4z/6 17,6z/9  7z/18
(z+0.2)(z+0.8)(z—1) z+02 z+08 z-1
—17(—0.2)" /6 +22(—0.8)* /94 25/18
3.4(—0.2)"/6 —17.6(—0.8) /9 +7/18

X(z)=

= x(k)=Z"'{X(2)} = (5.2.2)
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EXERCISE 5.3

Consider a discrete-time system with the difference equation y(k + 2) +
Sy(k + 1) + 3y(k) = u(k + 1) + 2u(k)
Calculate (a) its transfer function and (b) the state-space model.

Solution

a. Applying the z-transform of the given difference equation,
assuming zero initial conditions, we get

z[y(k +2)+ 5y(k + 1) + 3y (k)] = z[u(k + 1) + 2u(k)]
Y(z) z+42 (5.3.1)
U(z) z°+5z+43

= H(z)=

b. Define the state variables as

x1(k) = y(k)

X2 (k) = x1(k + 1) — u(k) (5.3.2)

Inserting the state variables into the difference equation, we

have that
i:illi i 1)) z Jizéiz:l;)ufks)xz (k) — 3u(k) (6:33)
Therefore, x(k + 1) = Ax(k) + bu(k) with
x(k) = :23 . A= \03 15‘, b= |13‘ (5.34)
EXERCISE 5.4

[lustrate the digital controller (using the canonical form method) with
the transfer function

14+az? 14~z 146272

1406z 1+ez4(z?2

H(z)=

Solution
Observe that

H(z) = Hi(z)- Hx(2) (5.4.1)

where

1+az?

1+ 6271

Hi(z)= (54.2)

181
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and

1+~z 46272

Ha(z)= 14ez7t 4+ (272

(54.3)

We select the canonical form method and design the digital diagram of
the first-order system H,(z) as follows. Insert the variable W(z) and reach
to the expressions (5.4.5) and (5.4.6).

Hy(z) = 1+az™’ _ Yi(z) - Yi(2) _ U(z) =W(z) (544
! 1+ Ul)  1+az' 14827 o
It holds:
: f(;q — W(z) = u(k) = w(k) + Pk —1) =
w(k) = u(k) — Bk —1) (5.4.5)
and
: Iliézz)’l — W(2) = y2(k) = w(k) + aw(k —1) (54.6)

The following block diagram illustrates the first-order digital system.
I M S R o S

To illustrate the second-order system, utilize the intermediate variable
P(z) resulting to the expressions (5.4.8) and (5.4.9).

1+vz2 1 46272 Y(2) Y(z)
Hy(z)= =] I -1 -2
14+ez7 +(z Yi(z) 147z +6z
Ya(z)
—_ % __p
Trez ' tia? (2) (G4.7)
Yi(2)

Tre s o~ POZ PR =k =)= Cpk =D+ y(k) (548)
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and

Y(z)

1oz 522 P(z) = y(k) = p(k) +yp(k =) +ép(k—2)  (549)
+vz7 0z

The following block diagram illustrates the second-order digital system.

).
/\J
A y s
n® O N N
&) p(k-2)

—-€

-¢

The illustration of the total system is achieved by the connection (in
series) of the above two diagrams.

Assuming the state variables x,(k), x,(k), and x;(k) at the output of the
delay elements, the system model at state space arise

x1(k +1) = —Bxi (k) + u(k)

with  yi(k) = (o — B)xa (k) + (k)

ok 1) = (@ — B, (K) — 2x36) — G ) + ) (5410)
x3(k +1) = x,(k)

y(k) = (o = B)xa(k) + (v —e)xa(k) + (6 — Q)xs (k) + uk)

Consequently,

ak+1] [ =8 0 0lm®m] [
Hhk+D|=la=8 - —|lx®)|+|1]uw) (54.11)
X3(k+1) 0 1 0 x3(k) 0

X1 (k)
yk)=la=5 y—c 6—lxa(k)|+[1]u(k) (54.12)
x3(k)

EXERCISE 5.5
Consider the discrete-time system with transfer function
H@z)=-1+4+2z' —z2-2z73

Derive the state-space model.
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Solution
The input—output relation at the space of z-complex frequency is

Y(z) = H(z)U(z) = (-1 +2z' —z7% —2z7%)U(z)

= Y(2)= Uz + 2U(D) — LU - 2U() 6-51)
z ya zZ
Set
X()="1ue)
zZ
Xo(2) = S UE) =X, (2) 652
Z zZ
Xa(@)= U=+ 5 U@ = Xy()
Z ZZ Z
From the expressions (5.5.1) and (5.5.2), it holds that
Y(z) = —U(z) 4 2X1(z) — Xz(z) — 2X;5(2) (5.5.3)

From the following expressions in (5.5.4), using the inverse z-transform,
we get the expressions in (5.5.5).

zXi(z) = U(z)
zX5(z) = X1(2) (5.5.4)
zX3(z) = X,(2)

xi[k +1]= u[k]
Xa[k +1] = x1[k] (5.5.5)
x3[k +1] = x,[k]

and y[n] = —ulk]+ 2x;[k] — x2[k] — 2x;[k] (5.5.6)

The vector-form state equations are given by

xlk+1]] [0 0 Ofx[k]] |1

Xlk+1]|=|1 0 Ofx[k]|+|0fulk]

xlk+1]] |0 2  Oflxs[k]| |0
xi[k]

y[k]:[z -1 —2} x[k]|— ulk]
x3[k]

(.5.7)
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EXERCISE 5.6
Consider the discrete-time system with transfer function
H(z)=Y(2)/U(z)=(z ' +2z%)/(1+4z " +3z7?)

a. Derive the state-space model in controllable canonical form,
observable canonical form, and diagonal canonical form.

b. Calculate the transition state matrix for the observable canoni-
cal form.

Solution

a. Using the formula table, we have
Controllable canonical form

x1(k +1) 0 1 |[x (k)] [0
Bk+1) _|—3 4|0 T M0
5 (5.6.1)
wo=2 1"
xz(k)
Observable canonical form
xl(k + ].) 0 -3 x1(k) 2
lk+1)| {1 4 xz(k)}+11]u(k)
; (5.6.2)
wo-lo 170
xz(k)
Diagonal canonical form
Hz) = Y(z)  z'+2z% oz '42z77
S U(z) 144z '+3z% (14+zH(1+3zY 563)
(/22 (/22! o
= H@)= 1427 14370
xk+1)] -1 0]xk] 1
xz(k+1)] :\ 0 —3nm +H”(k)
o (5.6.4)
yk)=[1/2 1/2| ()

b. The system of the observable canonical form can be described
by the matrices of the expression (5.6.2).
The transition state matrix is provided by

dk)=Z"(z2I - A (5.6.5)
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1
i(zI — 1 0 |
(2l — Ay = AdfEL=A) |2+ =7+t (5.66)
|21 — Al 0 z+3 0 1
z+3
Hence
1 : 0 : 1 - 0
q)(k):Z,l z+ 71 +z
0 ! 0 S
z+3 143271 (5:6.7)
1y
= O(k)= =D 0 .
0 (=3
EXERCISE 5.7
Considering the following state-space model, design the illustration
diagram.
kn=|" L xm | fu k
x = x u
6 -5 10 (k) = xlik))
X2
y(ky=[1  0]x(k)+u(k)
Solution

From the given state-space model of the expression (5.7.1) below, design
the block diagram as follows.

u(k) (5.7.)

0 1 -3
x(k+1):|_6 5 x(k)Jr{10

y(k)=[1 " 0]x(k)+ u(k) (5.72)

The resultant illustration diagram of the discrete-time system becomes

u(li

xy(k+1) %0 _SHak+1) XK <Sn k)

-6




State-Space Representation 187

EXERCISE 5.8

Derive the transition matrix of the discrete-time system with a state-
space model. Is the system controllable?
+
u
1

xi(k+1)) (0 1 fx(k)
Xk +1)] =016 —1)|x,(k)

Solution
The transition matrix of the discrete system is computed by
B(k)= A* = IZT[z(zI — A)'], k>1 (5.8.1)

The state-space model is

nk+1D) (0 1 )m®) (0
k41 12016 —1)|x@)] 1

wm%znﬁw]

u(k) (5.8.2)

() (5.8.3)

Hence

a=| 0 Yoo=]% and =2 1
o1 1) Py =@ Y 684

Calculation of (zI — A)!

~1
- 0) (0 1

0 z] |-016 -1
z -1 71_ 1
016 z+1 z(z+1)+0.16

_ 1 z+1 1
 (z+02)(z+0.8)|-0.16 z
z+1 1

|(z+02)(z+0.8) (z+0.2)(z+0.8)
B —0.16 z

(z+02)z+08) (z+0.2)(z+0.8)

z+1 1
-0.16 z

(5.8.5)
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To derive the transition matrix ®(k), it suffices to compute the inverse
z-transform of each term of the expression (5.8.1), such that

D(k) = A* = Z7Y(zI — A) 7]

z(z+1) z
_ g (z+0.2)(z+0.8) (z+0.2)(z+0.8)
B —0.16z z?
(z+0.2)(z+0.8) (z+0.2)(z+0.8) (5.8.6)
I S
_71 z+0.2+z+0.8 z+0.2+z+0.8
B S N
+ 43
z402 z+08 z+02 z+08

Hence

O(k)= AF = Z7 (2 — A) 2]

C[4(=02" —1(-08)"  5(-0.2)" —3(-0.8)" 587)
—08(-0.2)" +%8(-0.8)" —1(-0.2)" +4(-0.8)" -
The controllability matrix is given by
0 1
S=[B:AB:A%B:... A" 'B]= {1 i 1‘ (5.8.8)

0 1
de’c[BAB]:clet1 1]:01:1¢0

The order of matrix S is 2, so the system is controllable.

EXERCISE 5.9
Considering the system of Exercise 5.7, find the discrete output y(k) for

rpsans 0 ]|
step input and x(0) = =11]

x2(0)
Solution
The general solution of state equations in time domain is

k—1
x(k) = A*X(0)+ Y~ ATBu(j), k>1

j=0

. (9.1
y(k) = Co(k)x(0) + ZC(I)(k — j—1DBu(j)+ Du(k), k>1

j=0
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Thus

k-1
x(k)=B(0x(0)+ » _Ok—j-DBu(j), k=123 (592
j=0

k=1
x(k) = @(k)x(0)+ Y D(k — j—1)Bu(j)

70

B —0.2)" —1(-0.8)" 3(-02)"-3(-0.8)" |1 553
—08(—0.2)" +%(-0.8) —1(—02)" +4(-0.8)"|]1 .
N i 4(=0.2) —1(-0.8) 3(—0.2) —5(—0.8) {o]
/|~ % (—0.2) +98(=0.8) —1(—0.2) +4(-0.8)||1
The desired discrete output will be
y(k)=Cx(k)=[2 1]x(k) k=0,1,2,3- (5.94)

EXERCISE 5.10

Derive the discrete model at the state space of a continuous-time system,
which is described by the differential equation:

d*y dy du
L3 oy =""143
TR TR

and is being discretized with ZOH.

Solution

Derive the transfer function of the continuous-time system from its cor-
responding differential equation

dy . dy ldu
Ll—-+3—=+2y|=L—+3
i g Y ar

s2Y(s)+ 3sY(s) +2Y(s) = sU(s) + 3U(s) (5.10.1)
Y(s) _  s+3

CO= U = 4342

Write the system state equations in controllable canonical form

d(xu®) (0 1)(x®) (0

dt[xz(t)] - [2 3][x2(t)] * [1]”(”
xl(t)
Xz(t)

(5.10.2)
yH=(3 1)
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Calculate e4! and eAT,

-1

ot)=e =L" {(sl - A)’l] =L

b

1 M1 (s+31
|2 s3] | [ss+3)+2(-2 s
543 1 2 11 1
[ s24+3s5+2 s*43s+2 _p|stl os+2 s+l s+2
-2 S -2 n 2 -1 n 2
s +35+2 s*4+3s+2 s+1 s+2 s+1 s+2
2 et e
=o(t)= 5.10.3
—2¢t 4207 —et 4207 ( )

From the expression (5.10.3), calculate the matrix ®.

2T _ 72T e T _e 2T
= 5104
—2¢ T 427 —e T 4 2e7 ( )
The matrix I" will be
T T
2e T — e e T—e® 0
I'= feAQqu = f dq
/ ) [ =2e7 + 2072 71420741
P e 1 _e —e 1 +le*27 !
_ f dq = 2 (5.10.5)
—e 14207 el _e
0 o
o —e e [S1+g] [h-eT 4 de ™
B e T o2 1-1 | e T o2
Finally, we get
x(k +1) = Px(k) + T'u(k)
B 20— e T —e™ (k)
—2e T 427 —e T 420727 || x2(k)
T—eT+ie™ (5.10.6)
2 2
+ g u(k)
x1(k)
k=3 1
yk)=(3 1) k)
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EXERCISE 5.11

Derive the discrete model of a continuous-time state space described
by the transfer function G(s)=Y(s)/U(s)=1/s(s+2), which is being
discretized with ZOH (T = 1 s). Derive the transfer function of the dis-
cretized system.

Solution

Provide the state equations of the continuous-time system in a control-
lable canonical form

d{xi®)) (0 1)fx®)] (0
dt[xz(t) _[0 —2][x2(t)]+[1]u(t) 110
x1(t) o
- of 1)
Calculate et and eAT.
=L l6T- A=t ) 5112
0 e
From the expression (5.11.2), compute the matrix ®.
1 1 1_ —2T
® = o(T)= Z(JT e (5.11.3)
0 e
The matrix I" will be
1 i ra-eo
F:feA”qu:f 2 l ‘dq
0 e 1
0 0 ‘ (5.11.4)
_[pT g 1)
F1—e)
Finally, we have
x(k +1) = ®x(k) + Tu(k)
1 1A—e|ak)]| | |F(T+3E* -1) u(l)
0 e (k)| |L(1—e")
- (k) 5115
y(k)=@1 0) (k) (5.11.5)
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for T =1s,, the latter equations become

1 04323][x;(k)] [0.2838
x(k+1)= u(k)
0 0.1353| x,(k)| ' 0.4323
(5.11.6)
w=a oY
Y (k)
The transfer function is given by G(z) = C(zI — ®)7'I, thus
G(z)=C(zZ - ®)'T
_n gfTt osB (02838
N 0 z-0.1353] (0.4323 (5.11.7)

0.2838z ' +0.1485z 2
1—-1.1353z7' 4 0.1353z 2

=G(z)=

The same transfer function is obtained if we directly apply ZOH in the
given transfer function

Gs)
S

G(z):(l—z’l)Z[ ]:(1—2’1)2

1
s* (s + 2)]
9 | (5.11.8)
_0.2838z " +0.1485z

"~ 1-1.1353z7' 4+0.1353z 2

EXERCISE 5.12

Given the following state-space model of a discrete system, check its
observability.

xl(k + 1)
X (k+1)

x1(k)
x5(k)

1.1 -0.3
10

L
50

Y= —o.5>[’“(k)]

x2(k)

Solution

The observability matrix is presented as

CT

CTA
R=| . (512.1)

CTAnfl
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CT=(@1 -05)
; 1.1 -03
CTA=(@1 -0.5) =(0.6 —0.3)
1 0 (5.12.2)

c"| [1 -05
CTA| 0.6 -03

det c _det| L 79 g

Heral = %Nos  —03|”

The order of matrix R is 1, hence the system is not observable.

EXERCISE 5.13

Given the following state-space model of a discrete system, check its con-
trollability and observability. If the system is being discretized does it
remain controllable and observable? Derive the transfer function of the
analog and discrete system.

dt|x(f)| |-1 Oflxa(e)| |1
1(t
w0=a o), 2((2)]
Solution
a. Controllability matrix
0 1
S=[b Ab]—ll 0] (5.13.1)

The order of matrix S is 2, hence the continuous-time system is
controllable.
Observability matrix

o )
= (.13.2)

The order of matrix R is 2, hence the continuous-time system is
observable.
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b. The discrete-time system arises by computing the following
matrices

plt)=e" =L (T - A)"|
= t) |-y = r =" (5.13.3)

T

I'= f e*'Bdg

0

s 1 (5.13.4)

o)=L 241 $2+1 _ cosT sinT
v -1 S —sinT  cosT
sS+1 241

T T
cosq  sing 0 1-
I'= | e"Bdg= f d =
f 1 —sing  cosq 1 1 sinT (513.5)
0 0
Calculate the controllability matrix
S_ [F AF] _ 1 —.cosT cosT —cos? T +sin®*T (513.6)
sinT —sinT +2sinT cosT

det(S) — (1—.cosT) (cos.T—cosz?“+sin2T)
sinT (—sinT 4 2sinT cosT)
_ [—cosT 1—cos’T+sin*T
sinT 2sinT cosT
1—cosT 1-cos*T +sin*T —2cosT(1—cosT
— det(S) = .cos cos” T +sin cosT(1—cosT)
sinT 0

(137)
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det(S) = —2sinT(1 — cosT) = 0 the system is not controllable for
T=nm,n=0,1,2,...

Calculate the observability matrix

1 0

cosT sinT

c
cA

(5.13.8)

det(R) =sinT = 0: Nonobservable system for T =nm, n=0,1,2,...
c. The transfer function of the analog system is

. s =110
G(s)=C(sI—A) 'B+D=[1 0]
1 s 1
S 21 0 (513.9)
—~Gis)=[1  0ll® +1  s°+1 _
@)= "] s |17 +1

$+1 0 2 +1
The transfer function of the discretized system is

G(z)=C(zI -G)'H

-1

7[ } z—cosT —sinT 1—cosT
N sinT z—cosT sinT
B 1 0} z—cosT sinT |[|1—cosT
B (z—cosT)2 +sin?T —sinT z—cosT|| sinT
z—cosT)(1—cosT)+sin’T
= G(z) = X ) (5.13.10)

(z—cosT)* +sin’T

EXERCISE 5.14
The model of a discrete system in the state space is given as follows

1 1 1
X1 = A%, + Biiy A—[O 3], B—[z], C=0 1, D=0, %' =(1

Y = Cxy

a. Derive the system transfer function.
b. Calculate the step response.

195
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Solution

a. The discrete-time transfer function is derived by
G(z)=C-(2I-A) ' -B+D

b o

:(0 1).

2-(z-1) N
(-1)-3)

G&L:;%g (5.14.1)

b. The step response is given as

2z Y(z) 2 Y(z) A B
z—3 z-1 z (z—3)-(z—1) z z—3 z-1
2 2 2 2

=——=1and B= =——=-1
1-3

Y(z)=

A= =
z—-1,, 3-1 z—3|, 4

Y(z) 1 1
= = -
z z—3 z-1

zZ 4

z—3 z-1

= Y(z)=

Consequently

W=z =2 2 e

z-3 z-1 (5.14.2)

y(k)=3* — u(k)

The system step response is described as total and includes a
term which corresponds to the transition state (3*) and a term
corresponding to the steady state u(k).
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EXERCISE 5.15

(@) Derive the discrete-time transfer function described by the following
matrices and (b) Evaluate the system output when it is influenced, or not
influenced, from the initial conditions, for a sampling period 7'= 0.3 s and
a rectangular pulse as an input signal of frequency 1 Hz, using LabVIEW.

0 0 1
A={1 1 0| B=|0| C=[0 0 1]
10 0

Solution

a. The discrete-time transfer function is calculated as
G(z)=C-(zI-A)'-B+D (515.1)

Calculation of matrix zI — A and its determinant

z—1 0 0
zZI-A=| -1 z—=1 0
(5.15.2)
0 -1 z
D=2z>-22"+z=12(z—-1)
Calculation of matrix (zI — A)™*
1 0 0
z—1
1 1
zZI— Ay = 0 15.
( ) e (515.3)
1 11
2(z—17  z(z-1) z
(5151)éG(Z)*; 5154
o 22 -2z 4z (5154)

b. Inthefollowingblock diagram, which hasbeen designed using the
LabVIEW Simulation Module, the given discrete system is imple-
mented in the state space. The simulation scenario assumes a rect-
angular pulse as an input signal with frequency 1 Hz and studies
the system response with or without the initial conditions’ effect
(which correspond to the state variables) and is also determined
by the sampling period. The results are depicted in the front
panel and correspond to zero and nonzero initial conditions.
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EXERCISE 5.16

Consider the discrete system described by the transfer function

Yz 342z

G = =
@)=l " 256 11427

a. Derive the state equations in direct and canonical form.
b. Compute the system transfer function.

Solution

a. Direct form
From the given transfer function, we provide the expression
(5.16.1) below, whereon the illustration diagram of the discrete
system in direct form is presented

Y(2)=(-3z"=222)Y(2)+(1.5+2 ' )U(z) (5.16.1)
U(z) 7
1 1.5
Y(2)
Z—l 71 >
-3 |-
-2 |-

Assuming the outputs of the delay elements as state variables,
the subsequent model of expressions (5.16.2) and (5.16.3) arises

x1(k+1) = u(k) + x5 (k) — 3[1.5u(k) + xl(k)] = —3.5u(k) — 3x;(k) + x, (k)
x(k+1)= —2[1.5u(k) +x (k)} = —3u(k) — 2x,(k)
(.16.2)

y(k) = 1.5u(k) + x,(k) (5.16.3)

The state-space matrices are

A= Y 527 c2n o0),p=15
=, ol B= ,C=( ), D=1. (5.16.4)
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Canonical form

Using the intermediate variable W(z), we reach to the expres-
sions (5.16.6) and (5.16.7), whereon the illustration diagram of
the discrete system in canonical form is presented

Y(z) _ U(z)
3+42z70 24627144272

=W(z) (5.16.5)

(5.16.5) = 2W(z) = —62 'W(z) — 4z *W(z) + U(2)

1 o (5.16.6)
W(z)=—-3z""W(z) — 2z "W(z) + .5U(z)

Y(z) = 3W(z) + 2z 'W(z) (5.16.7)

[+]

)
L]

e

b. Calculation of transfer function
G(z)=C(zI - A) 'B+D (5.16.8)

Calculate the matrix (zI — A)7}, from the corresponding equa-
tions in direct form

z 1
@ay_[F3 1 o [2 z+ 3] (5.169)
-2 =z 2243242
- —35z-3 1.5z% 4z
5.16.8)= G(z)=C(z — A) B+ D = +15=
( ) (z)=Clz ) 22 +3z+4+2 224+ 3242
(5.16.10)

The transfer function of the expression (5.16.10) can be written as

1.5z 4z 15+z7" 342271
G(z)=— = = = (516.11)
z°4+3z+2 143z +2z 246z +4z
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Observe that the transfer function of the latter expression is
identical to the given one.

EXERCISE 5.17
Consider a discrete system with the transfer function

Y@ 2+ 477!

G(z) = -
@)= U@ " 1152 162

a. Derive the state equations in direct form.
b. Compute the system transfer function.

Solution

a. Direct form
From the given transfer function, we derive the expression
(5.17.1), whereon the illustration diagram of the discrete system
in direct form is presented

Y(2)=(-5z"—6272)Y(2) +(2+ 4z ' |U(2) (517.1)
U(z) 7
4 2
Y(2)
Z—l Z—l >
-5 |
-6 |=

Assuming the outputs of the delay elements as state variables,
the subsequent model of expressions (5.17.2) and (5.17.3) arises

x1(k +1) = 4u(k) + x5 (k) — 5[2u(k) + x, (k)]

= —6u(k) — 5x:1(k) + x» (k) (5172)
xo(k +1) = —6[2u(k) + x; (k)| = —12u(k) — 6x; (k)

y(k) = 2u(k) + x1 (k) (517.3)
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The state-space matrices are

A= Y o[ con 0),D=2
=l 6 ol Bl o) =( ), D= (5.174)

b. Verification of the results

G(z)=C(zI-A)'B+D

oo
(zIA)l—[Z+5 —1] -6 z+5

6 z|] 2245246
Gz)=C(al—A) ' B+D= 28
z°+5z+6
i 3 (5.17.5)
2z +4z 244z

-2

2245246 145z '+6z

Observe that the transfer function of the latter expression is
identical to the given one.

EXERCISE 5.18

Provide a state-space model for the system described by the following
difference equation:

y(k+2) = u(k) +1.7y(k +1)— 0.72y(k)

Solution

We select the state variables

Hence
xl(k + 1) = xZ(k)
xo(k +1) = y(k +2) = u(k) + 1.7x(k) - 0.72x: (k) (518.2)

The associated discrete model is given by

xi(k+1)] |0 1 k)] o
Bk |-072 17 xz(k)]+l1]u(k) (518.3)
yw=n o *® (5.18.4)
x2(k)
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EXERCISE 5.19

Derive the transfer function

D(z)=

U(z) 3+3.6z " +0.62°

E(z) 1401z7'—02z72

in direct form, canonical form, in series, and parallel form.

Solution

a. Calculation in direct form

From the given transfer function, we have

u(k) = 3e(k) + 3.6e(k — 1) + 0.6e(k — 2) — 0.1u(k — 1) 4+ 0.2u(k — 2)

The system state equations are

X](k + 1)
xz(k + 1)

—0.1
0.2

u(k) =1

)

0]

The illustration diagram in direct form follows

(5.19.1)
xi(k)| [3.6—0.3 L
x5(k) *lo6+06 e(k) (5.19.2)
“® L s .
x2(k) (5.19.3)
u(ﬂ
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b. Calculation in canonical form
It holds that

w(k) = e(k) — 0.1w(k — 1) + 0.2w(k — 2) (5.19.4)

u(k) = 3w(k) + 3.6w(k — 1) + 0.6w(k — 2) (5.19.5)

The illustration diagram in canonical form follows

c. Calculation in series

3436z ' +0627  3(z+1)(z—0.2)

P& = 010227~ (z405)z—04)
' - T (5.19.6)
_ D= M+ h1-022
(1+05z )(1—04z 1)
The system state equations are

k41| [-05  0]xn®] [3
xz(k+1)] - l1—0.5 0.4/ x,(k) +'3}e(k) (619.7)
) =11-05 02+04] |+ 3e00) 19.8
=0-05 024041 (5.19.8)

The illustration diagram in series follows
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d. Calculation in parallel form
The transfer function is presented as

_ 3(z41)(Ez—02) 1 7

D)= (z+05)(z—04) 05 Tizoat @199
The system state equations are
ok +1) ' 0 04|x) +He(k) (5:1910)
=105 704" ©| 4 C3-14 70
u(k)=[05 7- .]xz(k) +(=3=1+7)e(k) (5.19.11)

The illustration diagram in parallel form follows

»(3)
N

EXERCISE 5.20

Consider the system
X x(f) + 1 u

y(t)=[1  0]x(t)+[0]u(t)
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Discretize the system by using (a) the forward difference method,
(b) the backward difference method, and (c) the trapezoidal method.
Compare the step responses of the analog and discretized system for all
the above cases.

Solution

a. The state-space matrices are

The resultant system using the forward difference method is
given as
x((k +1)T) = Ax(kT) + Bu(kT)
y(kT) = Cx(kT) + Du(kT)

where
A=I+AT,B=BT,C=C,D=D

Using MATLAB®, we develop the function eulerforw.m,
which has as an input the matrices a, b, ¢, d of the continuous
system and the desired sampling period T, which calculates the
corresponding matrices ad, bd, cd, dd of the equivalent discrete
system according to the forward difference method.

function [ad,bd,cd,dd] =eulerforw(a,b,c,d,T)
[s1 s2]=size(a);

I=eye(sl);

ad=I+a*T;

bd=b*T;

cd=c;

dd=d;

Thereby, the step responses of the analog and discretized system
are designed and we can observe that they are almost identical.

Q0 o9

H
o
[

[ad,bd, cd,dd] =eulerforw(a,b,c,d,T)
sys=ss(a,b,c,d);
sysd=ss(ad,bd,cd,dd,T) ;
step(sys,’b’,sysd,’'xr’)
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Step response
14 T T T T T T T T T

12 +

10 +

Amplitude
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b. The resultant system using the backward difference method is
given as

X(kT 4 T) = A%(kT) + Bu(kT)
y(kT) = Cx(kT) + Du(kT)

where

A=[I-AT["', B=[I-AT]'BT

C=C[I-AT]"', D=C[I-AT]'BT+D

Using MATLAB, we develop the function eulerback.m,
which has as an input the matrices a, b, ¢, d of the continuous
system and the desired sampling period T, which calculates the
corresponding matrices ad, bd, cd, dd of the equivalent discrete
system according to the backward difference method.

function [ad,bd,cd,dd]=eulerback(a,b,c,d,T);
[s1l s2]=size(a);

I=eye(sl);

ad=inv (I-a*T) ;

bd=inv (I-a*T) *b*T;

cd=c*inv(I-a*T);

dd=c*inv (I-a*T) *b*T+d;
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Thereby, the step responses of the analog and discretized
system are designed and we can observe that they are almost
identical.

1;0 0];

[o
[o
[1 01;
[0
0

—H Q0 Q0w
T [ T

QL

d,bd, cd,dd]=eulerback(a,b,c,d,T)
sys=ss(a,b,c,d);

sysd=ss(ad,bd, cd,dd, T) ;
step(sys,'b’,sysd, 'r’)

Step response
14 T T T T T T T T T

12

10

Amplitude

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Time (s)

c. Utilizing the trapezoidal method, we assume that

kT+T KT+T
f x(t) = %[x(kT) +x(kT+T)] and f u(t) = %[u(kT) +u(kT + 7))

kT kT

The resultant discrete system, derived from the correspond-
ing continuous one, is given by

F(KT +T) = AX(KT) + Bu(kT) + Bu(kT —T)
y(kT) = CX(KT) + Du(KT) + Du(kT —T)
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where
. AT|'[. AT
A=1-24] 1+24,
2 l 2
5[ AT["BT
2 27
5_[;_AT]'BT
2] 2
1
c—cl-AT [1+£},
2 2
-1
2] 2
- -1
D_clj_AL| BT
2] 2

Using MATLAB, we develop the function trap.m, which
has as an input the matrices a, b, ¢, d of the continuous system
and the desired sampling period T, which calculates the cor-
responding matrices ad, bd, cd, dd of the equivalent discrete
system according to the trapezoidal method.

function [ad,bd,cd,dd]l=trap(a,b,c,d,T)
[s1 s2]=size(a) ;

I=eye(sl);

ad=(I+a*T/2)*inv(I-a*T/2) ;
bd=inv(I-a*T/2) *b*sqrt(T) ;
cd=sqgrt(T)*c*inv(I-a*T/2) ;
dd=d+c*(inv(I-a*T/2)*b*T/2;

Thereby, the step responses of the analog and discretized
system are designed and we can observe that they are almost
identical.

a=[0 1;0 0];

b=[0;1];

c=[1 0];

d=[0] ;

T=0.1;
[ad,bdl,bd2,cd,ddl,dd2]=trap2(a,b,c,d, T)
sys=ss(a,b,c,d);

sysd=ss(ad,bd, cd,dd, T) ;

step(sys, 'b’,sysd,'r’)
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Step response
14 T T T T T T T T T

12

10

Amplitude

EXERCISE 5.21

0
1

x(t) 4+ (u(t)

: 0 1
Consider the system x(t)—' 6 5

0
x(t) + 0 u(t)

tfl 0
y()—0 1

Discretize the system using (a) ZOH and (b) FOH. Compare the step
responses of the analog and discretized system in both cases.

Solution

a. Utilizing the ZOH method and using MATLAB, the step
responses of the analog and discretized system are designed.
Observe that both responses are almost identical.

A=[0 1;-6 5];
B=[0;11];
C=[1 0;0 11;
D=[0;0];

[AD,BD,CD,DD]=c2dm(A,B,C,D, T, 'zoh’)
sys=ss(A,B,C,D);

sysd=ss(AD,BD,CD,DD,T) ;

step(sys, ‘b’ ,sysd, 'r’)
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Step response
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b. Utilizing the FOH method and using MATLAB, the step
responses of the analog and discretized system are designed.
Observe that both responses are almost identical.

A=[0 1;-6 5];
B=[0;1];
C=[1 0;0 1];
D=[0;0];
[AD, BD, CD,DD]=c2dm(A,B,C,D, T, ' foh’)
sys=ss(A,B,C,D) ;
sysd=ss(AD,BD,CD,DD, T) ;
step(sys, 'b’,sysd, 'r’)
Step response
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EXERCISE 5.22

Consider the loop transfer function G(s) = 2s/((s + 1)*(s + 2)). (a) Discretize
it using thesample equivalence method (or sampled inverse Laplace trans-
form) and evaluate G(z) in the state space in canonical form and (b) Verify
the results using the simulation program Comprehensive Control—CC.

Solution

a. To calculate the discretized system with the aid of sample
equivalence method, it suffices to compute the inverse Laplace
transform of G(s), substitute t = kT, and after using relevant tab-
ulated values, to compute the discretized transfer function.

L[G(s)]=L" l(S-i-l)ZZiS-FZ) =e'(4—20)—4e7 (522.1)
g(kT)=e " (4 - 2kT) — 4e " =
GT) = 4e™ — 2KTe T — 47 (5.22.2)
g(z)= 4 € Zﬂ) 2 Tzei SR S 2
. (z=7) S (5.22.3)

0.194z(z —1.248)
(z —0.368)*(z—0.135)

gd(z) =

The transfer function of the digital system, without feed-
back, can be written in fractionized form as

0.194z(z —1.248)
(z—0.368)*(z—0.135)
0272 0.733 —0.537
~ (z—0.368)*  (z—0.368) (z—0.135)

F(z)=
(5.22.4)

From the above, the following block diagram in canonical
form arises

%5(k + 1) %,(k)
R(z)
rk |

Block diagram of canonical form
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From the above block diagram, we have the subsequent
equations in the state space

Xo(k +1) = r(k) + 0.368 * x, (k)

5.22.5
x3(k +1) = r(k) + 0.135 % x5 (k) ( )
y(k) = —0.272 % x1(k) 4+ 0.733 * x,(k) — 0.537 % x5 (k)

In vector form, we get
x(k+1)] [0.368 1 0 |[x@)] [o
xk+D|=| 0 0.368 0 |xa2(k)|+|1lr(k)  (5.22.6)
X1 (k)
y(k)=[-0.272  0.733  —0.537]|x5(k)|+0-r(k) (5.22.7)
x3(k)

The system state matrices with loop transfer function gd(z)
resulted from using fraction expansion in canonical form. We
did not use the formulas of the canonical form, controllable
canonical form, observable canonical form, or diagonal canoni-
cal form. Nevertheless, the resulting expressions will always
be the same with respect to the system stability, controllability,
and observability, regardless of the applied method.

The above four matrices are defined, respectively, as A, B, C,
D, which will be used to describe the system hereinafter, that is,
P=1A, B,C, Dl

Evaluation of the closed system stability using the matrix A
(for unit-feedback): We take the system characteristic equation
and if its roots are within the unit circle of complex z-plane,
then the system is stable.

CE: p(2)=0=xI—-Al=0=

A—0.368 -1 0
0 A—0.368 0 =0=
0 0 A—0.135

(A—0.368)% % (A —0.135) =

M2 =0.135= |\ o] <1
= STABLE SYSTEM

X5 =0.368 = [\s| <1
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Evaluation of system controllability

It holds that
1 0.736
AB=10.368|, A®B=10.135 (5.22.8)
0.135 0.018

Thus, the controllability matrix of the state vector is

0 1 0.736
S=|B AB A’B|=S=|1 0368 0.135 (5.22.9)
1 0135 0.018

The determinant of matrix S equals to —0.054, that is, nonzero,
hence rank(S) = 3; so, the system is controllable.
Similarly, the observability matrix of the state vector is

—0.272 ~0.099 ~0.037
RT=| 0733 —1.138%10* —0.099|= \RT\ = -0.002 =0
~0.537 ~0.073 ~0.01

(5.22.10)

The determinant of matrix R is nonzero, hence rank(R") = 3;
so, the system is observable.

Transition from state matrices to the system transfer func-
tion: Based on G(z) = C[z —IA] 'B+ D, we obtain the transfer
function of the discretized system as

_ 0.193718z* —0.241970z —1.410°

G(2) 5
(z—0.368)2(z — 0.135)

~ gd(z) (5.22.11)

The deviations between G(z) and gd(z) are due to the round-
ing of the involved mathematical calculations.
b. Verification of the results using the simulator COMPREHENSIVE
CONTROL—CC
Insert the transfer function into the program Comprehensive
Control—CC, such that

cc>G=enter(1,1,2,0, 2,1,1,2,2,1,2,1)

Using the command Convert, the transfer function G(s) is
being discretized. We select the Sample Equivalence method
for sampling period T = 1 s. We write

CC>gd=convert(G,7,1)
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The loop transfer function in z-domain arises

gd()= 0.1944z(z — 1.248)

" (z—0.3679)*(z — 0.1353) (5.22.12)

We provide the matrices A, B, C, D to the program as

CC>A=(0.368,1,0;0,0.368,0;0,0,0.135)
CC>B=(0;1;1)

CC>C=(-0.272,0.733,-0.537)
CC>D=0

We develop the system in the state space using the command
pack as

CC>p=pack(A,B,C,D)

cc>p
p.a =
0,3680000 1 0
0 0,3680000 0
0 0 0,1350000
p.b =
0
1
1
p.c =
-0,2720000 0,7330000 -0,5370000
p.d =0

Compute the system poles

CC>poles (p)

ans =
0,1350000
0,3680000
0,3680000

Compute the controllability matrix

CC>y=conmat (p)

CC>y

y':
0 1 0,7360000
1 0,3680000 0,1354240
1 0,1350000 0,0182250

Compute the order of controllability matrix

CC>rank (y)
ans = 3 = Controllable system.
Compute the observability matrix

CC>yl=obsmat (p)
CC>y1l
yl =
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-0,2720000 0,7330000 -0,5370000
-0,1000960 -2,256000e-003 -0,0724950
-0,0368353 -0,1009262 -9,786825e-003

CC>rank (y1)
ans = 3 = Observable system.

Derive the transfer function, by using the above matrices via the
command faddeeva as:

cC>g=faddeeva (p)
ce>g
0,196z%2-0,2455z+0,0004128

g(z) =
z"3-0,871z"2+0,2348z-0,01828

We note that the simulation results verify the corresponding theo-
retical ones. Hence, it is confirmed that the Comprehensive Control
program is an efficient simulator, which assists us in deriving our
results and useful outcomes accurately and quite fast.



6

Stability of Digital Control Systems

6.1 Stability

The stability is a structural systemic property directly related to the type of
system response. The response may be bounded or asymptotically tend to
zero. Otherwise, the system response would take emphatically high values,
which would remove the system by its modeling limits or cause damage to
the system itself.

A system is stable if, for finite input, the output is also finite. This funda-
mental principle is known as bounded input-bounded output (BIBO) stability
criterion.

The output of a stable system is within acceptable limits while the corre-
sponding output of an unstable system theoretically tends to infinity.

The stability of a discrete control system is directly connected with
the positions of roots of the characteristic equation (poles) of the transfer
function.

* When the poles are inside the unit circle (|z| = 1), then the response
of the various disturbance signals appear decreasing.

* When there are poles on the circumference of the unit circle or
outside it, then the response with respect to a disturbance input
appears stable or increasing.

A linear time invariant discrete system is stable if the poles of the closed-
loop system are inside the unit circle (i.e., they have real parts between —1
and 1), while it is unstable if at least one pole is located outside the unit
circle.

If the system characteristic equation has roots in the circumference of the
unit cycle with all other roots being located inside, then the steady-state
output will operate unabated oscillations of finite amplitude when its input
is a finite function. Such behavior makes the system marginally stable. All the
above are illustrated in Figures 6.1 and 6.2.
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Res
Refs} < 0 |z |« 1
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FIGURE 6.1

Stability of analog and discrete system.

The most prevalent techniques for determining the stability of a discrete-
time system are

Unit-circle criterion

Routh criterion using the bilinear mobius transformation
Jury criterion

Root locus method

Nyquist stability criterion

Bode stability criterion

The stability analysis of digital control systems is similar to the stability
analysis of analog systems and all the known methods can be applied to
digital control systems with some modifications.

FIGURE 6.2
Time responses as a function of the poles location on the unit circle.
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6.2 Unit-Circle Criterion

The key relation between analog and digital domain is z = e”
or z = eloHIT — poT . gjuT — poT . pjul . %2k =

7= eoT % e]'(wTijZkﬂ) (61)

Hence, the variable z is a vector of length e’T and phase T =+ j2km. As we
know from the analog control system theory, a system is stable when its
poles are located on the left half complex plane s, that is, when Re{s} = ¢ < 0
with marginal stability o = 0. By moving into the z-domain, observe that for
o=0=|z|=|e"|=1and 0 — —o0, |z| =|e">T| — 0.

Thereby, the key relation between stability and poles location is trans-
ferred from the left half-plane s into the unit circle with center being the
intersection of complex z-plane axes (Figure 6.3).

6.3 Routh Criterion Using the Bilinear Mobius Transformation

Routh stability criterion (Routh criterion—1875) is a method of determining
whether any polynomial has all its roots in the left complex half-plane.

Mobius  transform  (Mobius transformation—in honor of August
Ferdinand Mobius):

z+1 w+1
w= =>z=—"
z—1 w—1

6.2)
illustrates the unit circle of the z-plane in the left-half w-plane.

jo Im {Z}

1
-1 1
o |
z=eT
-1
FIGURE 6.3

Relation between the left s half-plane with the interior of unit circle in z-plane.

)

Re {Z}
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Proof: Assume that

w=a+j8 z=x+jy=

g ztl x4y +1 [x—1—jy
w_oH_]ﬂ_z—l x+jy—1 (x=1-jy

_ X +yi-1 . 2y

_(x_1)2_|_y2 ](x_1)2+y2

a<0=x"+y"-1<0=2>+y*<1 (6.3)

From the expression (6.3), we conclude that the left w half-plane is illus-
trated within the unit circle of z-plane.
Consider the characteristic equation

P(z)=ayz" +az" '+ 4a, 1z+a,=0 (6.4)

With the aid of the bilinear transform, the characteristic equation becomes

1 n 1 n—1 1
ao[ +w] +a1[ +w] +-~-+an1[+w]+an:0 (6.5)
1—w 1—w 1—w
or
Qw) = byw" +byw" ' +---b, 1z+b, =0 (6.6)

Hence, we transform P(z) = 0 into Q(w) = 0 and study the stability of the
discrete control system using the Routh criterion similar to the continuous-
time control systems. The Mobious transform is illustrated in Figure 6.4.

Imz Im w
/ Region of Region of
stabfility Rez stability Rew
Z=1+w
1-w
N
' )
[

FIGURE 6.4
z- and w-domains via the Mobious bilinear transform.
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6.4 Jury Criterion (Eliahu I. Jury 1955)

Let the characteristic equation of a sampled data system be

-1
a(z)=apz" + 2"+t a2+, =0 6.7)
We form the Jury table
a [} a, a,_q a, Bn = 117"
a, a,_, a ay o
ap™! ap! arl B, — a
n=1=" 31
a'} a'’} al! a0
— arl—l
Bn—l - Z,i
o
as
where
k k 011’5
k-1
o =0 — ﬁkak,,‘ and Bk =% (68)
Qo

The third row of the above table is obtained by multiplying the second row
with B, = (/o) and subtracting the result from the first row. Thus, the last
element of the third row becomes zero.

The latter process is being repeated until the 211 + 1 row is reached, which
includes a single term.

Jury stability criterion: If ay > 0 then the polynomial a(z) has all its roots
inside the unit circle when all afk =0,1,...,n—1 are positive.

NOTE: If all aof, k=1,2..., are positive, it can be shown that the condition
o, > 0is equivalent to the following two conditions:
a(l)>0

(-D"a(-1)>0 €9

The latter conditions represent necessary stability conditions; therefore
they can be used prior to the formation of the Jury table.

6.5 Root Locus Method

The root locus method (root locus analysis—Evans 1948) is a graphical method
that serves as a means of formulating the locus in the complex plane,
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whereupon the roots of the system characteristic equation are driven as
changing the parameter of a certain value.

Since the transfer function of a digital control system is the ratio of two
polynomials of z, the same rules can be applied as for the formulation of the
root locus in s-domain.

When formulating the root locus, we can find the absolute and relative
stability of the system. The absolute stability requires that all the roots of the
denominator of the transfer function (poles) are within the unit circle.

The relative stability is determined by the location of roots within the
circle relative to locus of fixed attenuation, fixed frequency, and fixed J.

Consider the loop transfer function

P(z)
Q(2)
where P(z) and Q(z) are polynomials of the complex variable z.

The roots of the characteristic equation are the poles of the closed system
and are obtained by

G(z)H(z)=K (6.10)

Q(z)+KP(z)=0 6.11)

where K denotes the system variable.

The position of poles of the transfer function in complex z-plane affects
the transient response of the system and determines its stability. From the
expression (6.11), observe that any change in the value of constant K results
to a location shift for the poles in complex plane.

The root locus diagram is a graphical illustration of the location of poles of
the closed system in z-plane, as one its parameters changes, say K. In the
root locus diagram, we receive satisfactory information for the stability and
overall behavior of a system.

6.5.1 Rules for Approximate Establishment of Root Locus

Some rules that apply on the approximate establishment of the root locus for
the characteristic equation of a discrete control system.

RULE 1: The poles of the loop transfer function (let them be in a form of
G(2)H(z)) are the points of departure of root locus.

RULE 2: The zeros of loop transfer function and the infinity when
m < n are the points of arrival of root locus.

RULE 3: The number of independent branches of the locus equals to
max(n, m) where m and n are the number of zeros and poles of the
loop transfer function, respectively.

RULE 4: The root locus presents symmetry with respect to the real axis
(horizontal axis).
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RULE 5: The intersection of asymptotic lines with the horizontal axis

is given by
Do =) @)
n—m

6.12)

Oy

where

>_it1(pi) = the algebraic sum of the values of poles of the transfer
function.

i=1(zj) = the algebraic sum of the values of zeros of the loop trans-
fer function.

RULE 6: For high z-values, the root locus asymptotically approaches the
straight lines forming angles with the horizontal axis

_@p+hr p=0,1,...,|n—m|-1

, (6.13)
n—m K>0

LPa

RULE 7: A part of the real axis can be a part of root locus if, for K > 0,
the number of poles and zeros that are located to the right of this
part is odd.

RULE 8: The separation and arrival points of the branches from and to
the horizontal axis are called break away points of root locus and are
expressed as

6.11)= K = —%g)) (6.14)

Each root of the equation (dK/dz) = 0 is an accepted break away point
if it satisfies the condition 1 + G(z)H(z) = 0 or ||G(z)H(z)| = 1| for some
real value of K.

RULE 9: The intersection points of the root locus and the circumfer-
ence of the unit circle (where |z| =1) are the points where the system
goes from stable to instable and are calculated from the algebraic
Jury stability criterion or from the algebraic Ruth stability criterion
using the Mobius transform.

RULE 10: The departure angles of root locus for a complex pole or the
arrival angles for a complex zero are calculated as

n m
2 =) %
i=1 j=1

Cpa = Q2p+r — (6.15)
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where

i-1 ¢y = the algebraic sum of the angles of poles with respect to the
reference complex pole (or zero).

>_it1¢.; = the algebraic sum of the angles of zeros with respect to the
reference complex pole (or zero).

6.6 Nyquist Stability Criterion

The Nyquist stability criterion (Nyquist stability criterion—1932) is based
on the graphical representation of the open-loop transfer function for a
particular closed path in the complex frequency domain and provides
information not only on the stability of the closed systems but for their rela-
tive stability as well. The special closed road is called Nyquist path or Nyquist
plot and includes the right complex half plane. In Figure 5.7, Nyquist path I'c
is presented.

The Nyquist stability criterion studies the stability of the closed-loop
system, when the open-loop transfer function is considered as known. To
apply the Nyquist stability criterion in discrete-time systems, it suffices to set
z = T in the open-loop transfer function and to design the polar diagram
with the circular frequency w as a parameter.

Consider the discrete system of Figure 6.5.

Its transfer function is presented as

Y(z) _ H(z)

C&)= ) 12 HE) (6.16)
The characteristic polynomial is given by
1+ H(z) (6.17)
It holds that:
N=Z-P (6.18)
H(z) L
FIGURE 6.5

Closed discrete system.
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where
Z = the roots of the characteristic equation 1 + H(z) = 0, except the unit
circle.
N = the number of encirclements of the point —1 + jO clockwise to H(z).
P = the number of poles of H(z) outside the unit circle.

Based on Nyquist criterion, to preserve the stability of the closed system,
then P = 0 should hold, thus

N=Z 6.19)

Figure 6.6 illustrates a typical Nyquist path.

Nuyquist stability criterion: If the open-loop system is stable, then the stability
of the closed-loop system is determined by the case when the point —1 + jOis
surrounded by the Nyquist diagram of H(e/") for T, from 0 to .

The gain margin k, is defined as the quantity arising from the expression
(6.20) and it is the inverse value of gain |H(¢/")| into the frequency for which
the phase angle tends to —180°:

1

kg = H(ejwcT) (620)

where w. = the critical frequency where the Nyquist diagram of H(e/“")
intersects the axis Re{GH}, that is

arg(H "y =—x 6.21)

A closed system is stable if k, > 0.

{
13~
m

FIGURE 6.6
Nyquist path.
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The gain margin is the amount of gain increase or decrease required to
make the loop gain unity at the frequency where the phase angle is —180°.

The phase margin ¢,,,,, is the quantity arising from the expression (6.22)
and it is the angle at which the diagram of H(e/“T) should be rotated so as the
point of |H(e“T)| = 1 pass through the point —1 + jO of the coordinates plane
of H(ei“T):

Parg = +arg(H(e")) 6.22)

where we is the frequency where the amplitude |H(e/“CT)| equals to unity.
This stability measure is practically equal to the added phase delay, which
is required before the system is turned to unstable.
A closed system is stable if ¢, ., > 0.

6.7 Bode Stability Criterion (H.W. Bode—1930)

Using the bilinear transform z = (1 + (T/2)w)/(1 — (T/2)w) the internal of the
unit circle of the complex z-plane is depicted to the left w half-plane. In this
way, we study the stability of a digital control system in w-domain, by utiliz-
ing the same methods applied to analog systems. Consider a control system
with the loop transfer function:

bozm + blz"H +-- bm

G(z)= , < 6.23
@) 2"+ a2+, msn 6.23)
Let the transform:
_1+(T/2w
C1-(T/2w (6.24)
m m—1 .
(6.23),(6.24) = G(w) = oW T +-by 6.25)

w"+aw" " 4+ a,

Based on G(w) and setting w = ju (Where v is the system angular frequency),
the Bode diagram can be designed for G(jv), while some useful outcomes
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FIGURE 6.7
Relation between the analog and digital frequency.

regarding the stability of the closed-loop system can be extracted. Figure 6.7
illustrates the relation between w and (T/2)v.

6.8 Formula Table

The formula Tables 6.1 through 6.3 are discussed here.
where

ag Ay—k

b, = , k=0,12,...,.n—-1
a, g
bO bn—l—k

= , k=0,12,....n-2

“ b, 11 "
Co Cpo_

do=" " k=0,1,2,.,n-3
Cn—2 Ck
Po P3 Po 1

‘70: 7 =
Ps3 Po Ps P2
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TABLE 6.1
Algebraic Stability Criteria

Digital Control Systems

z
1. Routh/Mébius @ ="">= 2

+1 _w+1

1 w—1

2. Jury Table

Row

n—1 n-1 n

1 g [} a, a3 Ay Ay a,
2 a, a, a, a, a ay
3 by by b, by b, > b, 4 b,
4 b, b, bya b, s b, by by
2n -5 Po P1 P2 Ps
2n—4 Ps P2 P Po
2n -3 qo N1 g2

TABLE 6.2

Steps of Root Locus Approximate Establishment for the Characteristic Equation
of a Discrete System

ala Formulas Comments
1 G(2)H(z) Open-loop transfer function
m Measure condition of the
2 K| Hi:1| 24z - root locus points
| ERE]
j=1
—oco< K <o
Phase condition of the root
m n 2p+1r, K=>0 "
3 Z et zi)— Z,-:1 <Az+p)= l 2pm, K<0 locus points
p==x1,£2,...
4 I = max(m, n) Number of branches of root
locus
Angles between the
=0,1,...,[n—m[-1 L. .
5 Qpa = M, {p [n=ml asymptotic lines with the
n—m K=0 real axis for K > 0
L " Intersection point of the
6 o — lel pi Z j=1 i asymptotic lines and the
‘ n—m real axis

dK Finding the breaking points

7 o = 0=z z, (1st way)
1+ G(zy)H(zy)=0 and K€eR
" n Departure angles of root

8 i =2p+ 1)~ [Zizl on=D P ]

locus from complex poles
or arrival angles in
complex zeros
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TABLE 6.3
Nyquist Criterion
Closed-Loop Transfer
Open-Loop Transfer Function H(z) Function _H@
1+ H(z)
e It should hold: N = —P (Nyquist stability criterion)
where
N = the number of surroundings for the point —1 + jO clockwise to
G(jw)H(jw).

P = the number of poles of G(s)H(s) outside the unit circle.
® Gain margin
1
5~ He

we = the critical frequency where the Nyquist diagram of H(e/“T) intersects
the axis Re{GH], that is arg(H(e*") = -7
Phase margin

Pmarg =T + arg(H(ewaT)

Q¢ = the frequency where the amplitude |H(e/")| equals to unity.

k,>0
It should hold: {—__ to preserve stability
Pmarg >

Jury Stability Conditions

F(1)>0
(—1)"F(=1)>0
lag| <[]
|bo | > bu-s

co|>[cn—2|

[r0]> 72|

6.9 Solved Exercises

EXERCISE 6.1

Define the region of values for the parameter K so as the following sys-
tems are stable:
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SL: y(nT) — Ky(nT — T) + K2y(nT — 2T) = x(nT)
S2: y(uT) — 2Ky(nT — T) + K>y(nT — 2T) = x(nT)

Solution

For the system SI, transform the difference equation in z-domain and
calculate its transfer function.

Z(y(nT)— Ky(nT —T) + K*>y(nT — 2T)) = Z(x(nT))
=Y(z)- Kz 'Y (2)+ K*272Y(z) = X(2)
_Y() _ 1

H(z)= = 6.1.1
() X(z) 1-Kz'4+K%*z732 6.1
Finding the poles of H(z)
1-Kz '+ K2 ?=0=2"-Kz+K*=0 6.1.2)
Yet: zz—l<z—0—K2:zz—Kz—e—(K/Z)z—i-%K2
2
—-K 3
e +1<2=[27] +2K2=0
: : 2 4
2
z—K 3., K, . =K
= =— K =z=—"%jJ3— 1.
[ 5 ] LK== B 6.13)
The modulus of z is given by
2 2
2| [g] +[\/§§] —JK (6.1.4)

To obtain stability, |z| <1 should hold. Thus, solving the latter
inequality we have that the region of values for the parameter K, to pre-
serve stability, is -1 < K < 1.

For the system S2, transform the difference equation in z-domain and
calculate its transfer function.

Z(y(nT)—2Ky(nT —T)+ sz(nT —2T))=Z(x(nT))
Y(z)— 2Kz 'Y (2) + K*2 7Y (z) = X(2)

1

6.1.5
1-2Kz '+ K%z ©15)

H(z)=

Finding the poles of H(z)

1-2Kz '+ K2 ?=0=(z—K)*=0=>z=K



Stability of Digital Control Systems

The modulus of z is given by

FENE (6.1.6)

To obtain stability, |z| <1 should hold. Thus, solving the latter
inequality we have that the region of values for the parameter K, to pre-
serve stability, is -1 < K < 1.

EXERCISE 6.2

The characteristic polynomial of a system is a(z) =2z>+ 0.7z + 0.1.
Evaluate the system stability. Repeat the procedure if the characteristic
polynomial is z® — 1.2z2 — 1.375z — 0.25 = 0.

Solution

a. Setz = (w + 1)/(w — 1) into a(z) so as to transfer from z-domain
to w-domain, having that

2 5 5 ,
w—1 w—1 (w—1)
2
o)~ 180+ 180404 621
(w-1)

The numerator of o(w) is the characteristic polynomial
where we apply the Routh criterion.
Routh table is presented as

w2 1.8 0.4
wt 1.8 0
Wo 0.4

The coefficients of the first column have the same sign, hence
the system is stable.
Analyzing a(z) in product terms, we get

a(z) = (z+0.5)(z+0.2) 6.2.2)

Its two roots are p; = —0.5 and p, = —0.2, which are placed
inside the unit circle and, therefore, the system is stable by
using the unit circle criterion.

b. Setz = (w + 1)/(w — 1) into a(z) so as to transfer from z-domain
to w-domain. The characteristic equation becomes:

—1.875w® 4 3.875w” + 4.875w +1.125 =0 6.2.3)

231
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The Routh table is presented as

W3 —1.875 4.875
W2 3.875 1.125
Wi 5419 0

Wo 1125

From the above table we see that there is a sign change in the
first column, so given the three roots of the characteristic equa-
tion, one is on the right complex plane thus the closed system is
unstable.

EXERCISE 6.3

The characteristic polynomial of a system is a(z) = z® — 1.322 — 0.8z + 1.
Evaluate the system stability using the Jury stability criterion.

Solution

It holds that a(1) = —0.1. Since (1) < 0, the necessary condition is not
satisfied, hence the system is unstable.
Indeed, the roots of the characteristic equation a(z) = 0 are

pr = —0.8841
p2 =1.3402
pr = 0.8440

Due to p, = 1.3402, which is outside the unit circle, the closed-loop
system is unstable.

EXERCISE 6.4

The characteristic polynomial of a system is a(z) = z*> + o,z + «,. Evaluate
the system stability using the Jury stability criterion.

Solution
We formulate the Jury table

1 a a; B,=a,

a, a 1

17&122 ul(] - uZ)

a(l—a 1—a? B =_"
(1 —ay) 2 1o

2 @’ (1—a)

1—a
2 1+

All roots of the characteristic polynomial are located inside the unit
circle if
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1—a2 >0

1-0[2
1+

(€51

((1+a2)2—o<12>>0

Thereby, it suffices to show that

—l<a,<1
o>-1+o

o> -1-04

EXERCISE 6.5

6.4.1)

Stability
area

The characteristic polynomial of a system is F(z) = z° + 2.6z* — 0.56z% —
2.05z% + 0.0775z + 0.35 = 0. Evaluate the system stability using the Jury

stability criterion.

Solution

We formulate the Jury Table

Row 20 z1 z? z8 z4 z5
1 0.35 0.0775 -2.05 —0.56 2.6 1

2 1 2.6 —0.56 —2.05 0.0775 0.35
3 by b, b, b, b,

4 b, b, b, b, b,

5 c [ c, [N

6 3 C, [ C

7 d, d, d,

The third row of the above table is calculated as

(2]
bo ==
as
oy
b] —
as
o
bz ==
as

as

ay

g
3]

as

a

(035

1

0.35

1

0.35
1

1

=—-0.8775
0.35
26 | _ 2.5728
0.0775
—0.56
=-0.1575
—2.05

233
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ay a 0.35 —2.05
b; =1.854
as as 1 —0.56
0.35 0.0775
R —0.8352
as Ay 1

Similarly, calculate all the other terms of the table, which yields

Row 20 z1 22 z3 z4 z5
1 0.35 0.0775 -2.05 —0.56 2.6 1

2 1 2.6 —0.56 —2.05 0.0775 0.35
3 —0.8775 —2.5728 —0.1575 1.854 0.8352

4 0.8352 1.854 —0.1575 —2.5728 —0.8775

5 0.077 0.7143 0.2693 0.5151

6 0.5151 0.2693 0.7143 0.077

7 —0.2593 —0.0837 —0.3472

The stability conditions for a fifth-order system are

F(1) > 0
(~1PE(-1) > 0
|ag| < a5
ol > by
Icol > les|
|do| > ||

F1)=1+42.6-0.56 —2.05+0.0775+0.3514175

Thus, the condition is satisfied.

F(-1)=—-1+2.6+0.56 —2.05—0.0775+0.35 = 0.3825

The condition (—1)°F(—1) > 0 is not satisfied.
The condition |ay| < a5 is satisfied.

The condition |by| > |b,| is satisfied.

The condition |c)| > |c;| is not satisfied.

The condition |dy| > |d,| is satisfied.

The closed-loop system is unstable.

Verification using MATLAB®: The function Jury.m (https://www.math-
works.com/matlabcentral/fileexchange/13904-jury/content/jury.m)
estimates the Jury Table and will be used in the following exercise.


https://www.mathworks.com/matlabcentral/fileexchange/13904-jury/content/jury.m
https://www.mathworks.com/matlabcentral/fileexchange/13904-jury/content/jury.m
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function [J,C] = jury(coeff)

J = [coeff;flipdim(coeff,2)];
typ = class(coeff);
n = length(coeff)-1;

if strcmp (typ, ' sym’)
for i=3:2:(2*n+1)
try
alph = J(i-1,1)/J3(i-2,1);
catch
disp(’Your polynomial seems to be critical’)
rethrow (lasterror) ;

break;
end
newrow_1 = J(i-2,:)-alph*J(i-1,:);
newrow = simplify(newrow_ 1) ;
J = [J ; newrow ;

[flipdim(newrow(l:end- (i-1)/2),2),
zeros (1, (i-1)/2)1
1

end
else
for i=3:2:(2*n+1)
try
alph = J(i-1,1)/J3(i-2,1);
catch
disp(’Your polynomial seems to be critical’)
rethrow (lasterror) ;
break;
end
newrow = J(1-2,:)-alph*J(i-1,:);
J = [J ; newrow ;

[flipdim (newrow (1:end- (i-1)/2),2),
zeros (1, (i-1)/2)]
1
end
end

J = J(1l:end-1, :)
C = J(1:2:end, 1)

o

% Provide the vector of coefficients for the characteristic
polynomial
coeff=[1 2.6 -0.5 -2.05 0.0775 0.35];

% With the command jury, formulate the Jury Table
jury (coeff)

ans =
1.0000 2.6000 -0.5000 -2.0500 0.0775 0.3500
0.3500 0.0775 -2.0500 -0.5000 2.6000 1.0000
0.8775 2.5729 0.2175 -1.8750 -0.8325 0
-0.8325 -1.8750 0.2175 2.5729 0.8775 0
0.0877 0.7940 0.4238 0.5659 0 0
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0.5659 0.4238 0.7940 0.0877 0 0
-3.5646 -1.9413 -4.7005 0 0 0
-4.7005 -1.9413 -3.5646 0 0 0

2.6337 0.6186 0 0 0 0

0.6186 2.6337 0 0 0 0

2.4884 0 0 0 0 0

From the coefficients of the first column, it is clear that they do not
have the same sign, therefore the system is unstable.

°

% Find the roots of the characteristic polynomial
>> roots (coeff)

ans =

-2.4708

0.6812

0.5106

-0.8306

-0.4904

Indeed, there is a pole at —2.4708, which is outside the unit circle, caus-
ing the instability of the closed system.

EXERCISE 6.6

Derive the region of values for K, such that the closed system shown in
the following scheme is stable (a) using the Routh criterion and (b) using
the Jury criterion.

G(s)
© ]
+ e(t K
u(t) T, il ¥(®)
Solution
The transfer function of the given system is
G(s)= K __ I<[1 N ] 6.6.1)
s(s+1) s s+1
ILT =kT
6.6)= g(t)=K(1—¢ ") = g(kT)=K(1—e ") (662
z(1—e™T)

(6.62)= G(z) = z[g(kT)] =K 6.6.3)

2Z2—(14e Nz4e T

The poles of the closed system can be found by solving 1 + G(z) =0,
that is, they are the roots of

P@)=2*~[e TA+K)+1-K|z+e T =0 (6.6.4)
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a. Find the stability using the Routh criterion
In the expression (6.6.4), set z = (w + 1)/(w — 1), thus

_wKA—e ) +wl—eT)+2(1+e ) —Kl—eT")

P 0 6.6.5
(w) w1 ©6.3)
Formulate the Routh table
w? K1 —eT) 214" — K1 —eT)
w! 2(1 —e)
w® 21 +e ) —K(1 —e7)
To obtain stability, it should hold that
K1-eT)y>0
21—e")>0 (6.6.6)

21+e ) —K1-eT)>0
From
Kl-—eT)>0=

From

204+e ) —K1l—eN>0=|2 <

Consequently, we get

T
0<K<2ite :2cot[T] (6.6.7)
—e
b. Find the stability using the Jury criterion
Formulate the Jury table
1 e T1+K) —1+K T
e’ - T1+K) -1+K 1
1—e?r "= Dle"1+K +1-K]
eT—Dle™1+K) +1-K] 1—e?r

1_e 2T _ (e 71y
1_¢ 2T

(e T(A+K)+1—-K)?
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According to the Jury criterion, the necessary stability con-
ditions are

1>0:True, 1—e 2T >0:True

1—("—(1 D T4 K)+1-KP =

(1-eHK*—2K(1—-e*)<0

In order to hold true the last inequality, K should be placed
inside the range of roots of the polynomial at the left-hand side
of the corresponding inequality, which is: 0 and 2((1 + e~/
(1 — e™) = 2cot (T/2), that is, K should satisfy

T
0<K<21+67T ~2cot| T

5 6.6.8)

EXERCISE 6.7
Evaluate the system stability of the following transfer functions.

a. Hiz)= Z=05)
(z+0.75)
b. H(z) = (f +1)
(z2 —0.25)
¢ H(z)=—2G=1

(z* 4+ 0.5z - 0.5)
(z—0.5)(z +0.5)

d H@ =" 2, 075

Write the appropriate MATLAB command to design the step responses
of the above systems.

Solution
a. H(z)=-2=05
(z+0.75)
The system is stable because the system pole p = —0.75 is inside
the unit circle.
2
b Hz)= & D
(z- —0.25)

The system is stable because the system poles p; = —0.5 and
p, = 0.5 are inside the unit circle.
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Subsequently, the diagram of poles and zeros is drawn for
the two systems.

Im#4 Im?_
(@) . ®) !
/ \ Re Re
) - -
-1 \Z75 j 1 -1 \-5 5 /1
j j
¢ H(z) = z(z—1) _ z(z—-1)

(z2+052-05) (z—1)(z—0.5)

The system is marginally stable because one of the system poles
(p = —1) is on the circumference of the unit circle.

(z—05)(z+05) (z—0.5)(z+0.5)

H(Z) = 2 - . -
(Z2+2+075)  (z+0.5+07j)(z+0.5—07))

The system is stable because the system complex conjugate
poles p, = 0.86¢/126° and p, = 0.86e7126° are inside the unit
circle.

Subsequently, the diagram of poles and zeros is drawn for
the two systems.

Im b Imb_.;
© . ]
¢ -7 (d) 0.86
X
2 v
e Re
) O O
1 -5 Y I -1 5 N
X
j ]

To design the corresponding step responses, the following
MATLAB commands are used:

step([1, -0.5],[1, 0.75]) % for system (a).
step([1, 0, 11,[1, 0, -0.251) % for system (b).
step([1, -1, 0],[1, 0.5, -0.5]) % for system (c).
step([1, -0.25],[1, 1, 0.75]) % for system (d).

239
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EXERCISE 6.8

The following transfer functions are given:

(@ _ 02 oy 18 y(x) 2
u(z) z-08" u(z) z+08  u(z z+1’
Ya(2) _ 2 ys(z) _ 1.25

uz) z—1" u(z) (z—j0.5)(z+ j0.5)

For a step input, derive the first ten output values of each system.
Evaluate the stability of these systems.

Solution

The difference equations of the given systems are

vi[nT.]=0.2ul(n — )T.]+ 0.8y [(n — 1)T.] 6.8.1)
va[nT.]=1.8u[(n —1)T.] - 0.8y,[(n —1)T.] 6.8.2)
ya[nT.] = 2ul(n—)T.] - ys[(n — 1)T.] 6.8.3)
YalnT] = 2u[(n = DT ]+ yal(n - DTi] (6.84)
ys[nT.]=1.25u(n — 2)T,] — 0.25ys[(n — 2)T.] 6.8.5)

The first ten output values of each system, for a step input function, are
provided in the following table.
From the values of this table, the following outcomes emerged:

e The pole of the pulse transfer function for the first system is
real positive number and is inside the unit circle (p = 0.8). The
response exponentially reaches the final value, that is, unity.
The system is stable.

* The pole of the third system is p = —1. The response oscillates
with fixed amplitude. The system is marginally stable.

* The pole of the fourth system is p = +1, the system acts (oper-
ates) as an integrator.

* The poles of pulse transfer function of the fifth system are imagi-
nary conjugates and are located inside the unit circle. The response
tends to unity with small oscillations. The system is stable.

n Ya Y2 Ys Ya Ys

0 0 0 0 0 0

1 0.2 1.8 2 2 0

2 0.36 0.36 0 4 1.25

3 0.488 0.512 2 6 1.25

4 0.5904 1.3904 0 8 0.9375
5 0.6723 0.6877 2 10 0.9375

Continued
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6 0.7378 1.2499 0 12 1.0156

7 0.7902 0.8001 2 14 1.0256

8 0.8322 1.1599 0 16 0.9961

9 0.8658 0.8721 2 18 0.9961

10 0.8926 1.1023 0 20 1.001
EXERCISE 6.9

A system with the closed-loop transfer function P(z)= K(1—e52)y/
(z—e %)) is given. Derive the sampling period if the parameter K = 4
for critical stability.

Solution

Since K, = 4, the transfer unction becomes:

1—e &2
P(z)= 4W (6.9.1)
The characteristic equation of the system is presented as
1—e 5?2
1+P(z)=1+4-—— 57> =0 6.9.2)
z—e "
=z—e 24 41—-eH=0 6.9.3)
Solving with respect to z, we have
z=—4+45¢ /2 (6.94)
For marginal stability, z = —1, hence from the expression (6.9.4) we get
5¢ " =3=¢"?=3/5= % =In0.6=-0.5108 =T, =1.0217s (6.9.5)

EXERCISE 6.10

For a closed-loop discrete system, the transfer function of the process
is P(z) = (1/z), while for the serial controller is C(z) = Kz/(z — 1). Derive
the maximum value of parameter K such that the closed-loop system
is stable. For K = K_,,./2 calculate the system output for k =0, 1, and 2.
Assume a unit-step input.

Solution

The discrete open-loop transfer function is

L(z) = C(2)P(z) = %

N | =

= K (6.10.1)
z—1
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The characteristic equation of the closed system is expressed as
14+Lz)=0=z—1+K=0 (6.10.2)

In order for the closed-loop system to be stable, it suffices to hold
|z| <1, which leads to the condition K, = 2.
For K = K,,,,,/2 = 1 we have

max

L(z)= K = 1 (6.10.3)
z—1 z-1

The total transfer function is given by

@ — L(Z) — 1/(2 - 1) — l — Z—l (6 10 4)
R(z) 1+Lkz) 1+1/(z-1) =z o

For step input, output is
ylkl =1k-1]1=y[0] =0, y[1] =1L y[2] = 1.

EXERCISE 6.11

Theloop transfer function of a discrete systemis givenas G(z) = (0.632Kz)/
(z2 — 1.368z + 0.368). N Derive the region of values for K to obtain stabil-
ity of the closed system.

Solution

The system characteristic equation is

0.632Kz

1+G(z)=1 = 6.11.1
TOE =1t 2 3682+ 0,368 G110
In the expression (6.11.1), set z = (w + 1)/(w — 1).
0.62Kz
z* —1.368z +0.368 6.11.2)

= 0.632Kw +1.264w + (2.736 — 0.632K) = 0
Formulate the Routh table.

0.632K 2.736 —0.632K
1.264
2.736 —0.632K

For stability, it should hold:

2736 -0.632K >0=0< K <4.33 6.11.3)
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EXERCISE 6.12

The system of the following scheme is given.

1. For G(s) = 1/(s(s+1)), design the Nyquist diagram (I'= 1 s)

r c
By e ZOH |— Gs)

2. For G(s) = (1/5%), design the Bode diagram (I'=1s).

Solution

We use MATLAB to design the requested diagrams.
% Design the Nyquist diagram

clear

clf

np=[0 0 10];

dp=[1 5 0];

[num denl=c2dm(np,dp,1,'z’);

dnyquist (num,den, 1) ;axis([-1.5 0 -20 20])

Nyquist diagram
20 T T

15 k

10 b

Imaginary axis

_15 J

-15 -1 -0.5 0

Real axis

% Design the Bode diagram
w=[logspace (-1, .4) 1000];
np=[0 0 1];

dp=[1 0 0];

[a,b,c,d]l=tf2ss (np,dp) ;
sysc=ss(a,b,c,d);

T=1;
sysd=c2d(sysc, T, 'zoh’) ;
[magph] = bode (sysd, w) ;
loglog(w,magph(1,:)) ; grid
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102

10' | ; ‘ ]

109 |

10—1_ : S\ . I Do

10—2 i i i
1071 100 10! 102 103

EXERCISE 6.13

Design the root locus of a system with the open-loop transfer function:

K(z +0.995)

PEGE = 1z —0905)

Solution

The loop transfer function is

K(z +0.995)

D(2)G(z) = (Z—1)(z—0905) 6.13.1)

The system characteristic equation is given by the expression (6.13.2).
Solve with respect to K and equate the derivative (dK/dz) to zero, to
obtain the breaking points. We have that

K(z +0.995)

L DEGE) =0= 14 0905)

=0 6.13.2)

(z=1)(z—0.905) _ z*—1.905z+0.905

(6.13.3)
z+0.995 2+0.995

(6.132)=K =

dK 0 224199z -2.76 =0

aK _ (6.13.4)
dz zZ1 = 0.954,22 =-2934
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Both roots of (dK/dz) = 0 are breaking points since:

K |z:0.954 - 0001 > O K |z:—2.934 - 203 > 0 (6135)

Calculate the intersections point of root locus with the unit circle

(6.13.2) = z* + (K —1.905)z + 0.905 + 0.995K = 0 (6.13.6)
It should hold
A1) >0
A(-1)>0{=0<K <0.095 (6.13.7)
|A0) <1

For

2 _ =
K. =0.095= z-—1.81z +'1 0
71 =0.905+j0.425

Design the root locus as

Root locus

0.5

Imaginary axis

Real axis
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EXERCISE 6.14

Design the root locus for the system of the following scheme.

+ / 1-e5 k C(s)

T = 0.1 sec s s(s +1)

R(s)

Solution
The open-loop transfer function is G(z)

G(z):z{len k ]:(1z‘)zl k ]

s s(s+1) s*(s+1)
z—1 |k k k z—1| kTz kz kz (6.14.1)
=G =—Z|—5 —— = —
(@) s? s+s+1 z [(z=1?% z—1 z—eT
-T -T -T
:>G(z):kZ(T_1+e )—0—1—2 —Te
z—=1(z—e")
For
T—01s= G(z) = k0.00484(z+0.9672) (614.2)

(z—1)(z — 0.9048)

The open-loop transfer function has two poles (P1 =1, P2 = 0.9048)
and a zero (Z1 = —0.9672).
Find the departure point from the horizontal axis

dk _,

ax _ 6.14.3
. (614.3)

where k is calculated from the characteristic equation 1 + G(z) = 0.

!/

dk _( (z—1)(z—0.9048)
dz  |0.00484(z —0.9672)
z1=0.9516

= 22419344z —2.7471=0
“t z 22 = —2.886

Both roots of (dk/dz) =0 are breaking points since there are posi-
tive values for the amplification parameter of the system. The critical
value of K, K, for which the system becomes stable, can be found by
using the Jury criterion or the Routh criterion with the aid of bilinear
Mobius transform, yielding that K, = 165. The design of root locus of the
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characteristic equation follows, where we observe that the digitalized
system is unstable for K > 165, regardless of the fact that the original
system is asymptotically stable.

2.5

0.94
2

0.88 0.8 0.68 0.5 0.25

5
0.975

0.994
0.5

-0.5
0.994

0.975

0.94
0.88 0.8 0.68 0.5 0.25
-2.5

-6 -5 -4 -3 -2 -1 0 1 2

EXERCISE 6.15

Approximately design the root locus of the systems with open-loop
transfer functions, as given below. Evaluate the stability of the closed-
loop systems.

z z ya
G=—=, S PR S A R S—
@="0s 2(2) (z—0.5) :(2) (z—0.1)(z—0.8)

z+40.6 z z(z—0.6)
Guz)=— 2770 G)=— Gz)= 2O
&= oz 08 PP 7 oazr06 “P T 7 042108
Solution
z
Gi(z) =
&= ""0s

For the first system, the transfer function has a zero at 0 and a pole at 0.5.
In the following scheme, the root locus of the system characteristic equa-
tion is presented. Since the locus branch is located inside the unit circle,
the system is stable.
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1

0.86 076 058 0357 |
¥ ~
08 0.92 3 <
4 A\
0.6 4 \
0.96 /
04
0.984
020,996 [~
| J
(2175 L5 125 1 075 05 025
==
0.2 1099
o4 0984
\
_0.6 096 L J
AY !
~0.8 \ /
0.92 % ,
. 0.86 076 058 036 2
) 215 -1 -05 0 05
ya
Ga(z)=
(z—0.5)
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For the second system, the transfer function has a zero at 0 and a
double pole at 0.5. In the following scheme, the root locus of the system
characteristic equation is presented. Since the two locus branches are
located inside the unit circle, the closed-loop system is stable.

Root locus
1 I T =To_. T
08 A
o6f  ° 1
04l [ s
—~ ' \
T ! \
z 02/ .
%) ' '
= ' \
o] U A
> 0 *
2 3 ]
] \ .
g \
P 021" e
E : !
~04+ N '.' 1
—06 - . L i
0.8 | el et 1
L e
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Real axis (s™1)
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Imaginary axis (s71)

zZ

G = oD@ _08)

For the third system, the transfer function has a zero at 0 and two
real poles at 0.1 and 0.8. In the following scheme, the root locus of
the system characteristic equation is presented. Since the two locus
branches are located inside the unit circle, the closed-loop system is
stable.

249

Root locus
1 e T, T
08+ |
0.6 |
04 N
0.2 —,." /_\ .
0 ﬁ
-0.2 \/
—04 | S
0.6 - ‘\x /«" N
-08 |
» L e e
-1 -08 -06 -04 02 0 02 04 06 08 1

Real axis (s71)

z+0.6

G = 0z _0s)

For the fourth system, the transfer function has a zero at —0.6 and two
real poles at 0.1 and 0.8. In the following scheme, the root locus of the
system characteristic equation is presented. Since the two locus branches
are not located inside the unit circle, the closed-loop system is condition-
ally stable.
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Root locus
1

0.5 [
o
~ 0
1]
=
<
>~
s
|
B 05|
E

_1 -

-15 1 1 1 1 L 1
-2.5 -2 -15 -1 -0.5 0 0.5 1

Real axis (s71)

..z
z2—0.4z+0.6

Gs(2)=

For the fifth system, the transfer function has a zero at 0 and two
complex conjugate poles at 0.2000 + 2.4413i and 0.2000 — 2.4413i. In the
following scheme, the root locus of the system characteristic equation
is presented. Since the two locus branches are located inside the unit
circle, the closed-loop system is stable.

The breaking point is computed as

Kz
14+Gs(z)=0=1+———"—— =0
5(2) 22042406
27
:>K:7z 0.4z+0.6

V4
d—K:0é22:0.6
dz
z=+0.7746

z;=0.7746 = K =—1.1492
z, =—0.7746 = K =1.9492

Breaking point is the root z, = —0.7746 where it holds that K = 1.9492 > 0.
The angle of departure from the complex pole is 0.2000 + 2.4413i is

04 =180°— (g1 — f)=180°—(90° —75°) = 165°
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Root locus

Imaginary axis (s~1)

Real axis (s71)

Go(2) = z(z—0.6)

z2—0.4z+0.6

For the sixth system, the transfer function has two zeros at 0 and 0.6,
and two complex conjugate poles at 0.2000 + 2.4413i and 0.2000 — 2.4413i.
In the following scheme, the root locus of the system characteristic
equation is presented. Since the two locus branches are located inside

the unit circle, the closed-loop system is stable.

Root locus

o
e
T
N

.

<
RS
T

e
)
T

(=]
o~

|

o

%)
T

Imaginary axis (s™1)

|
N
NS
T

1
o
o
T
.
.

-0.8 Sel

[T L

L
-1 -0.8 -0.4 -0.2 0 0.2

Real axis (s™1)
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EXERCISE 6.16

Design the root locus of the characteristic equation for the system of the
following scheme and provide some relevant outcomes regarding its
stability. Assume that

1 K Kz
o= and Go(= ="
(T:0.5,1,and 2 s)
R(z)
&—" Gyl |—| zom G0 5
"

Solution

Calculate the transfer function of the given system using ZOH.

1-e™ 1 1 1
Z[Gy(s)G,(s)]=Z ——I=1-z)Z
[Gu(s)G, ()] S+1} ( ) S(S+1)]
:(1_271)211 1 ] (6.16.1)
s s+1
_ z—l[ z oz ]: 1—e "
z (z—=1 z—¢") z—e"
The open-loop transfer function is
T
G(2) = Go(2)ZIGH (5)G (5)] = 1= (616.2)
z—lz—e
The characteristic equation of the system is given by
T
Ke(l-e) 0 (6.16.3)
(z—D(z—eT)
1. For sampling period T'= 0.5 s, we have
(6.162)= G(z) = 039Kz (616.4)

(z—1)(z — 0.6065)

G(z) has two poles at z =1 and z = 0.6065, and a zero at z = 0.
The finding process of the breaking points follows:

_ (z—1)(z—0.6065)

(6.16.3),(6.16.4) = K =
0.3935z

(6.16.5)
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dK _ 2" —0.6065

= = 0= 2% =0.6065 (6.16.6)
dz 0.3935z
(6.16.6) = z=0.7788 and z=—0.7788.

Forz =0.7788 = K = 0.1244 and for z = —0.7788 = K = 8.041.
Since both values of the amplification parameter are positive,
z = 0.7788 is the point of departure for the branches of the hori-
zontal axis (break away point) and z = —0.7788 is the break-in
point to the horizontal axis. In the following scheme, the root
locus of the characteristic equation for T = 0.5 s is depicted.

0.86 076 058 035" iy
/ \

/ \
4 A\

/ b
06996

0.8 0.92

04 0.984 I

0.2 0,996 I
I ] J
02175 1.5 1.25 1{ 0.75 0.5-0.25
]
1

0 0996

04 0984 1

\ !
_0.6 096

-0.8 092 by ©

x b /
0.86 0.76 0.58 035_ -

-

-1 1
-2 -15 -1 -0.5 0 0.5 1 15 2

—

The marginal value of K parameter for stability is calculated as

03935Kz
(z—1)(z — 0.6065) (6.16.7)
= A(z) = z* —1.6065z + 0.6065 4- 0.3935Kz = 0

Az)=1+

It should hold

|A(0)| < 1= 0.6065 < 1
|A(1)]> 0 = 0.3935K >0 =K >0 (6.16.8)
|A(~1)|> 0 = 1.6065* 2 — 0.3935K > 0 = K > 8.1652

Consequently: K, = 8.1652
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The poles of the closed-loop system for K = 2 are given by
z1 = 0.4098 + j0.6623 and z2 = 0.4098 — j0.6623

These poles are marked with bullets in the root locus
diagram.

2. For sampling period T'=1s, we have

Glz)= - 006%21Kz 6169)
(z—1)(z—03679)

In the following scheme, the root locus of the characteristic
equation for T'= 1 s is presented.

G(2) has two poles at z = 1 and z = 0.3679, and a zero at z = 0.
Using the process of finding the breaking points, the breakaway
point is at z = 0.6065 and the break-in point at z = —0.6065. The
corresponding gains are K = 0.2449 and K = 4.083, respectively.
The marginal value of the parameter K for stability is 4.328. The
poles of the characteristic equation which correspond to K = 2
are zI1 = 0.05185 + j0.6043 and z2 = 0.05185 — j0.6043, which
are presented in bullets at the root locus diagram.

Root locus
1 s
0.86 076 058" 0357 T TTa.
e \‘
08 0:92 . |
I" “
0.6 7 0.96 ’I “ -
l’ “‘
1]
0410 984 ' | 1
o ' '
< 025099 . \ 1
2 ' i
; ol 175 15 125 [ 075 05 025 : J
< g ]
£ H '
& o 0.996 ' ' J
E ' !
0.984 : b
-04 d . :
. ,
06| 096 ; |
\\ I'
-0.8 -0.92 . . )
086 076 058 035 Pt
,]_ 1 1 1 AP 1 L 1
-2 -15 -1 -0.5 0 0.5 1 1.5 2

Real axis (s71)
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3. For sampling period T'= 2 s, we have
0.8647Kz
Gz)=————""—"
(2) (z—1)(z—0.1353) (6.16.10)
In the following scheme, the root locus of the characteristic
equation for T'= 2 s is presented.
Root locus
1 T B T
0.86 0.76 0.58 ‘ 035 TS
0.92 4 N
0.8 -0 , N 1
/ \
06 0.96 / \ 1
. » / \
04 10,984 ’ | ]
~ \
»  02709% o ‘ \ 1
B ol L7515 125 }. 07505 025 \ i
B AR I
< \ .
£ 021099 _ I, |
<
= 10.984
-04 ! .
. \ /
_06 | 0.96 \ B / ]
. . ' \ /
~0.8 - B N / ]
08092 N P
) - 0.86 076 058 V35 . _ 7 1 1
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Real axis (s71)

G(z) hastwopolesatz = 1and atz = 0.1353,and a zeroatz = 0.
Using the process of finding the breaking points, the breakaway
point is at z = 0.3678 and the break-in point at z = —0.3678. The
corresponding gains are K = 04622 and K = 2.164, respectively.
The marginal value of the parameter K for stability is 2.626. The
poles of the characteristic equation which correspond to K = 2
are z1 = —0.2971 4 j0.2169 and z2 = —0.2971 — j0.2169, which
are presented in bullets at the root locus diagram.

EXERCISE 6.17

Calculate the region of values for the parameter K (K > 0) for stability of
the closed system using the Nyquist and Jury criteria for the open-loop
transfer function: G(z) = K/((z — 0.2)(z — 04)) for T =13s.

Repeat the procedure if: G(z) = K/(z(z — 0.2)(z — 0.4)).
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Solution
1.

K

@)= 0@ 04

Evaluation of stability using the Nyquist criterion: The frequency
responslglof the open-loop system is provided by setting

z=e"T = ¢ into

K
Gz)=—————. 6.17.1
(@ (z—0.2)(z—0.4) ( )
; K
Ge)=— _
) (e —0.2)(e™ —0.4)
= K 6.17.2
(cosw + jsinw—0.2)(cosw + jsinw —0.4) (6172)
G(e™)= K
(cos® w—sin® w—0.6cosw +0.08) + j(2sinwcosw — 0.6 sinw)
_ K
(cos® w—(1—cos®w) —0.6cosw +0.08) + j(2sinwcos w — 0.6 sin w)
_ K
(2cos® w—0.6cosw—0.92) + j(2sinwcosw — 0.6 sinw)
6173)

The points of interest for stability are the ones where
the frequency response intersects the real axis. In this case,
the imaginary part of the frequency response is zero.

2sinwcosw —0.6sinw = sinw(2cosw —0.6) =0
=sinw=0 and 2cosw—0.6=0 (6.17.4)
=w=0 and w=arccos(0.3)

For positive values of K, the solution of w=0 (z=¢e"=1)
is the starting point of frequency response; therefore is more
interesting to examine the behavior of frequency response at
w = arccos(0.3).

K

G(ej.u) — G(ejarccos(O.S)) — . —
2(0.3)" —0.6-0.3-092 —0.92

6.17.5)

For the stability of the closed system, it should hold G(e/“).
Then, the Nyquist diagram lets the point (-1, 0) to the left.
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ng TN 6176)

Evaluation of stability using the Jury criterion: The closed-loop
transfer function is

K
G(z) (z—0.2)(z—0.4) K
GE[(Z) = = K - 2
1+ G(z) 10~z —0.6z+0.08+ K
(z—0.2)(z—0.4) 6.17.7)
K
=Gy(z2)=——————
1(2) z2—0.6z+a
where

a=0.08+K (6.17.8)

Formulate the Jury Table

1 —0.6 a a,=a
a -0.6
1—a? —0.6 + 0.6a
—0.6 4 0.6a
a = — 3
1—a

—0.6 + 0.6a 1-—a2
| [F060-a)F

1—a?

The stability conditions are

1>0

1-a>>0 (6.179)
2
1—— 0.36(172{1) -0
1—a
Examine the condition: 1 — a? > 0.

1-a*>>0=a*<1=>-1<a<1
=-1<008+K<1=-1.08< K <0.92

(6.1710)

2
Examine the condition: 1—a® — 0'316(;2“) >0.
—a

N2 N2

o 0360—aF (L 0360-0)
1-a 1-a

= —(1-a*)<06(1—a)<1—a*

1-— = (1—a%)*>0.36(1—a)?

(6.1711)

257
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Examine separately the two inequalities

—(1-a%)<0.6(1—a)= —1+a> <0.6(1—a)
= (0.08 +K)? +0.6(0.08 + K) — 1.6 < 0
= K?+0.16K +0.0064 +0.048 +-0.6K —1.6 <0

= K?+0.76K —1.5456 < 0 = |—1.68 < K < 0.92

6.1712)

0.6(1—a)<1—a*=0.6—-0.6a<1—a*
= (0.08 + K)* —0.6(0.08 + K)— 0.4 <0 61713)
= K?+0.16K +0.0064 —0.048 —0.6K — 0.4 <0

= K?—-0.44K —0.4416 < 0=|—-0.48 < k < 0.92

Finally, the region of values for the amplification parameter
K for stability of the closed-loop system is [K < 0.92].
Using MATLAB®, the root locus of the system characteristic
equation is designed. By clicking onto the intersection points
of the locus branches with the unit circle, we see that K ~ 0,92
(particularly, we write the commands: H = zpk([],[0.2 0.4],1,1);
rlocus(H)).

Root locus
1 T

0.8 - .

0.4 4

Imaginary axis (s™1)

-04 + .

-0.8 - :

_1 1 1 1 1 1 1 1 1 1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Real axis (s71)
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2.
o K
z(z—0.2)(z—0.4)
The closed-loop transfer function is
____k
Gulz) = G(z) _ (2(z-02)(z—04)) _ i i K (6.1714)
1+G(z) 1 K z° —0.6z" +0.08z+K
(z(z—0.2)(z—0.4))

Formulate the Jury table
1 —0.6 0.08 Ko _K_¢
K 0.08 -0.6 1 1
1-K? —0.6 — 0.08K 0.08 + 0.6K - 0.08 4+ 0.6K

, = 20T 008
0.08 — 0.6K 06— 008K 1-K 1-K*
K* —236K2 0.08K?® 4 0.6064K> +0.016K — 0.24
—0.096K +0.9936 1-K*
1-K*
0.08K> +0.6064 K> K* —2.36K* —0.096K +0.9936
+0.016K —0.24 1-K?
1-K?
0.08K* +0.6064 K>+ 0.016K — 0.24
' K* —2.36K* —0.096K +0.9936
Due to the complexity of table terms, we will avoid evaluat-
ing the stability using the Jury criterion and we proceed to the
Nyquist criterion.
With the aid of the following MATLAB commands, the
Nyquist diagram is designed.

K = 1;
H = zpk([],[0 0.2 0.4],K,1);
nyquist (H)
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Nyquist diagram

Imaginary axis (s™)

2 I I i I I I I
-15 -1 -0.5 0 0.5 1 15 2 2.

Real axis (s71)

Observe that the Nyquist diagram surrounds the point (-1, 0)
as w increases, therefore the closed-loop system for K = 1 is sta-
ble. In addition, the Nyquist curve intersects the horizontal axis
at the point 1.42, thus the system is stable for K < (1/1.42) = 0.70.
Using the root locus diagram of the system characteristic equa-
tion, we take the same value for K.

rlocus (H)

It is clear that the poles z=0.2 and z = 04 are transferred
outside the unit circle when the gain increases. The gain is 0.706.

Root locus
15 T
1 |- -
_ 05F -
L
@
=
<
> 0 -
]
=]
i
]
£
-0.5 F -
1k -
15 . . . . i . . . .
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

Real axis (s71)
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EXERCISE 6.18

A continuous-time system is given with the transfer function G(s) = 2/

(s + (s + 2)).

1. Design the Bode diagram of the discrete system that arises
from a system sampling with period T = 1 and a ZOH circuit.

2. Using the transform w= /T) (z — 1)/(z + 1), design the Bode
diagrams of G(s) and G(w) = Ga(2) | fw)

3. At the discrete system, a controller is 1mplemer1ted as in the
scheme. Define the values of K so as the closed-loop system is
stable, using the Jury criterion.

4. Design the root locus of the characteristic equation for the
discretized system.

Solution

1. Calculate the transfer function G,(z) of the discrete-time system
that arises from the sampling of the continuous-time system
with period T'=1 s and ZOH circuit.

| 2
Gu(z2)=(1—z )Z{L [MM”

—(1- zl)ZlLl [1 =2 1 ]} =(1- z’l)Z{(l —2e7' + e’z’)u(t)}

s s+1 s+2

:>Gd(z):(1—z’1){ z 4 —2z + Z_ZT}

z—1 z—eT z—¢
(6.18.1)
For T =15, the transfer function of the discretized system
becomes
(6.18.1) = Ga(z) = (1— z’l){ —22 ¢z }
4
z—0.368 z-—0.135 (6.18.2)

04z + 0.148
(z—0.368)(z — 0.135)

= Gd(Z) =

For z =¢T, the Bode diagram appears to the following

scheme and MATLAB code, correspondingly.
£ K:1 200

0.1%(1.03) LK;
exp ( (K) *1) ;
(0.4%z(K)+0.148) /(z(K)-0.368) /(2 (K)-0.135) ;
real (g(K)) ;
imag (g (K)) ;
)=20*1log (sqrt (gr (K) L24+gi (K) L12));

or
t(K)=
z (K)=
(K):
r(K)=
i(K)=
bodem(
end

semilogx (t,bodem) ;axis equal

261
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20 j

10 -

~10}

-20+

-30}+

—40 +

,50 -

107! 100

2. It holds that

_1+(T/2w

10t 102

24w

1 (T/2Qw

6.18.3
o (6.18.3)

Substituting in the expression (6.18.2), it stems that

0.4z +0.148

) =G 200 =

2—w

(z—0.368)(z — 0.135) =212
(2 — w)(0.252w + 1.096)

| 24w

(6.184)

= é(w) =

(1.368w +1.264)(1.135w + 1.73)

In the following scheme, the Bode diagrams of G(s) and
G(w) Gd(z)| 2+w are presented, using MATLAB. Observe that

the Bode dlagrams of the analog and discretized system are not
matched (there is a frequency distortion).

for K=1:200
t(K)=0.1%(1.03)"K;

)
omega (K)=1i*t (K) ;
z (K)=exp (t (K) *i
g(K)=2/ (omega (K
gr (K)=real (g (K)) ;

gi (K)=imag (g (K)

gh (K)=(2-omega (K

bodem (K)=20*1log (sgrt (gr
)
)

)
(1.368*omega (K)+1.264)/

ghr (K)=real (gh(K)) ;
ghi (K)=imag (gh(K)) ;

)i
)+1) / (omega (K)+2) ;
)
)i

K) “2+4gi (K) *2)) ;
*(0.252*omega (K)+1.096) /
(1.135*omega (K)+1.73) ;
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bodemh (K) =20*1log (sgrt (ghr (K) *2+ghi (K) *2)) ;
end
semilogx (t,bodem, t,bodemh, 'b’) ;axis equal

300 b
200 b

Bode diagram of discrete system
100 b

-100 b

-200 Bode diagram of analog system b

-300 - b

-400 b

1071 100 101 102 103

3. The characteristic equation of the closed-loop system is

a(z) = (z — 0.368)(z — 0.135) + K(0.4z + 0.148) = 0

. B - (6.18.5)
=a(z)=2z"+ (04K —0.5)z + 0.148K + 0.05=0

Based on the Jury criterion, to obtain stability for the closed-
loop system, the inequalities of the expressions (6.18.6) through
(6.18.8) should hold.

a(1) =14 (0.4K —0.5) +0.148K 4-0.05 = 0.548K +0.55>0 (6.18.6)

(~1)%a(~1) =1+ (—0.4K +0.5) + 0.148K +0.05 = —0.252K +1.55 > 0
6.187)

|0.148K +0.05| < 1 (6.18.8)

From the first inequality, we have K > —1.004.

From the second inequality, we have K < 6.15.

From the third inequality, we have —1 < 0.148K + 0.05 < 1 or
equivalently K > —7.09 and K < 6.419.

The inequalities are jointly true for —1.004 < K < 6.15. (6.18.9)
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4. The root locus of the compensated system is derived in the
same way as in the case of the continuous-time system. It will
be a circle with center at z = —(0.148/0.4) = —0.37 and parts of
the real axis, as in the following scheme:

Root locus
1
051
= 0
z
w)
E
> -051
]
c
®
g -1
-15} ]
) . . . i .
-2 -1.5 -1 -0.5 0 0.5 1

Real axis (s71)

EXERCISE 6.19

For the sampled data system of the following scheme, it is required to

1. Calculate the region of values for the parameter K so as the
closed-loop system to be stable using the Routh and Jury
criteria.

2. Design the root locus of the system characteristic equation.

3. Design the Bode diagram.

R, m 1o T K Y(s)

T=1s s s(s+1)

Solution

1. The open-loop transfer function is

-e™ K K
s s(s+1) s*(s+1)

G(s)= ! (1—e™) (6.19.1)

From the expression (16.19.1), using z-transform, the discrete
open-loop transfer function arises.



Stability of Digital Control Systems

. 0.368z+0.264

*(1- g1y — g 0:3682+0264 6.19.2
=2 =K )z 0368) 6152

G(z)=z

s*(s+1)

Stability Evaluation Using the Routh Criterion
To find the region of values of K for stability of the closed
system, we use the Routh criterion with the bilinear transform:

_14(T/2w

_ (6.19.3)
1—(T/2)w

Hence, we transfer to w-domain. The transfer function G(w) is

_1+(T/2w _ 1+ 05w

C@)=CEN=1 1 op ~1-05

—(T/2w 1-05w (6.19.4)
_ —0.0381K(w —2)(w +12.14)
w(w +0.924)
The characteristic equation is
Fw)=1+G(w)=0
2

N (1-0.0381K)w" +(0.924 — 0.386K)w +0.924K _ 0 (6195)

w(w + 0.924)
= (1—0.0381K)w? + (0.924 — 0.386K)w + 0.924K = 0

Formulate the Routh table

w? 1 —0.0381K 0.924K
w! 0.0924 — 0.386K 0
w® 0.924K

For the stability of the closed system, the following inequali-
ties should be satisfied:

1-0.0381K > 0= K> 26.2

0.924 —0.386K > 0= K < 2.39 (6.19.6)
K>0
Hence, it should hold:
0<K<2.39 (6.19.7)

Stability Evaluation Using the Jury Criterion
The characteristic equation of the system is

|+ G20 14 K 0368240264
(z—1)(z—0.368) (6.19.8)

= F(z) = 22 +(0.368K —1.368)z + (0.368 + 0.264K) = 0

265
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For the stability of the closed system, the following inequali-
ties should be satisfied:

F(1)=1+0.368K —1.368 +0.368 + 0264 K >0=K >0  (6.199)

(-1)*F(—=1)=1—0.368K +1.368 + 0.368 + 0.264K >0 = K < 26.3  (6.19.10)

|ay| < |az| = |0.368 4+ 0.264K| < 1= K < 2.39 (6.19.11)

z0 z1 z2
0.368 + 0.264K 0.368K — 1.368 1

Hence, it should hold: 0 < K < 2.39 (6.19.12)
2. The loop transfer function is written as

Gle)— K 03682402104 _ 0.368K(z+0.717)
(z—1)(z—0.368)  (z—1)(z—0.368)

(6.19.12)

The poles are p, =1, p, = 0.368
The zeros are z;, = —0.717
Asymptotes point:

oo w ~2.085 (61913)

Finding the breaking points

(z—1)(z—0.368) (6.19.14)
_(z=1)(z-0368)

=K=
0.368z +-0.264

dz dz| 0.368z+0.264
=2%41.434z—-1.3489=0
Z) = 7208, Zy = 0.648

K o i[w] _0
(619.15)

Apparently, both roots of the expression (6.19.15) are accepted
as breaking points because in each one of them the gain K is
positive, while they belong in the right-most regions, wherein
the number of poles and zeros is odd.
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1.5
System: sys
Gain: 2.39
Pole: 0.244 + 0.968i
Damping: —0.245
Overshoot (%): 221
1  Frquency (rad/s): 0.998
0.5
0
-0.5
-1
-1.5
-5 -4 -3 -2 -1 0 1 2

We know from the first part of the exercise that we have
stability for K = 2.39. Indeed, at the intersection point of the
branches of root locus with the unit circle, the value of K is 2.39.

Moreover, 1+KL(z) | =0,inz =14+ 75.8°

K=2.39

3. The loop transfer function is G(z) = (0.368z + 0.264)/
(22 — z+ 0.632).

Set:
z= 1105w (6.19.16)
1-0.5w
—0.0381(w — 2)(w +12.14)
= G(w)=Gi =
(w) (z)Z:HIOEw w(w +0924) (6.19.17)

1-05w
The frequency response arises by setting w = jw,. We have that

(1 (jua /2)) (14 (ju /12.14))

G(jwy) = ; : 6.19.18
) = (U (e /0.920) N
| L | e
|Gjw,)|=—2—1214 " _ 00381
lim wyy—o0 w
[ |0.924|

2010g(0.0381) = —28.4dB
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The diagram of the digital system is subsequently designed,
where the gain and phase margins for stability can be estimated.

Bode diagram
30

20

10

0

-10

Magnitude (dB)

-20

-30
270 o

Phase (deg)

1
1071 100 10! 102
Frequency (rad/s)

EXERCISE 6.20

For the system of the following scheme, calculate the region of values
of K for stability. Design the response of the closed system for K =K,
and extract some relevant conclusions. The evaluation should be done
forT=01lsandT=1s

+/.\ 1-eB K

\ T s s(s+1)
Solution
1. Derive the loop transfer function G(z) using MATLAB for
T=01s
num_s=[1] ;den_s=conv ([1 0], [1 1]);

G_s=tf (num_s,den_s);
T=0.1;G_z=c2d(G_s,T, 'zoh’)

We get the transfer function

0.004837 z+0.004679  0.004837 z +0.004679

G(z)= =
() 2% —1.905z + 0.9048 (z—1)(z—0.905)

(6.20.1)
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The bilinear transform z = (1+(T/2)w) /(1 — (T /2)w) reflects
the internal of the unit circle in the left w half plane. It is
z = (14 0.05w)/(1 — 0.05w) since T = 0.1, thus the loop transfer
function becomes the corresponding one of G(w).

G(w)=

3.81w? +3.8w

The characteristic equation is given by: 1 4+ KG(w)=0, so

(3.81—0.00016K)w? + (3.8 —0.1872K)w +3.81K=0  (6.20.3)

The Routh Table will be of a form

w? 3.81 — 0.00016K 3.81K
w! 3.80 — 0.1872K
w® 3.81K

where the region of values for the parameter K for stability is
0 < K < 20.3. Obviously, for K = K, = 20.3, the closed system will
be marginally stable, which is numerically verified as follows:

K=20.34;
Hcl z=K*G z/(1+K*G_z);
pole (Hcl_z)
ans =
0.9032 + 0.42921
0.9032 - 0.4292i
1.0000
0.9048
step (Hcl_z)

Step response
2.5 T T

Amplitude
—

0

2
—0.00016w" —0.1872w + 3.81 (6.20.2)

~0.5 1 1 1 1
0 50 100 150 200 250

Time (s)
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Observe that the system, for step input, oscillates with fixed
amplitude that does not fade out.
2. Derive the loop transfer function G(z) using MATLAB for
T=1s

num_s=[1] ;den_s=conv ([1 0], [1 1]);
G_s=tf (num_s,den_s) ;
T=1;G z=c2d(G_s,T,'zoh’)

The transfer function arises as

_0.36788 (z+0.7183)

G(z)=
(z—1)(z—0.3679)

(6.20.4)

Apply the bilinear transform to the given loop transfer func-
tion to obtain G(w). Write the new characteristic equation as

1+ KG(w) = 0= (1—0.03788K)w?>

(6.20.5)
+(0.9242 — 0.3864K)w + 0.9242K = 0

The Routh table will be of a form

w? 1-0.03788K
w! 0.9242-0.3864K
w® 0.9242K

where the region of values for the parameter K for stability is
0 < K < 2.39. Apparently, for K = K, = 2.29, the closed system
will be marginally stable. Observe that for higher sampling
period, the region of values of the parameter K is drastically
reduced to preserve stability, as expected.

EXERCISE 6.21

The system of the following scheme is given. Using LabVIEW, derive its
total transfer function and design the poles-zeros diagram. Is the system
stable?

Hl(z)

u /‘\ 2 y

2z+1

H2(z)

23+ 22
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Solution
In the following schemes, the front panel and block diagram of the
designed vi are presented.

3 2
2z + 22

4 3 2
22 +32 +2 +2

Sampling Time (s)

(DL
Numerator 1
P

Denominator . —— - T :

e =

H3(z)=y(z)/u(z)=
H1(z)/[1+H1(z)H2(2)]

Numerator 2

Denoml nator 3

Delay [sampl
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The resultant transfer function is

Hi(2) 27° 4272

= 6.21.1
1+ Hi(2)Ho(z) 2z* +3z° 42242 ( )

Hj(z)=

In the following schemes, the front panel and block diagram of the
poles-zeros diagram is presented. It appears that complex conjugate
poles exist outside the unit circle, so the system is unstable.

Indeed, the poles of the closed-loop system are

—1.0708 + 0.8247i
—1.0708 — 0.8247i
0.3208 + 0.6667i
0.3208 — 0.6667i

%ﬂn

_Fﬁslhipullsmdnmsuh

‘svstem model on the comolex g ’
Pale-Zero Map
Il
X
Calculates the cutput
‘of the system when a
B e o
Step Response Graph
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EXERCISE 6.22

Let the following loop transfer function: G(s) = 2Ks/((s+1)*(s+2)).
Discretize it using the sample equivalence method (or sampled inverse
Laplace transform) and design the root locus diagram of the system. Is
the given closed-loop system stable for K = 1?

Solution

Insert the transfer function to the program Comprehensive Control—CC
with the command

cCc>G=enter(1,1,2,0, 2,1,1,2,2,1,2,1)

Using the command Convert, the transfer function G(s) is being dis-
cretized. Select the sample equivalence method for sampling period
T = 1s. Writting the command

CC>gd=convert (G, 7,1)

the following transfer function in z-domain arises as

0.1944z(z —1.248)
gd(z)= .
(z—0.3679)*(z —0.1353)

6.22.1)

To design the root locus of the characteristic equation, write
CC>rootlocus (gd)

From the root locus diagram, the marginal value of the parameter K
arises, which is approximately 7.2. Hence, for K = 1, the closed system is
stable.

s=1+0.002445j(Mag =1, Zeta=—1)
gain =7.189 4 0.1294j(Mag = 7.19,Phase = 1.031deg)

Theoretical proof
The open-loop transfer function, which is provided in the expression
(6.22.1), has three poles (a double one and a simple one) and two zeros

Zl = fZZ 0.368, ps=—0135 (6.22.2)
1= 1.

Thus, the root locus will have three branches. In the real axis, a locus is
placed between z; and p, and between p, and p,, while z; — —oo.
Asymptotes are

_ (2xp+1)%180°
n

o, = (2% p+1)*180°—L2—d, =180° (6.22.3)

p Itz
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Intersection point of asymptotes with the real axis

_Xp—Xz
n, —n,

Oq

=0.871-1.248 = 0, =—0.377 6.22.4)

Break away points of the real axis

2 1 1 —0.150
+ = = 0p =
|0, |—0368 ' |0y |—0.135 |0y |—1.248 40.198

(6.22.5)

The latter two values are accepted as break away points of the branches
from the real axis since there is an odd number of poles and zeros to the
right-most side of each of them. Also, for both ¢, values, the system gain
is positive (for o, = —0.15, there is almost a gain of 1.88 and for ¢, = 0.198,
there is almost a gain of 0.0447).

The system characteristic equation with unit feedback H(z) = 1 (closed
system) is given by (assuming that K = 1)

p(z)=0=1+4gd(z)=0=z* —0.677z* —0.008z —0.018 =0 (6.22.6)

Apply the Jury test for the latter equation

2o 21 22 23
—0.018 —0.008 —0.677 1
1 —-0.677 —0.008 —0.018
—-0.999 0.677 0.020

o Ay—k

by = , n=3=by=-0999, b =0.677, b,=0.020

a, (773
Obviously: ay =—0.018, a4, =-0.008, a,=-0.677, a;=1

The following inequalities should hold

p(1)=029>0

(—1)" *p(~1)=1.68 >0
lao| <|as]

|bo| > |2

6.22.7)

All the above equations hold true, thereby the closed-loop system of
unit feedback is stable for K = 1.



7

Time and Harmonic Response
Analysis Steady-State Errors

7.1 Time Response

The time response of a system denotes the behavior of the system over time
for a given input. The time response of a control system consists of two parts:

1. The transient response and
2. The steady-state response

It holds that

y(k) = yi(k) + ys (k) (7.1)

where y,(k) = the transient response
and y,,(k) = the steady-state response

By transient we mean the response of the system directly after its excitation
and before stabilization of its corresponding output.

The term steady state denotes the remaining part of the response after the
attenuation of the transitional part, holding that

Yes(k) = lim y (k) (72)

The time response of a discrete system can be calculated in two ways

1. If the system is being described by a transfer function, first Y(z) is
calculated and then y(k) is calculated via the inverse z-transform.

2. If the system is being described by state space equations, first the
solution of state vector x(k) is derived and then y(k) is calculated.

The design specifications for a control system include, among others, various
parameters of the corresponding time response with respect to a given input

275
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function along with the required precision that should be preserved during
the steady state. The specifications, determined in accordance to the required
operation measures, represent an indicator of the system quality. The sys-
tem time response denotes a feature of the most interest. In the case when a
system is stable, its time response, given a particular input signal, provides
valuable information regarding the general system performance.

Generally, certain typical input signals are selected so as to correlate the sys-
tem response to a given signal and its operational behavior under canonical
conditions.

The most common input signals are

¢ Unit step function
* Ramp function
¢ Dirac function
e Parabola function

¢ Sinusoid function, etc.

The time response of a closed-loop control system can be described as
a function of the location of poles of the transfer function in the complex
plane. The information obtained from the knowledge of the relative loca-
tion of poles of a system practically corresponds to a graphical method
for determining its behavior. The poles of the closed-loop transfer function
G,(z) determine the form of the corresponding response, while the zeros of
G,(z) determine the fixed terms of the corresponding functions. Specifically,
moving a zero closer to a pole, the influence rate of the function correspond-
ing to this pole in the system response is decreased.

The time response of a system can be described as a function of two factors

¢ The velocity of the response, as expressed by the rise time and
peak time.

® The matching level between the actual and the desired system
response, as it is expressed by the percentage of overshoot and set-
tling time.

In principle, the above factors contradict to each other and therefore some
relative compromises must be performed. In practical control systems, the
transient response manifests damped oscillations before reaching the steady
state.

7.1.1 Impulse Time Response of First-Order Systems

Consider the first-order system with a single pole at z =4, as presented in
Figure 7.1.

In Figure 72, the time responses for |a| <1 are presented, where the
system is stable; and for |a| > 1 in Figure 7.3, where the system is unstable.
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Pulse response

(k)

—_— Glz) =

y(k) = ak

-

1-az z—a

FIGURE 7.1
First-order system.

0.8

0.6 i

04t

02

-021

-04r

-0.6

FIGURE 7.2
Time responses for the step response y(k) = a* when |a| < 1.

7.1.2 Impulse Time Response of Second-Order Systems

Consider the second-order system with a pair of complex conjugate poles at
z = ret

C(z) = (1- ref”zzl\)lil_l— re ’z71) @3)
The impulse response of the second-order system is expressed as
y(k) = 2r*(acos(kf) — Bsin(k0)) (7.4)
N is the number of samples per oscillation of a sinusoidal signal
N =2 =20, 3)

0 0
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FIGURE 7.3
Time responses for the step response y(k) = a* when |a| > 1.

7.1.3 Step Response of First-Order System
Consider a first-order system with a single poleatz = p

b
z=p

G(z)=

(7.6)
The step response is given by

b K
y(k) 1= p (1-p") (7.7)

From the expression (7.7), it can be seen that for p = 1 the system acts as an
integrator, for 0 < p < 1 the output exponentially follows the input, for p =0
the system acts as a delay component, for p = —1 the step response results to
oscillations of fixed amplitude (which do not fade out), and for -1 <p <0
the step response oscillates tending to a fixed value.

7.1.4 General Form for the Step Response of Discrete Time System

Consider a system with the transfer function (where n > m)

Gy (2) = p(z) _ b,2" + b" 'z, 4+ biz+by

7.8
q(z)  a,z"+a,Z" ot mzta 8
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— (Z_Zl)(z_ZZ)"'(Z_Zj)"'(Z_Z7rz)
ay (Z_Pl)(z_Pz)"'(Z_Pi)"'(Z_Pn)

b, H:;(z—z]-)

ay "z,
[T.cn
For distinguished real poles, the step response yields as

pz) z Az Bz
Y@= q(z) z—1 z—1+;z—pi

where A:@ :M

q(Z) z=1

1. p; is a real positive pole

The transient response, in this case, is given by

o=) P :y(kn—ZBn 1=

i=1

M@DE-1|_
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(79)

(710)

(711)

(712)

Let o = (1\T) In p;. Then, the transient part of the system response is
Be~*T. For |p;] <1 = a < 0. The transient response is a exponentilly
decreasing curve. The smaller the value of |p,| and higher the value

of |a|, the faster the transient response gets.
2. p; is a real negative pole

The transient response, in this case, is given by

n

ICEY — w(kT)—ZBn

k .
B; ‘ p,-‘ k iseven

where Bl-pl-k = L
—B,' ‘p,‘ k is odd

(713)

(714)

The negative poles correspond to high-frequency oscillations with

a frequency w,/2.
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3. p; equals to zero
The transient response is presented as

Y(z) = Z i ‘; — y,(KT) = B (k) (715)

i=1

When the pole p; equals to zero, the transient response is faster
and is called deadbeat control.

4. Case of multiple poles with multiplication factor m
The transient response is presented as

r@ 1
YO o 1
= PQA) | zm®4(2) + 2a,P(2) o
1) z-p)"  (z-p"!
y(kT) — alkm—lpk—l +a2km—2pk—l + (716)

For |p| < 1,p = 0itholds: hm(a/k) =0,i=123,.. for0O<p<1
p

the response exponentially decreases, for —1 < p < 0 decreases with

high-frequency oscillations at a frequency w,/2 .

5. Complex conjugate poles
+joi
ai,0i11 = ‘ai‘e !

pi=lpile” pia=lpile”

where
p(Z) z—pi ) | p2)(z—pi)
jai| = 6 =arg N (717)
The transient response is presented as
k k
Yi(kT) +yi 1 (kT) = a; ‘Pi‘ +a,., ‘Piﬂ‘
= ‘a,-‘ejd" : Pi‘k e +‘ﬂi‘€7jdh : Pi‘k e M (718)

=2|a;|- p[‘k cos(kb; +¢;) 0<6; <
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The transient response performs decreasing oscillations having a peri-
odic form. The higher the value of 6, (WI: 0 — 7/2 — =), the more intense the
occurred oscillations (oscillation frequency 0 — ws/4 — ws/2).

7.1.5 Correlation between Analog and Discrete Time Response

Consider the block diagram of the second-order system, as shown in Figure 74.
The transfer function is of a form

Y(s) _ Wy
X(s) % +2Jws +w,’

G(s) = (7.19)

The constant | is called damping ratio of the system, the constant w,, is called

undamped natural frequency and the constant w, = w,\/1—J* is called damped
natural frequency.

In control system applications, only the case 0 < | < 1 is of practical inter-
est since it corresponds to stable systems. In such a case, the characteristic
equation has two complex conjugate poles

S10 = —Jw, % jwuy1-J? = —Jw, £ jwq (7.20)

In Figure 7.5, the two complex planes, s and z, and their joint correlation are
illustrated according to the relation z = ¢™.

o Relation between z and |, w,, w,

i f
. j2m—
7= eTs _ eaTeij _ enTe fs (721)

z=e" =exp(—Jw,T + jwT)

=exp|— 2m] wd—&-]’Zw”] =
1-J% ws Wy
= |z| = exp|— 27 wd]
1-J% ws
(7.22)
Lz =2m1
Ws
R(s) = 1/s H(s) = o; Y(s)
r=1 82+ 20w,s + w?

FIGURE 7.4
Continuous-time second-order system.
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.
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FIGURE 7.5
Joint correlation of planes s and z, according to the relation z = ™.

e Percentage of overshoot

POT = %100% (7.23)

where y,..., and vy, denote the maximum value and the steady-state
value, respectively, of the system response y(k).

o Settling time

t,=kT (7.24)

where k, satisfies the condition

< Yss
YR —ys <5 Vh2koe

(7.25)
9 3
1—— ssg k S 1+— sss Vkab
[ 100]y y(k) [ +100]y
Typically, it holds that
I (7.26)
Jeon

* Dominant poles, that is, the poles that are closer to the circumference
of the unit circle.
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FIGURE 7.6
Illustration of the fixed damping coefficient lines (in logarithmic spiral) and the natural
oscillation frequency lines (in radial curves) from s- to z-plane.

—Inr (7.27)

Wy = %\/(In ) +¢? (7.28)

In Figure 7.6, the fixed damping coefficient lines (in logarithmic spiral) and
the natural oscillation frequency lines (in radial curves) are illustrated from s- to
z-plane. This scheme has been developed via the MATLAB® command zgrid.

7.2 Steady-State Errors

An important factor related to the operation of control systems corresponds
to the error in the steady state (steady-state error—e(kT)), which appears to the
system output after the transient response period.
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The steady state is quite important since the design of an automatic con-
trol system is designed, among others, to maintain a predetermined steady
state for the output y,,(kT), which is usually the input function u(kT). In other
words, the system is designed so as to hold y,(kT) = u,(kT), when the system
is stimulated by u(kT). Otherwise, we have a static error or steady-state error.

Note that the steady-state error of closed-loop stable system is usually
much smaller than its open-loop counterpart.

From the theory of analog control systems, it is known that the steady-state
error depends on the input function and the system features.

The system features are studied with the aid of three error factors, namely,
position, velocity, and acceleration (Kp, Kv, and Ka). It will be shown, subse-
quently, that these factors can be utilized in digital control systems as well.

To study the steady-state error, the block diagram of Figure 7.7 is be used,
assuming that the system is stable. Otherwise, the error would increase
without any bound, reflecting a system self-destruction.

It holds that

e(t) = r(t)— b(t) (7.29)

To make the analysis feasible, the signal e*(f) is used, thus the steady-state
error, during sampling, is

e = }1}26 )= 11151; e(kT) (7.30)

Applying the z-transform and the final value theorem, we get

ex = }im ex(t)= lin}(z —1E(z) (7.31)

For the system of the scheme, we have that

R(z)
E(z)=——+— 7.32
@ 1+ z[GH(s)] (732)
L 4
G(s) ,___// et
/—/% I T
") o et) S e | 1-e !
Ri) Es) T E® P G,(9) c(t)
B(s) Hs)
FIGURE 7.7

Sampled data system.
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731),732) R(z)

= e,= }Lrorl et)= lzi_r?ll(z — 1)m (7.33)

From the expression (7.33), it is explicitly indicated that the steady-state
error depends on the input signal r(t) and the system features.
Consider the open-loop transfer function in the general form

kﬁ(z —2z)

GH(z) = :
(z—-DVI(z - z;)

, zj=lzi=1 (7.34)

N plays a crucial role since it influences the system features and defines the
system as a zero-, first- or second-order, when N =0, 1, and 2.
Define K, as

_ kﬁ(z—zi)

ch P
II(z — z;) -

(7.35)

where K, is the gain of the open system for zero frequency, when the pole at
z =1 has been removed.

Next, we study the impact of input function for three different signal types.
The most common ones are the step, ramp and parabolic input functions.

1. Step input
The z-transform for a step input of range A is

R(z)= 2% (7.36)

z—1

From:
(7.33),(736)
= e, =lim - A = A (7.37)
=114 hn} GH(z) 1+k,

where k, is the position error constant:

ky =lim(GH(2)) (7.38)

We can easily show, from the expressions (7.34), (7.35), and (7.39),
thatk, =k, for N=0and k, = co for N > 1.
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GH(z) = 2IGH(s)] = (1 z‘l)zicplj(s)

Consequently, for N = 0, the position error is

s A _ A
T14k, 14k

while for N > 1 the position error is zero (e,, = 0).
2. Ramp input
The z-transform for a ramp input of range A is

ATz
R =
=1y
(7.33),(741) | AT
= g4 =lim
=1 (z—1)(1+GH(z))
o A A

lim((z—1)/ T)GH(2) Tk
where k, is the velocity error constant.

k,= hm[ GH(z)

ForN=0=k,=0and e, =
ForN>1=k,=occande,=0

For N =1 =k, = (k,/T) so: for N = 1 the velocity error is

*
€ss =

A _AT
k kdc

3. Parabolic input
The z-transform for a parabolic input of range A is

AT?*z(z+1)

R@ =" 1y

(7.39)

(740)

(741)

(742)

(743)

(744)

(745)
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TABLE 7.1
Steady-State Errors
Steady-State Errors
s . R(z)
Error Type e, =lime (#) =lim(z-1) ———————
(Number of Error e = 1+2[G(9)H(s)]
Integrators of G(z)) Constants Position Velocity  Acceleration
0 Position: k, A A 00 00
Velocity: 0 1+k, T 14-ka
Acceleration: 0
1 Position: co 0 A_AT o
Velocity: k, ko Kot
Acceleration: 0
2 Position: oo 0 0 A _AT?
Velocity: oo k. ky
Acceleration: k,
733),745) . AT? . 241
= Css = 5 111'111( 1)2(1 GH( ))
=1 (z — z
+ (7.46)
= e, = A _A4
” lim((z — 1)?/T*GH(z) k,
z—
where k, is the acceleration error constant.
.| (z=1)
k, =lim ( GH(z
o =1 ‘[ T (2) (7.47)
ForN<1=k,=0ande, =
For N =2
k . A AT?
ko= =en="= (748)
T k/z kdc

Overall, the steady-state errors and the corresponding error factors are pre-
sented in Table 7.1, corresponding to the appropriate discrete system type.

7.3 Harmonic Response of Discrete Systems

The term harmonic response or frequency response refers to the time response of
the steady state for a linear time invariant system, whose input is a sinusoidal
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signal of fixed amplitude and variable frequency. For a sinusoidal input sig-
nal, the time response of a linear system is also a sinusoidal signal, whose
frequency is identical to the input signal, while their corresponding ampli-
tudes and phases are different.

The frequency response of a discrete system arises from its transfer func-
tion, by replacing the complex variable z with the imaginary variable ¢/,
where (2 is the digital frequency in the range (0, 7).

The resulting function H(e?) = H(¢T) is a complex function of a real vari-
able having certain magnitude and phase. The magnitude and phase diagrams
versus the frequency provide valuable information during the analysis and
design process of a control system.

In the case when the input of a linear and discrete-time invariant system
with impulse response h(n) is a sinusoidal signal, that is, being of the form of
x(n) = Aei“", the system response is presented as

]

y(n) = h(n)* x(n0) = Z h(k)x(n — k) :f: h(k)el<

k=—00 k=—00

(749)

= el" Z h(kOe) ™ = y(n) = e*"H(e™) = ™" |[H(e™)| ZH(e™) =

k=—00

y(n)= Aej”'”H<ej“)

The following outcomes are provided:

¢ The output is a sinusoidal signal with circular frequency equal to
the circular frequency of input function.

e The amplitude of output signal is A|H(e")|, where |H(")| is the
complex magnitude of the z-transform for z = e/’

* The output y(n) equals to the input x(n) = ¢ multiplied with a
weighted function H(e/®).

It is noteworthy that the above conditions apply only when the function
H(e"") does not tend to infinity, that is, the region of convergence of the dis-
crete-time system includes the unit circle.

7.4 Formula Tables
The formula Tables 7.2 through 7.6 are discussed here.
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Time Response of Discrete System
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Impulse time response of first-order system
z
Glz)=

z—a
Step time response of first-order system
G(z)=

z=p
Impulse time response of second-order system
Nz
(1—rePz YA —re 27"

2360,
9 rad 9 deg

G(z)=

N

y(k) =a*

y) =)
4

y(k)= 2r¥(a cos(k6) — Bsin(kh))

General form for step response of discrete system Y(z)= p2) z _ Az i EW: Biz
G (Z)_ P(Z)_ bmzm“"bm 1erz—l +"'+blz+b0 q(Z) 271 271 i=1 Zipi
CL N n n—1
q(z)  a,z"+ a2+ mz+ag whereA:@ 5 Pz —p;)
ﬁ(z,z ) 1), 4(z)(z—1)
j
_bu i y(6)=1ZT(Y(2))
a o T
H(Z - pr)
i=1
TABLE 7.3

Correlation of Time Response between Analog and Discrete Control System

Relation between z and |, w,, w,

Percentage of overshoot

Settling time

Dominant poles

_ B 27] Wi

H=exp W%]
Lz=2m
Ws

POT = ¥Ymax— ¥ 1009,

Yss

t=kT

SS< k < 1 L Ss
]y <y( )_[ +100]y

1__&
100
Vk >k

z,,y =re® =

_ —Inr

1= Jinry? +?
Wy = % vV (ln 1,)2 + L‘Pz
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TABLE 7.4
Steady-State Errors

Steady-State Error

Error Type . . R(z)
e, =lime () =lim(z—-1)————
(Number of t—o0 21 1+ z[G(s)H(s)]
Integrators Error
of G(2)) Constants Position Velocity  Acceleration
0 Position: k, A A ) 00
Velocity: 0 14k, 1+ks
Acceleration: 0
1 Position: co 0 A_AT
Velocity: k, ko ko
Acceleration: 0
2 Position: oo 0 0 A AT?
Velocity: co % kx
Acceleration: k,
TABLE 7.5

Error Constants for Various Forms of Closed-Loop Digital Control Systems

+ G(s)
Kp =lim GH(z)
z—1
K, = lim (1-2zYGH(2) H(s)
z—1 T
.. (1-zH2GH(?)
Ka - hl?—)l TZ
+ G(s)
H(s)

K,= lim G(z)H(z)
(1-z1)G(2)H(z)

K, =lim
z—1 T
. (1-2z1)2G(2)H(2)
Ky=lim =
I

7.5 Solved Exercises

EXERCISE 7.1

Consider the mathematical model of a discrete system, described by
y[n] = 0.3y[n—1] + 0.7x[n] and n > 0
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TABLE 7.6

Error Constants for Various Forms of Closed-Loop Digital Control Systems
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— G(s) —/—' Gy(s)

K, = er} G1(2)HG,(2) H(s)

K, - lim (1-2z1)G,(2)HG,(2)
z—1 T

K, - lim (1-2712G,(2)HG,(2)
z—1 T2

- Gl(S) _/_’ Gz(s)

K, =lim G,(2)G,(2)H(2) o) \
&, = lim L= Z0GEG@HE)
z—1 T

K =lim (1-2z71)2G,(2)G,(2)H(z)
4z T2

a. Derive the frequency response H(ei®).
b. Derive theresponse for input function: x[n] = sin (0,3wn)andn > 0

Solution

a. To solve the problem, z-transform is applied to the given differ-
ence equation so as to derive its transfer function.

y[n]=0.3y[n —1]+0.7x[n] = Y(z) = 0.3 z7'Y(2) + 0.7 X(z) =

B 71.)
(1-0.3z7)Y(2) =0.7X(2)
The system transfer function is
Y(z) 0.7 0.7z
H(z) = - -

&= @ " 1-087  z-03 71.2)
The frequency response is obtained by setting: z = e/
Hence, we have

i0 0.7€js2
HE™)=H@)|_o0=—%—~ (71.3)

— o9 i
z=e e —0.3
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Yet: ¢/ = cosQ 4 jsinQ

Thus,
H(e) = 0.7¢™ (71.4)
cos2—0.3 + jsinQ -
The magnitude of H(e/*) is
. 7e 0.7
H(e™)| = o7t | (715)
‘COSW —03+ ]smw‘ \/(cosw —0.3)* +sin*w
The corresponding phase of H(e") is
Q) = Ar 0.7¢" —0 tant SM2 o
[ gcosQ—0.3+jsinQ cosQ—0.3 o

b. For input x(n])=sin(0.37n), when n>0, we have:
2=0.31=0.94 rad

The magnitude of frequency response for 2 = 0.3x is
‘H(e/‘q)‘ =0.815 (71.7)
The corresponding phase for {2 = 0.3w is
#() =0.37 —tan"'(2.81) = —0.29 rad (71.8)
Therefore, the system response is
y(n) =" .0.815¢ /"% = 0.815. /0902

or

y(n) = 0.815 sin(0.94n — 0.29) (71.9)

EXERCISE 7.2

For the discrete systems, described by the following transfer functions,
derive and design the discrete frequency responses.

2
H@=>11 H@=1T2F2
z 3z
2_
Hyz)=2 2% H=_2
y4 zZ—a
5(1+0.25 1
Hyz)= 20H0252) oy

(1-0.52)1-0.1z)"
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Solution
1.

Hl(z):z+1

The frequency response arises by setting: z = ¢/”.

HOQ) = [HE)]_yn = 1+e 1 = ¢ /2 4 ¢ 192 = p¢ 1212 'COS[%]

72.1)
Amplitude:
_|pptior2 0
‘H(Q)‘ =|2e - Cos > ‘Q‘ <m
and since |eC1%2| =1, we get
Q
H(Q)| =2 cos Sl Q< (72.2)
Phase:
=it Q Q
o) = Z1(Q) = 226 -cos[z] =S esn 029
2.
14z + 2
H,(z) = Tt

The frequency response arises by setting: z = ¢/

2

2
181 15}
16}
1,
14}
12l 0.5
£ 2
5 1r E (/B3
0.8 05
0.6
,1 b
04
02} e
ol d o o ol
-4 -3-2-1 01 2 3 4 24 3-2-1 0 1 2 3 4

Q (rad/s) Q (rad/s)
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1, . a1
H(Q)=[H@)]_,» = g(e”” +1+4¢)= 5(1 +2cos) (72.4)
Amplitude:
H(Q)|=[1+2cos(), Q<7 (7.2.5)
3
2.5
2
£ 15
U]
1
0.5
i3 2 1 0 1 2 3 4
Q (rad/s)
3.
22 —z+1
Hj(z) = —
H() = [H(Z)]Z:e;n =1-e¢ 42 =¢7"(2cosN—1)
Amplitude:
H(Q)| =[2cos(Q)—1|, Q<7 (7.2.6)
Phase:
ZH(Q) = - (72.7)
3 4
2.5 3
2
2
1
= b
6 15 _E 0
1 -1
-2
05 3
94 -2 0 2 4 —‘24 -2 0 2 4

Q (rad/s)

Q (rad/s)
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4.
Hy(z)=—"
z—a
H(Q)=[H = 1
( )* [ (Z)]z:e/” = m (728)
Amplitude:
‘ 1 ‘ ‘ (1—acos)) — jasinQ ‘
‘H(Q)‘:‘l—acosQ-Q- jasi “la- ? inQ)’
]ast‘ ‘(1 acos )™ + (asin(?) ‘
J(1—acosQ)? + (asinQ) 1
- 2 ; 2 3 - > ‘H(Q)‘
(1—acosQ)” +(asinf?) \/(1—acosQ) + (asin€)
B 1
VJ1—2acosQ +a?
(7.2.9)
Phase:
JH(Q) = tan" [ﬂ] ~ tan! [M] (72.10)
1—acos( 1—acos2

To design the corresponding diagrams, 2 has to obtain a certain
value (@ = 0.6).

2.6 " T T 0.8
24+ 06
22+
0.4
2l
181 0.2+
< 2
'{B 1.6} é’ 0r
14+t _o2l
1.2+
-04r
1l
08l -0.6 |
. -0.38 R —
-4 -2 0 2 4 -4 -2 0 2 4
Q (rad/s) Q (rad/s)
5.
5(1+0.25z
Hs(z) = _ 5(1+0252)
(1-0.5z)(1-0.12)
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z+5 20z 4100
Hs(z)= = 2.
52 (1-0,52)(1-0,2z) (z—2)(z—10) (7.2.11)
Set: z=¢” =
. 5 + efQ .
Hs(e") =20 = Hs(e/")| Z(Q 7.2.12
(=205 ) Hs(@™)26@) (7212
The amplitude of the response equals to
[Hs(e™) =20 B
e == T o 1 o
’ e —ZHe]” —10‘
(72.13)
— 20 \/(5+cosQ)2+sian
\/(cosQ —2)* +5in’Q \/(cosQ —10)% +sin*Q
The phase of the response is
P(Q)=tan* _sin® tan! _sin® an ! _sin® (7.2.14)
cosN+5 cos2—2 cos2—10
6.
Ho(z)= 7215
e z+3 (7.2.15)
Set: z=¢" =
. 1 .
oy = — 2
Hy(e) =20 — = [He(e™)] £0() (72.16)
The amplitude of the response equals to
i 1 1 1
Hq(e/)| = — = — = (7.2.17)
e e 43 [cosQ+jsinQ+3 fcosQ+3) +sin’ Q2
The phase of the response is
1 sin {2 7218
e(Q)=—tan ' " (72.18)

cos2+3
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In the following scheme, the magnitude of the discrete fre-
quency response is illustrated for —107 < <10m.

Q -10r  -15%/2 —-5m -5%w/2 O 5n/2 5% 15w/2 10w
‘Hb(e’“) 0.5 0.4168 0316 0.265 0.25 0.265 0.3162 0.4168 0.5

05 b

0.4

o
w

Magnitude

o
)
T
.

0.1rf b

0
-30 -20 -10 0 10 20 30
Q (rad/s)

EXERCISE 7.3

Derive and design the frequency response of a ZOH circuit. In addition,
calculate the amplitude and phase of the frequency response of a FOH
circuit.

Solution

The transfer function of ZOH is given by

Gun(s) = LII(E) — 1(t — T)] = 1*5% 731)

The frequency response of ZOH is obtained by setting z = 7% in the
latter expression, yielding

D
Gno (]W) = ;
jw
— jw /2)Tjw —(1/2)Tjw :
_ 2¢ /AT (e(l DM _ g~/ ) -T sin(wT'/2) o (/DTje (7.3.2)

2jw wT /2

The amplitude of the frequency response is

sin(wT'/2)

WT/2 (7.33)

G(jw)| = ‘T

297



298 Digital Control Systems

The corresponding phase is

sin(T'/2) —a/am
wT /2

—/ sin% + LV (7.3.4)

ZGo(jw) = £T

The transfer function of FOH is presented as

1_E—Ts 2

S

Ts+1
Gon(s) = o

(73.5)

The frequency response of FOH is obtained by setting z = eI/~ in the
latter expression, yielding

1+ jwT

1 e ”T]
o

Jw

Gpon(jw) = (7.3.6)

The amplitude and phase of the frequency response are, respectively,
expressed as

2 2 . 2
|Ga(ju) | = T 1+ AT | SN(T /) (737)
w3 T w/ws
. 2 2
= Arg(Gpn(jw)) = tan ™" [M] - % (7.3.8)

In the following schemes, the amplitude and phase of ZOH are illus-
trated. Observe that there is a low-pass filter with features depending on
the sampling period.

A
|Gol

0.637T

0.212T
0.127T
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—180° —

—360° —

—540° —

—720° —

-900° —

LGy ¥

EXERCISE 7.4
Consider a discrete control system with the closed-loop transfer
function H(z) = (Y(2)/U(z)) = (0.813/(z — 0.8187)).
Derive and design its step response.
Solution

The difference equation resulting from the given transfer function is

_Y(z) 0813 - _
H@) =0 = - o1y ~ YPE~08187)=0813U()
= 2Y(2)—0.8187Y(2) = 0.813U(z2) (74.1)

= Y(z)—0.8187z'Y(z) = 0.813z 'U(z)
= y(k) = 0.8187y(k — 1) 4 0.813u(k)

From the above difference equation, assuming the unit step function
as an input signal, the following table arises.

k u(k) y(k)
0 1 0

1 1 0.1813
2 1 0.3297
3 1 0.4513
4 1 0.5507
5 1 0.6322
6 1 0.6989
7 1 0.7535

00 1 1.0000
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Based on this table, observe that the step response reaches to the 63%
of the final value fork=5o0rt=0.5s.

These values are verified by calculating the step response via the
Laplace transform:

Hizy— Y _ 0813 Y= 0813 0
U(z) z-0.8187 z—0.8187
(74.2)
0813 =z
=Y, (z)=——~——
z2-08187 z—1
(742)= Y.(2) = 0.813z _ 1 08187
(z—1)(z—08187) z—1 z—0.8187
= Y(2)=z' % 08187z (74.3)
z—1 z—0.8187

= y,(k) =u(k —1)—0.8187"

Design the step response using MATLAB as

u = ones(size(0:10)) ;
num = [0 0.1813];
den = [1 -0.8187];

dlsim(num,den,u)

OO O0OO0OO0OO0OO0OOOOOKKNK
i
o
iy
w

plot(0:10,y,’0’,0:10,Yy) ;

0.9 T T T T T T T T T

08+ E

0.7 E

0.6 J

05+ J

0.4+ E

03+ E

02+ E

0.1 E

0 L L L L L L L L L
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EXERCISE 7.5

Consider a discrete control system with the closed-loop transfer function
G (2) = (C(2)/(X(z) = 2z — 1)/(z?). Derive and design the step response
and ramp response.

Solution

Step response:

X(2) = Z(u(k) = ﬁ

The output in z-domain is computed by

2z—-1 z 2z—1
C(z) =GeL(z)R(z) = . =
(2) = Ger(2)R(z) 7 T 1 £ (7.5.1)
=>C@)=2z"'4z2+z +z4+... (75.2)
Below, the desired system step response is provided
(1)
I
0 T 2T 3T AT
Ramp response:
Tz
X(z)= Z(r(k)) =
@)=200)= 7}
The output in z-domain is computed by
2z—-1 1Tz
C(z) =GcL(z)R(z) = :
(&) =Ga@R@) == 1 (75.3)
0= L2 _om st amt o (759

T 22242



302 Digital Control Systems

Below, the desired system step response is provided
c*(2)

EXERCISE 7.6

Consider a discrete control system with the transfer function:
G(z) = (z + 0.5)/(z% — 0.6z + 0.3). Calculate the steady-state error for step
and impulse input function.

Solution

The poles of transfer function G(z) are complex conjugate, such that

p1 =0.3000 +0.4583i, p, =0.3000 —0.4583i (76.1)

Since both the poles are located inside the unit circle, the final value
theorem is invoked.
The system step response is

z+0.5 z
z2—0.6z+03z—1

Y.(z)= (7.6.2)

Applying the final value theorem, the final value of the step response
is derived as

Yssu = lll'Ill(Z - 1)
7.6.3
; z4+0.5 Lz 214 ( )
z-—06z4+03 z-—-1

Y. (z)= lirrll(z -1

Thus, the final value of the step response in steady state for the given
system is 2.14. This reflects that the steady-state error is in the order of
114%.

The above theoretical results are verified using MATLAB as

numDz=[1 0.5];

denDz=[1 -0.6 0.3];

T = 05;

sys = tf (numDz,denDz,T) ;
[x,t]=step(sys,5);
stairs (t,x)
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151 b

0.5 b

0 0.5 1 15 2 2.5 3 3.5 4 4.5 5

The steady-state error is 2.14, as expected.
The system impulse response is

z+4+0.5

Yiz)= . 2TY0
&= 2 062103

(7.6.4)

Applying the final value theorem, the final value of the impulse
response is derived as

Yss,s = 111’1'11(2 - 1)

: z+05 (7.6.5)
Yi(z)=lim(z—1)—>1T"2 _1=0
o(2) = lim(z )f—06z+03

Thus, the final value of the impulse response in steady state for the
given system is zero. This reflects that the steady-state error is in the
order of 0%.

EXERCISE 7.7
For the system of the following scheme, derive the position and velocity
errors.

R(z) + E(z) U(z) Y(z)

C(z) G,,2)
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GZAS(Z):M
(z=1(z—b)
o KG=b)
z—c

ForO<a,bc<1

Solution

The error transfer function of the given system is

E@) _ L

= 7.71
R(E) 1+ Gons(2G() ¢7)
For the position error, we have
e(c0) = ! (7.7.2)
1+K, o

The position error constant is calculated by

s .. K(z+a)K.(z—-D)
K, = IZIB}GZAS(Z)G(Z) = 121£r11 z-1)z—b)z—0) (7.7.3)

Hence

K1+a)K.(1-b)

P A-na-bha-o (@74)
Consequently, the position error is
e(00) = — =0 775
C1+K, (75)
For the velocity error, we have
e(00) = - 776
=% (7.7.6)

v
The velocity error constant is calculated by

K(z+a)K.(z —b)
(z=1(z—=b)(z—c)

val

T

linll(z —1DGz4s(2)G(z) = llirrll(z -1
Z— T z2—
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Hence

_1K(+a)K(1-b) _KK.(1+a)

T (1-b)(1—0) T(1—c¢)

v

Consequently, the velocity error is

e(00) = T7(l—¢)
KK.(1+a)

EXERCISE 7.8

(7.77)

(778)

Consider a discrete control system with the transfer function
G(s) =10/(s(s + 1)), T=1s. Derive the steady-state error for different

kinds of input.

RG) —— ZOH G(s)

Y(s)

Solution

Calculate the open-loop transfer function G(s) with the aid of ZOH

G(s) =

10e7™ :10845[1 1 1 ]

s*(s+1) £ s s+l

The z-transform of G(s) is

Tz z z
G(z)=10(1—z"" -
@ ( )[(z—l)z z—1+z—eT]
T z—1
=10 -1
[z—l Jrz—e’T]

For step input, the steady-state error equals to

K, =limG(z) =00, e, = o =0
z—1 1+K,

For ramp input, the steady-state error equals to

K, = Lim(z —1)G(z) =10, en, = ——0.1
T -1 K,

(78.1)

(78.2)

(78.3)

(7.8.4)
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For parabolic input, the steady-state error equals to

1. 1
K, = Flzlirll(z — 1)2G(Z) =0, Css,0 = Kf =00 (785)

EXERCISE 7.9

Consider a discrete control system with the transfer function G(s) = K/
(s(s+3),T=1s.
Derive the steady-state error for r(t) =1 + t.

) — 1 7oH oy Y

Solution
Calculate the open-loop transfer function G(s) with the aid of ZOH

- 1—87“. K T K
N | 52<s+5)]
—(1-e™)2Z K/5+i/5+1</25]
s s+5
(79.1)
o KT2/5 _Ka/5 Kz/25
(21 z-1 e T=1

K 2’ —22067z+0.2135
5 (z—1)(z—0.0067)

=G(z)~ —

Since the system input is r(f) = 1 + ¢, the steady-state error is the sum
of the position error and velocity error, that is

o=t 4L (79.2)
" 14K, K, o
where
_ hmG(Z) _ 11 5 2% —2.2067z +0.2135 _ (79.3)
15  (z—1)(z—0.0067)

lim(z - 16 = lim- K z* 22067z +0.2135
5 (z—0.0067)

~02K (794)

Finally, the requested steady-state error is given by

1 T T
v Lo T 22 (79.5)

€ss =
"T14K, K, 02K|,_, K




Time and Harmonic Response Analysis Steady-State Errors 307

EXERCISE 7.10

Consider a discrete control system with the transfer function: G(s) = 1/
(s+1).

a. Derive the difference equation.
b. Simulate the given system.
c. Derive the step response for T =15

Res) — 1 7oH oy Y

Solution

a. The system transfer function with ZOH is

(1—e )z !

G(z) —
@ 1—eTz7!

(710.1)

Setting A=1—eT and B=e¢", then the latter function
becomes

(1—e M)z ! _ Az ! ~ Y(2)
1—eTz'  1-Bz' X(2)

G(z)= (710.2)

The difference equation is derived by

Y(z)(1—Bz )= AX(z)= Y(z) - BY(2)z ! = AX(2)z "
= y(k)—By(k —1) = Ax(k—1) (710.3)
= y(k)= Ax(k —1)+ By(k —1)

b. The system parameters and its input are A=1—¢7, B=eT,
x(k) =1
The initial conditions are x(k —1) =0, y(k) =y(k —1) =0,
k=0

Simulation program

While k<100 do
y (k) =Ax(k—1) +By (k—1); Calculation of output
x(k—1)=x(k); y(k—=1)=y(k); x(k)=1; k=k+1; Data update
print k, x(k), y(k); Print input and output

End

c. For T'=1s, we have A = 0.6321 and B = 0.3679.
For step input, the response is

y(k)=0.6321x(k — 1)+ 0.3679y(k — 1) (710.4)
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We proceed by formulating the table of values; output signal fol-
lows its corresponding input.

k 0 1 2

x(k) 1 1 1 1 1 1

y(k) 0 0.6321 1 1 1 1
EXERCISE 7.11

For a sampled data closed-loop system, the z-transform of the error sig-
nal is given as E(z) = z7' + 0.6 z72 + 0.2z73. Derive the system output y(k)
fork=0,1,2,3,4,5when the input is a ramp function.

Solution

We know that the error is defined as
e(k) = r(k) — y(k) (711.1)
Using the z-transform, we get
E(z)=z'+06z%402z"° (711.2)

In the discrete-time domain, the error is

e(ky=2" {E(2)} =0-6(k)+1-6(k —1)+ 0.6 - 6(k — 2)

+0.2-8(k—3)+0-6(k—4)+0-5(k —5) (711.3)
In the discrete-time domain, the system input is
r(k)=k-1(k) = 0-6(k) +1-6(k — 1) +2-8(k —2)
+3-8(k—3)+4-5(k —4)+5-6(k —5)+ - (711.4)
Hence, the ramp response is presented as
y(k) = r(k) — e(k) = 0-5(k) +0- (k — 1) + 1.4 -6(k — 2)
(711.5)

+28-6(k—3)+4-6(k—4)+5-6(k—5)
Thus, the ramp output of the system is

y0)=0, y()=0, y(2)=14, y(B)=28, y4)=4, y()=5
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Therefore,

y(k)y=k and k>4 (711.6)

EXERCISE 7.12
Consider the transfer function of an analog system, given as
G(s) = K/s + b).

a. Derive the transfer function in z-domain with or without ZOH.
b. Derive the final value of the step response for both cases.

c. For K=b=1, design the closed-loop step response using
LabVIEW.

Solution
a. Applying the inverse Laplace transform at the given transfer

function, it yields

_ gl K m
g(t)=ILT[G(s)|= ILT[ = b} =Ke (712.1)

So, the discretized transfer function is

z ay
G(z)=K = 12.
(2) S (712.2)
whereay = Kand by = —e '™ (712.3)

The corresponding transfer function with ZOH is presented

as
Gmh(z):zflzG(s) _z—1 K
z s z s(s+b)
_ % z—1 7 1 1 .
z s s+ (712.4)
_Kz-1| z = =z
b z |z—1 z—¢ "N
51—6’”” _ az!
bz—et™ 14bz!
where
m=K(l-e")/b and b =—" (712.5)

The ZOH circuit introduces a delay term along with the
parameter (1—e™"™)/b in the numerator.
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b. The fixed value of the step response without ZOH is

y(oo)=lim *~ 1
Z— ya

B (712.6)

Y@)=lm? tgk 2 _ % _ K_

z—1 z z—e "0 z—1 1—e""

The fixed value of the step response with ZOH is
.oz—1 .oz—1

y(o0) = hn}—Y(z) = lln}—G(z)U(z)

z z (712.7)

. z—1K1=—¢"M 2 K
=lim - — ==
=1 z bz—e"%z-1 b

The fixed value of the step response for the analog system is

K1 K

y(o0) = lsiirole(s) =lims

1 s+bs b (712.8)

c. The front panel and block diagram of the vi implemented to
design the requested step function are presented as follows:
It holds that: G(s) = 1/(s + 1) and the resultant pulse transfer
function with ZOH is G(z) = (0.0952)/(z — 0.9048) for T = 0.1 s.

Continuous TF |—_
Discrete TF |~

Discretizing the Mode! s it

The Matchon Srecpeescy gt
oty orma mathoch
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Typically, using the above vi, any analog transfer function dis-
cretized with ZOH can be given, along with the desired sam-
pling period, while the corresponding discretized open- and
closed-loop transfer function can be calculated, and the system
step response can be designed.

EXERCISE 7.13

Consider a discrete control system with the transfer function G(s) = 2e~5/
(s + 1). Derive the transfer function G(z) when fs = 5 Hz and calculate the
first seven samples of the system step response.

R(s) Y(s)
+ ZOH G(s)

Solution
Calculate with ZOH the transfer function 1/(s + 1).

ZOH[ 1 ]:> (713.1)

s+1

1—eTJ r—0. 01813 _ 0.8

z—e T z—0.8187 z-0.82

Similarly, Calculate with ZOH the transfer function 2e=5/(s + 1).

2¢° | 0.36z7°
G(z)=7ZOH =
(@) s+1) z-0.82 (139
The closed-loop transfer function is derived by
Y(z)  (036z°/z-0.82) 0.36z°
R(z) 1+(0.36z°/z—082) z—0.82+0.36z"°
(2) +(0.36z /;/: ) z + Z (7133)
0.36z~

T 1-0.822 '+0362°

From the latter expression, the difference equation of the system
arises.

y(k) = 0.82y(k — 1) — 0.36y(k — 6) + 0.367(k — 6) (713.4)

The first seven samples of the step response are y(0:5) = 0, y(6) = 0.36,
y(7) = 0.82(0.36) + 0.36 = 0.655.
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EXERCISE 7.14
Consider a discrete control system with the transfer function G(s) =
10/(s + 2)(s + 3).

R(s) Y(s)
+ ZOH G(s)
T=0.1

1. Derive the closed-loop transfer function of the system.

2. Derive the system step response.

3. Calculate the parameters of the system time response: percent-
age of overshoot, settling time, and steady-state error.

Solution

1. The closed-loop transfer function is presented as

_ G»
Gule) =17 = (714.1)
where
Pt [ €[C) ) I - 10 _
C@=1-2 )Z[ s ] ==z )Z[s(s +2)s +3)] -
-~ 4 z(Az + B)
=101z e e (714.2)
= Gl) = 0.042z + 0.036
(z— 0.819)(z — 0.741)
(7141),714.2) > Gy (z) — (00422 +0.036)/(z —0.819)(z ~ 0.741)
1+(0.042z +0.036)/(z — 0.819)(z — 0.741)
= Gulz) = 0.042z 4+ 0.036 (714.3)

7> —1.518z +0.643
2. Derivation of the system step response.

0.042z +0.036
z? —1.518z 4 0.643
_0.042z7' +0.036z 2
©1-151821+0.643z 2

Y(z) = Ga(2)R(2) = R(z)

R(z)=

Y(z)(1-1.518z " +0.643z %) = (0.042z ' +0.036z *)R(z) (7.14.4)

From the expression (7.14.4), the difference equation of the
system is derived as
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y(k) = 1.518y(k — 1) — 0.643y(k — 2) + 0.042r(k — 1) 7145
= 0.0367(k —2)

For step input: r(k)=u(k)=1 Vvk>0 and initial conditions:
y(—1) = y(—2) = 0, the expression (7.14.5) is iteratively solved as

y(k)=1{0,0.0420,0.1418,0.2662,0.3909,0.5003,0.5860, 0.6459,
0.6817,0.6975,0.6985,0.6898,0.6760,0.6606,0.6461,0.6341,0.6251, ...}

3. Steady-state response

Y =lim(1—z )Y (2) =lim(1 -z ")Ga(2)R(z)

(714.6)
_lim{—zY 20.0422 +0.036 1 o
P 22 —15182+0.643 1—z

The maximum value of step response is

Ymax = 0.6985 (7147)

Percentage of overshoot is

- 0.6985 — 0.624
POT = Y=o =Y 1009, = 100% =11.94%  (714.
Yo 0.624 (128)

Settling time with a constraint 5%
t,=kT (714.9)

k, should follow the condition of maintaining 5% steady-state
error; thereby

k. >14 (714.10)

(7.14.9),(7.1410) = t, =14-0.1=1.4s (714.11)
Steady-state error

O =T — Yo =1—0.624 = 0.376 (714.12)

NOTE: POT and ¢, can be computed by the dominant poles of the
systems.
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The closed system poles are the roots of the equation

7 —1.518240.643=0= (714.13)
71, = 0.7590 + j0.2587 = 0.8019¢/*%*% (714.14)
It holds that
—Inr —1n0.8019

5579 (714.15)

J= = =
Janr? +¢>  \/(In0.8019) 4 0.32857

Wy = %\/(lnr)z +* = %\/(mo.gow)2 +0.3285> = 0.3958 (714.16)
Thus
JEs
POT =exp|— \/—2 100%
1—
J (714.17)
05579-3.14 ), 0 15110,
=exp|——F——-—7-=- 0 = . (!
P V1-0.5579*
s 3 3 =1.36sec (714.18)

" Jwn  0.5579.0.3958

The values of the expressions (714.17) and (7.14.18) are very
close to the ones of the expressions (7.14.8) and (7.14.11).

EXERCISE 7.15

Consider the discrete system with pulse transfer function:
H(z) = (09 z — 0.8)/(z> — 1.3z 4+ 04). Design the system response for
input u(f) = sin (nt) using MATLAB for T = 0.2 s and verify theoretically
the results.

Solution
The MATLAB code is

T=0.2; % Sampling period
w=pi; % Frequency of Sinusoidal signal in rad/s

t = 0:T:6; % Create vector from time samples

u = sin(w*t); % Define input

num = [0 0 1]; % Numerator of transfer function

den = [1 -0.5 0.5]; % Denominator of transfer function
G = tf(num,den,T); % Define the discrete LTI system

y = lsim(G,u,t); % Calculate the time response
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plot(t,u, k-0’ ,t,y,'r--*"); % Design the input and output
legend (' Input’, ‘Output’); % Title of diagram

1.5 T T T T

0.5

-0.5

- Input . A K ','. N,
-+- Output ' K %’
_15 ! L L L
0 1 2 3 4 5 6

From the input and output waveforms, we conclude that the out-
put is a sinusoidal signal with circular frequency equal to the circular
frequency of the input, yet with different amplitude and phase.

The input signal amplitude is obviously 1, the corresponding
output signal amplitude is approximately 1.3. the phase difference is
p=wt, ~—031=—-0.94 rad.

The above values can be verified in two ways.

1. Setting wT = 7T in the amplitude and phase of the system trans-
fer function:

092038
H(z)= 22~ 9%
@)= 7 132104 (715.1)
. T
H(e )=, 09¢" —08 (715.2)

e —1.3¢M" +0.4
09¢*" —0.8 |
T —1.3¢MT 104

0.9(coswT + jsinwT)—0.8 |
082w T + jsin 2wT —1.3(coswT + jsinwT) + 0.4|

)=

0.9coswT — 0.8 + jsinwT |
c0s2wT —1.3coswT + 0.4 + j(sin 2wT —1.3sinwT))|

B \/ (0.9coswT —0.8)* +sin®wT
\/(cos 2wT —1.3coswT +0.4)* + (sin 2wT —1.3sinwT)?
(7.15.3) #‘H(eio‘z") ~13

(715.3)
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Arg(H(e™")) = Arg(0.9 ™" — 0.8) — Arg(e**" —1.3¢™" +0.4)

sinwT ~tan! sin2wT —1.3sinwT
0.9coswT —0.8 cos2wT —1.3coswT +0.4
(7.15.4) = Arg(H(e!"*")) ~ —0.94

=tan™"

(715.4)

2. Setting in the pulse transfer function
z=e"" =e/™ =cos(nT)+ jsin(rT) = 0.809 + j0.5878  (7.15.5)
and then calculate the amplitude and phase as

[H(0.809 + j0.5878) = 0.6793 — j1.1036| ~ 1.3

Arg(H(0.809 + j0.5878)) =~ —0.94

EXERCISE 7.16

Consider the discrete system with pulse transfer function: H(z) = (0.9
z — 0.8)/(z*> — 1.3z 4 0.4) Design the ramp response using MATLAB.

Solution

We calculate the ramp response in three different ways.

a. From the corresponding expression for ramp response we have
yk)=u+2—(6+(2/3)*(0.8) +(4+(2/3)*(0.5);  (716.1)

b. Using the command Isim and
c. Calculating the IZT of the product

09z — 0.8 z

HERO= =135, 04 -1

(716.2)

oe

Define H(z)

H = tf([0.9 -0.8],conv ([l -0.8],[1 -0.5]),1);

% Define input function

k = [0:20];

u = k;

% Calculate ramp response with three different ways

vyl =u + 2 - (6+(2/3))*(0.8) .~k + (4+(2/3))*(0.5) .k ;
y2 = lsim(H,u, k) ;

Y = t£([0.9 -0.8 0] ,conv(conv([1l -0.8],[1 -0.5]),

[1 -2 11),1);
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y3 = impulse (Y, k) ;

% Plot the results
plot(k,y1l,’'-',k,yl,'x" ,k,y2,'-" ,k,y2,"+',k,v3,'-",k,y3,'s")
xlabel (‘time k')

ylabel ('y (k) ")

grid

legend ({’’,’ formula’,’’,’1lsim’,’’,’impulse’},’Location’,
'SouthEast’)

25 ! ! ! ! ! ! ! ! !
§ § § § § § § : : _—
20 ......... 444444444 ......... ........ 44444444 ......... 444444444 / ........
: : : o
: : s
: : ~
RTINS EP N N I ST I,
. Formula| |
; ; ; + Lsim
o Impulse | |
OSSO OO RN SO SO S O ST
0 2 4 6 8 10 12 14 16 18 20

Observe that there is a sharp matching of the response over the three
ways.

EXERCISE 7.17

Consider the system with transfer function: G(s) = 1/(s?) which is con-
trolled by a controller with the transfer function: Gp(s) = (70 s + 140)/
(s + 10).

Discretize the system with the ZOH method for sampling period
T =0.05s and T = 0.025 s. Compare the step response of the closed-loop
analog and discretized system.

Solution
The MATLAB code is

% Define the given system
numG=1;

denG=[1 0 0];

% Define the controller
Ko=70;

a=2; % D(s) =zero

b=10; % D(s) pole
numD=Ko* [1 a] ;

denD=[1 b];

o

% Define the closed-loop transfer function
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num=conv (numG, numD) ;

den=conv (denG, denD) ;
[numcl,dencl] =feedback (num,den,1,1) ;
% Define the step response

tf=1;

t=0:.01:tf;

yc=step (numcl,dencl, t) ;
subplot(2,1,1)

plot (t,yc,’-"),grid
axis([0 1 0 1.5])
hold on

°

% Discretize the system for T=0.05s.
Ws= 20; % Hz

T=1/Ws; T=0.05

[numGd, denGd] =c2dm (numG, denG, T, ' zoh') ;
% Define the digital controller
numDd=Ko* [1 - (1-a*T)];
denDd=[1 -(1-b*T)];

>> printsys (numDd,denDd, 'z’)

% Define the closed-loop transfer function
numd=conv (numGd, numDd) ;

dend=conv (denGd, denDd) ;

[numcld, dencld] =feedback (numd,dend, 1,1) ;

% Define the step response

N=tf*Ws;

yd=dstep (numcld, dencld, N) ;

td=0:T: (N-1) *T;

plot(td,yd,’'*")

plot(td,yd,’'-")

ylabel (' output y’)

title(’Continuous and digital response using zoh method’)

text (.25, .1, *----- LT * digital control’)
text (.25, .3, -~----—------- analog control’)
text(.35,.6,’ (a) 20 Hz')

hold off

°

% Repeat the process for T=0.025s.

Ws= 40; % Hz

T=1/Ws; %T=0.025

[numGd, denGd] =c2dm (numG, denG, T, ' zoh') ;
numDd=Ko* [1 - (1-a*T)];

denDd=[1 -(1-b*T)];

numd=conv (numGd, numDd) ;

dend=conv (denGd, denDd) ;

[numcld, dencld] =feedback (numd,dend, 1,1) ;
N=tf*Ws;

subplot(2,1,2)

plot (t,yc,’-"),grid

hold on

yd=dstep (numcld, dencld, N) ;

td=0:T: (N-1) *T;

plot(td,yd,’'*")

plot(td,yd,’'-")

xlabel (‘time (sec)’)

ylabel (' output y’)

text (.25, .1, *----- LT * digital control’)
text (.25, .3, -----—------- analog control’)
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text (.35,.6,’ (a) 40 Hz')
hold off

Continuous and digital response using ZOH method
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Observe that the step responses of the analog and discretized with
ZOH system more closely match each other as the sampling time

decreases.

EXERCISE 7.18

Ilustrate the poles and zeros and design the step response of a system
with transfer function: G(z) = (1/(z> — 0.3z + 0.5) using the software
platforms MATLAB and LabVIEW.

Solution
Illustration of poles and zeros

a. Using MATLAB, utilize the following program:

numDz = 1;

denDz = [1 -0.3 0.5];

sys = tf (numDz,denDz,1/20)
pzmap (sys)

axis([-1 1 -1 1])

zgrid on

We used the command pzmap to illustrate the poles and zeros
in the complex z-plane. The poles at the denominator are com-
plex conjugate: p; = 0.1500 + 0.6910i and p, = 0.1500 — 0.6910i,
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while they are placed inside the unit circle, thus the system is
stable. The sampling period is T = 0.05 s.

b. Using LabVIEW and LabVIEW Control Design and
Simulation Module, discrete transfer functions can be developed
and digital control systems can be efficiently simulated.

The poles and zeros of the transfer function can be designed
with the aid of CD Pole—Zero Map V1.

The block diagram and the poles-zeros diagram are respec-
tively presented below.

W Equation

MNumerator @

[ToecH =
Denominator w
[foeid} 5150

Plots the poles and zeros of a
svstem model on the comolex

Pole-Zero Map
=1 s10p

@




Time and Harmonic Response Analysis Steady-State Errors

Step response:

a. Using MATLAB, we have the following program that illys-

trates the step response

numDz
denDz

1
[

1 -0.3 0.5];

sys = tf (numDz,denDz,1/20) ;
step(sys,2.5);

Amplitude

1.4

1.2

0.6

0.4

0.2

Step response

0.5

Time (s)

2.5
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b. Using LabVIEW and LabVIEW Control Design Module, we add
the CD Step Response VI in the block diagram.
The block diagram and the step response are illustrated
below.

Sampling Time (s}

[Coii » Equation

E==]]

Humerator

Denominator

Plats the poles and zeros of a

svstem model on the comolex
Pole-Zero Map
0
Calculates the output
of the system when a
Fhens Svr s e
Step Response Graph

time info
T

[E]

EXERCISE 7.19

Evaluate a second-order system with pulse transfer function
H(z) = (z> — 0.3z — 0.1)/(z> — 0.55z + 0.595) and a system with two stages
connected in series with first-order transfer functions: H;(z) = (z + 0.2)/
(z — 0.7), Hy(z) = (z — 0.5)/(z — 0.85) for a rectangular input signal of fre-
quency 0.2 Hz.

Solution

Using the LabVIEW Simulation Module, we analyze the system model by
presenting its block diagram as follows:
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Sample periox

In this simulation scenario, the second-order discrete transfer func-
tion H(z) = (z* — 0.3z — 0.1)/(z2 — 0.55z + 0.595) and its equivalent are
implemented, while it holds that H,(z)H,(z) = H(z). The simulation goal
is the system evaluation for a rectangular input signal with frequency
0.2 Hz. The corresponding front panel for T = 0.01 s is given below.

implement a filter using mare ‘basic’ functions of Cantrol an Simulation
Instructions.

1. Sedect the sampling time you want the discrete transfer function to execute.
2 Run the VI and verify the resubts.

input and output

Input 2
i

Sample period (s}

Input 3
: 5

Overview: This example applies a square wave input 1o a discrate filter, Also demonstrates how to obtain other ways 1o

Simulation Time
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filter
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8

Compensation of Digital Control Systems

8.1 Introduction

System compensation corresponds to the system design such that the given
requirements or specifications are satisfied. Typically, an additional system
is introduced in the appropriate connection with the system to be controlled
in order to compensate its behavior. These systems are called compensators or
controllers and depend on the system structure.

The most common compensation units are

¢ Cascade compensation, where the compensator is placed in a series
to the system to be controlled, which is the most usual compensation
form in control systems.

¢ Feedback compensation, where the compensator is placed for feedback.

* Mixed compensation, where the compensator is placed in a series
and for feedback with the system to be controlled.

The compensator is a device which automatically produces an input sig-
nal. In the case when the compensator utilizes an output measurement, then
it is called feedback control. The algorithm that is installed in the controller is
called feedback law.

The goal of the control systems design is the determination of the appro-
priate input signal so as the controlled process achieves the desired perfor-
mance. This performance accordingly varies with the features and the exact
operation of the process.

The selection of the appropriate compensator depends on

* The structure of the system to be controlled (plant)
¢ The design specifications

Typically, the design specifications are summarized as follows:

1. The system output should be bounded for every bounded input signal
and for every initial value of the input and output (bounded response).

325
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2. The system output should follow a desired response (command
following).

. The system poles should be placed in desired positions.
. In transition state, the rise time should be small.

. In steady state, the error should be as small as possible.

N U1 &~ W

. System robustness should be preserved, that is, the closed-loop sys-
tem should not be susceptible to alterations of the process conditions
and to errors onto the process model.

Under typical compensation applications, all the specifications cannot be
simultaneously achieved, because some are conflicting. Yet, a balanced trad-
eoff between two important objectives should be delivered; namely, perfor-
mance and robustness.

A compensated system exhibits satisfactory efficiency when it performs
a fast and smooth response to changes and disturbances of the desired
value with little or no oscillation, and it is robust if it provides satisfac-
tory performance for a wide range of process conditions and the expected
error-case present in the model process. The robustness can be achieved by
selecting a conservative calibration of the modulator, but this option tends
to result in low efficiency levels. Thereby, the conservative regulatory con-
troller actions sacrifice a part of good performance to achieve the desired
robustness.

For the control systems design in the z-domain or s-domain, a common
practice is to neutralize undesirable poles and zeros of the controlled process
with corresponding zeros or poles inserted in the controller. This method
should be applied with caution, especially in the case when implemented
near the perimeter of the circle (z = 1), which may cause instability due to
inaccuracies that always exist during the neutralization.

The prevailing methods of digital control systems design are divided into
indirect methods (indirect design methods) and direct methods (direct design
methods).

8.2 Indirect Design Methods

Consider the analog control system in Figure 8.1 with G(s) and C(s) indicating
the transfer function of the system to be controlled and the analog controller,
respectively.

The objective is the design of a discrete-time controller with transfer func-
tion C(z) such that the closed-system performance (Figure 8.2) approaches as
close as possible the performance of the analog system. First, the continuous-
time controller is designed and then the discrete-time controller is calculated
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r(s) + e(s) u(s) ¥(s)

\r Controller Plant
FIGURE 8.1

Continuous-time control system.
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FIGURE 8.3
Digital control system with a pre-antialiasing filter.

using one of the available discretization techniques (as thoroughly analyzed
in Chapter 3).

The disadvantages of this method are the largest phase delay of the con-
tinuous-time system and the dependence of the dynamic behavior of the
system by the sampling period.

The advantages of indirect technique is the use of control engineering
experience in continuous-time controllers and the facilitation of the discrete-
time controller design in the case of the analog controller’s existence.

This method is implemented in the following steps:

1. Selection of sampling period and design of the pre-antialiasing filter
to cutoff the high frequencies (Figure 8.3).

2. Design or discretization of the analog controller.
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3. Control of the discrete system performance.

4. System optimization by using the subsequent approaches, in the
case when the specifications are not satisfied:

* Select a more suitable discretization method.
* Increase the sampling frequency.

¢ Modification of the analog controller.

The indirect design technique has an implementation difficulty due to
the applied holding system. In the simplest case, the holding system is zero
order, so

1— e*TS

S

Gi(s) = 8.1

After the approximation of the term e, the approximated expression
of G,(s) arises, which is given by the expression (8.3) and is often used in
practice:

e 1 (Ts/2)+((Ts)*/8)—-- _1—(Ts/2)

€ ="z 2 - ®2)
e 1+ (Ts/2)+((Ts)*/8)+--- 1+(Ts/2)
1, 1-(Ts/2)) T
(81),(82) = Gy(s) = _ [1 1+(Ts/2)] = (8.3)

8.2.1 Selection of Sampling Rate

The sampling frequency is a critical parameter for the control system and
determines the stability of the closed system. The selection of the optimal
sampling rate for a digital control system is actually a matter of compromise.
Generally, the smaller the sampling period, the closer is the digital system
performance to its analog counterpart. In the asymptotic limit where the
period approaches zero, the behavior of the discrete system coincides with
the analog one.

The performance of a digital controller improves as the sampling fre-
quency increases, while, however, increasing the implementation cost.
On the other hand, a smaller sampling rate means more execution time of
the control algorithm, so it becomes possible to use slower (and hence more
cost-efficient) CPUs. Based on the above, we conclude that the ideal sampling
rate is the largest possible that will simultaneously meet all the performance
and cost requirements.

An important criterion in the selection of sampling frequency is the avoid-
ance of the frequency aliasing effect. The Nyquist frequency determines the
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theoretical minimum bound on the sampling rate. However, in practical con-
trol systems, it is almost always necessary to choose a sampling rate much
higher than the one indicated by the Nyquist criterion. Accordingly, the
sampling frequency should be at least twice the largest system frequency,
namely, w;, > 2w,,,, where w; is the sampling frequency and w,,,, is the maxi-
mum system frequency.

The above condition is not sufficient for proper operation of the control
system. It is a common practice to select sampling rates that are at least five
times greater of w,,,, for first-order systems, while at least 10 times greater
of wy,, is required for second- and higher-order systems. This arises from
the necessity to maintain a distance that is as small as possible between
successive samples and to make the system capable of monitoring any
possible alteration of the signal. This reduces the deviation of samples from
the actual signal values.

Also, the D/A converter, which is always between the discrete control
system and the analog physical system, holds the control signal during a
sampling period. As already remarked, this retention (hold) introduces a
delay in the control signal by approximately T/2, as shown in Figure 8.4.

The so-called dead time, which is introduced, does not affect the ampli-
tude of frequency response; however, it causes the phase margin increase
by Ap = —w,T/2 (rad). Therefore, the T/2 delay negatively affects the control
loop stability.

The sampling time should generally be a flexible parameter. A physical
system that is difficult to be controlled, the high precision achievement, or
the use of a differential term, all require a faster sampling rate. On the other
hand, if the controlled system is simple or if a differential term is not used,

max

Digital signal —_

/ Signal is maintained
/ stable for T
—
/

/
0+
_ 7 Delayed signal for 7/2

.ﬁ_

FIGURE 8.4
Control system delay by T/2 due to the hold process.
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then we can reduce the sampling time, yet no more than 1/5 of the desired
recovery time.

It should also be understood that a part of information may not be
recovered due to sampling. This is the reason why we perform sampling at a
rate higher than the theoretical one.

8.3 Direct Design Methods

Using these methods, the digital controller is directly designed without
first having designed the standard analog controller. First, a mathematical
discrete-time model of the continuous-time control system is determined
and then the design in z-domain is implemented; thereby, the discrete-time
controller directly arises.

There are three direct design methods:

1. Design via analytical methods.
2. Root locus design in z-domain.

3. Design in the frequency domain (w-plane design).

8.3.1 Design via Analytical Methods

Consider the system in Figure 8.5.
Assume that
_ B@@)

_ (@ _T@@)

HP(z) = , Cz)= , F(z)= .
(2) A2) (2) V) (2) V() (8.4)

:Iv .................................................. : ;_,._,_H,_P_(Z_) _____________________________ :

R i Ul 't i Y

L- E(z) () @ ] Hold |~ () —/_i
o H
; Controller :

FIGURE 8.5

Digital control system with a controller.
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The analytical design methods define the polynomials V(z), S(z), and T(z)
so as to successfully achieve a predetermined closed-loop transfer function
of the form

Y(z) _ B(2)T(z)
R(z) A()V(z)+B(2)S(z)

8.5

In the simplest form, it suffices that T(z) = S(z) so the closed-loop system is
a typical unit-feedback system, the controller is selected to satisfy the steady-
state error condition, and the poles of characteristic polynomial coincide
with the poles of the desired polynomial.

The following steps are followed during the design process:

1. Selection of the desired characteristic polynomial.
2. Selection of the appropriate m > 0 and polynomials’ definition

V(z)=z" +wz" '+ +u, (8.6)
S(z) =s50z" + 512" 4+, (8.7)

3. Selection of the coefficients u; and s; to satisfy the error specifications
in steady state and to preserve a matching of the closed-loop charac-
teristic polynomial with the desired one.

The selection of parameter m is based on the subsequent assumptions:

* Let n = deg(A(z)) where A(z) is a monic polynomial (i.e,, its leading
coefficient equals to 1) and the system transfer function with ZOH
HP(z) has an order > 1. Then, the polynomial (B(z)T(z))/(A(z)V(z)+
B(2)5(z)) is monic with order n + m.

® The parameters s, i =0...m and u,, i = 0...m are 2m + 1.

¢ The design parameters should satisfy n + m conditions (due to the
zeros of the characteristic polynomial) and p conditions to satisfy the
steady-state error specifications.

® The design problem has a unique solution if 2m+1=n+m+p=
>m=n+p-1

8.3.2 Design Using the Root Locus Method
of the Characteristic Equation

The root locus method represents a direct method for defining the transfer
function of the digital controller.

Consider a closed sampled-data system with the closed-loop transfer
function Gy(z) = G(z)/1+ G(z)F(z) with F(z) denoting the transfer function of
feedback branch and characteristic equation 1 + G(z)F(z) = 0.
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Let the open-loop transfer function G(z)F(z) be in the special form

H(s +2z;)
G(2)F(z) = K5L—— 8.9)
[Je+p

i=1

The most appropriate parameter value K is selected according to the root
locus of 1 + G(z)F(z) = 0 in order for the closed system specifications to be
satisfied. Note that the discrete-time controller is an amplifier with gain K.

The steps that should be followed during the design are

1. Definition of sampling period T.

2. Calculation of the equivalent discrete transfer function of the con-
trolled system (which is connected in series to the hold circuit).

3. Root locus design of a controller C(z) so as to satisfy the required
specifications.

8.3.3 Design in the Frequency Domain

The design techniques of controllers, based on the response of a continu-
ous-time system in the frequency domain, can be extended to discrete-time
systems according to the expression z = eI To maintain the simplicity of
the logarithmic curves (Bode diagrams) and the discrete-time systems, the
bilinear transformation of the expression (8.9) is utilized, where the unit
circle in z-domain reflects the left w half plane.

or w=_—

zZ =
T T

=

z+1 ®9)

In the case when the product wI' (Where w=2rf=2r/T denotes the
circular frequency of the analog system) is small, the curves of harmonic
response in s and w domains are identical.

For high T values, the frequency scales w and 2 (where (2 is the frequency
in w-domain) are distorted because of the relation 2 = (2/T) tan(wT /2).

Consequently, discrete-time controllers can be designed with the aid of
Bode diagrams.

The steps that should be followed during the design are

1. Definition of sampling period T.

2. Calculation of the equivalent discrete transfer function of the con-
trolled system (which is connected in series to the hold circuit).
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3. Transform of the discrete transfer function into the frequency
domain via the expression (8.9).

a. Design of the controller using analog methods into the frequency
domain C(w).

b. Transform of C(w) to C(z).

4. Analysis of the closed system dynamic behavior.

8.4 PID Digital Controller

The three-term controller is actually a controller-cascade compensator that is
placed in the direct branch of the closed system and regulates the signal that
drives the system taking into account the deviation (error) of the input from
output. The acronyms of the PID controller is from the initials of proportional,
integral, and derivative, corresponding to the analog, integrated, and differen-
tial operation, performed by the controller. The block diagram of an analog
PID controller has the form of Figure 8.6.
It holds that

u(t) =K, |e(t)+ %fe(T)dT +T; % (8.10)

0
The transfer function of the analog PID controller is given by

_Ubs) _

=k =

1 K;
Kp [1+T‘S+Tds] == Kp +?+de
‘ (8.11)

K
with K; = ?p, Kqi=K,T;

i

—> K
e() K, 1 + Y+ u(t)
I
E(?) 1 + K U(s)

——» KpTds

FIGURE 8.6
Block diagram of an analog PID controller.
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A digital controller measures the controlled variable in certain time periods,
which are separated to each other by a time fraction called the sampling
time. Each sample (or measure) of the controlled variable is transformed into
a binary number to enter into a digital computer or a microcomputer. This
computer removes each sample of the measured variable to calculate a set of
error samples. The block diagram of a digital PID controller has the form of
Figure 8.7.

After the calculation of each error sample, a digital PID controller follows
a process, the so-called PID algorithm, to calculate the controller’s output,
which is based on the error samples. The PID algorithm has two versions: (a)
the position version and (b) the velocity incremental version.

¢ Implementation of digital controllers using the position algorithm
Assume thatt = kT, k=0, 1,2, ...hence: e(f) = e(kT)
Let

t k k

f e(r)dr = Ze(jT)T - TZ e(jT)
0 j=1 j=1

de(t) _ e(kT)—e(kT —T)
dt T

(8.12)

The algorithm of the digital PID controller is given by the expres-
sion (8.13), it is called position (or absolute) algorithm and calculates the
valve position based on the error signals.

k
_ T N Lt 0 — ek —
u(k) =K, e(k”n;e(]”T{e(k’ e(k—1)) (8.13)
KP
E(Z) 1<pTd ﬂ +rz\+ u(Z)
T =z +\/
KT 2
T, z-1

FIGURE 8.7
Block diagram of a digital PID controller.
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¢ Implementation of digital controllers using the incremental
algorithm

From the expression (8.13), we have that

k—1

K, e(kl)+§2e(j>+?{e(kl>e<k2)}] 814

i -1

uk—1) =

But: Au(k) = u(k)—u(k—1) thus:

mwﬁ:[M)de+TMH-k® 2e(k — 1)+ e(k — M]@ﬁ)

or

mm_u¢D+K%am e(k — n+?am+ fe(k)— 2e(k — 1)+ e(k — mq
(8.16)

The algorithm of the digital PID controller is given by the expres-
sion (8.15) or (8.16) and is called the incremental algorithm. The incre-
mental algorithm fits very well in increasing output devices, such
as stepping motors. The position algorithm is more physical and
has the advantage that the controller “remembers” the position of
the valve. The output of the controller, which is implemented by the
incremental algorithm, represents the control signal increments.

The advantage of this algorithm is that the system is less affected
if there is a computer error or if there is a switch between the manual
and automatic operation. Also, the system is protected from jam-
ming due to iterations (i.e., reset windup) because it does not include
the error sum series that leads to a saturation of the control signal.

(8.16)§ U(z) =z 'U(z) + K,(E(z) —z 'E(z) + %E(z) +

+—%§{E(z)——ZZ‘JE(Z)4—Z’2E(ZH) (817)

The transfer function of the PID controller is presented as

Ui 1 . T Ta, g
E@_Iﬂle +T+TGZ)]

U(z) T Ty
:E(Z)—Kp[l—&—ml_zl)—i-T(l z )]

(8.18)
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Equivalently, it holds that
U(z) _ Ues)

E(z)  E(s)

1-z
s=———

1
=K,|1+

—+ TdS]
iS

1-z71
s=——
T

T 1—z71
1+ +T, 8.19
Ta_zy 't ] 8.19)

:Kp

For T; = o0, T; = 0,C(z) = K, = Analog control (P control)

AN -1
For Ty = 0,C(z) = K”(H(Z/ L) =Kz
—Z

trol (PI control) T T
For T,=00,C(z)=K, [1+Td] -K, ?dzfl

= Analog—Integrated con-

= Analog—Differential

control (PD control).

NOTE: The integral term of a controller causes the output to vary as long as
the error is nonzero. Often, the problem cannot be rapidly reduced to zero,
resulting in a price rise of the integral term, and the saturation of regulatory
action. This condition is also referred as integral windup. In this case, even
if the error is zero, the regulatory action remains saturated. A PI controller
requires special protective operations to meet the integral windup.

8.4.1 Digital PID Controller Tuning

Each tuning method should be aimed at compromise among many and often
mutually conflicting requirements. The most common requirements are as
follows:

Accelerated depreciation of the effects of load disturbances
Accelerated depreciation of noise effects in measurements
Low sensitivity to variations of process parameters

Short system response time

. Transition response method. The method is characterized by two para-

meters related to the response delay and the maximum speed of
the step response. Specifically, the process input is set equal to the
continuous-time step signal with a relatively small amplitude, yet
sufficient to enable the identification of the step response features.

* To find the two parameters Z-N, the point where the maximum
step response rate (i.e., the slope) is marked. At this point, the
tangent that intersects the axes of amplitude and time is drawn.

¢ The intersections define the parameters a and L, respectively.
The intersection on the time axis determines the value of the
dead time L, while the maximum rate is equal to the ratio o/L.
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Figure 8.8 shows the Z-N parameters of the first tuning method,
called Ziegler—Nichols method. Table 8.1 lists the parameters of the
three-term controller as functions of the Z-N parameters, where K, ,
T;p and Ty, are the corresponding parameter values of the discrete-
time controller (digital values).

2. Stability limit method. First, a P (proportional) controller is utilized.
Then, the gain K of the the closed-loop system increases until it
reaches to a critical point (sensitivity limit). The controller’s param-
eters are computed by the expressions of Table 8.2, where T, is the
oscillation period in the critical frequency and K, , denotes the gain
at the critical frequency.

L

4

FIGURE 8.8
Tllustration of the Z-N parameters of the first tuning method, the Ziegler-Nichols method.

TABLE 8.1

Controller Parameters for the
Transition Response Method

KpD Tip Tip
P 1/a - _
PI 0.9/a 3L -
PID 1.2/a 2L 0.5L
TABLE 8.2
Controller Parameters for the
Stability Limit Method

KpD Tip Typ
P 0.5K,, - -
PI 0.45K,, T,/12 -

PID 06K, T,/2 T,/8
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8.5 Deadbeat Digital Controller

A system is called deadbeat when all the poles of the closed system transfer
function are placed at zero. Then, the system provides a remarkable identity:
Its pulse response is zero after n pulses, where 1 denotes the system’s degree.

The design of digital control systems to be deadbeat is accomplished by the
appropriate choice of controller transfer function so as to cancel all the poles
and zeros of the controlled process transfer function and to add a pole at the
position z = 1.

This method of pole cancellation is applied either in the frequency domain
(Bode diagrams) or in the time domain (root locus) and aims to

¢ Replace slow poles with faster ones to increase the system response

® Replace the dominant pole with a slow one to increase the accuracy
of the system steady state

* Replace a pair of complex poles with different pair of complex poles
to modify the transient response

The deadbeat control has been implemented in various applications, such as
current control in AC voltage inverters, rectifiers, active filters, UPS, AC-DC
converters, and electric induction motor torque control. Although the excel-
lent dynamic behavior offered by the deadbeat control is a key advantage,
errors in the model design or unforeseen variations of some parameters may
lead to malfunctioning or even instability.

The design requirement is that the closed-loop transfer function should be
of the form

Gu(z)=zF, k>1 (8.20)

where k stands for the system delay, expressed as an integer, multiple of the
sampling period.

The transfer function of the deadbeat digital controller is provided by the
expression (8.21) with HP(z) = ZT(G,,(s)G,(s)) the system transfer function
using ZOH.

_llz*k
HP(z) 1-z*

C(z) (8.21)

8.6 Phase Lead/Lag Digital Compensators

The phase lead compensation has approximately the same behavior as the PD con-
troller and is applied to control systems that have satisfactory features in steady
state but their transient response is not satisfactory and needs improvement.
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The phase lag compensation has approximately the same behavior as the PI
controller and is applied to control systems that have satisfactory features in
transient response but the steady state does not show satisfactory features
and requires improvement.

Consider an analog phase lead compensator with the transfer function

s+a

Ce)="1y (8.22)

The case when b > a > 0O results to a phase lead compensator and a > b > 0
results to a phase lag compensator.

Utilizing the z-transform of C(s), we get the transfer function of the digital
phase lead/lag compensator.

_ [s+a)_ a—b
C(Z)_Z[s+b]_z[1+ s—i—b]

=z(6(t)+(a—b)e™) (8.23)
e /(1+a—b)

7 e—bT

=Cz)=(1+a-b)>"

Hence, C(z) has a single pole and zero, correspondingly, which are of the

form of
zZ—2z
Clz)=K=—=" (8.24)
z—2,

For the phase lead compensators, it holds that: z, > z,.

8.7 Formula Table
The formula Tables 8.3 through 8.5 are discussed here.

TABLE 8.3
Digital PID Controllers
Controller Type Transfer Function
U(z)
P = =
Ge(2) B
I Go(2) = Uz) _ K,T =z
E(z) T, z—1
D Gu(2)= U@z) _KTiz-1
E(z) T z
U(z) T T, 1
PID = _ k.1 Jd g
7 B T R TR
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TABLE 8.4
Effect of PID Controllers on Time Response of Closed Control Systems

Controller Type Rise Time Overshoot Recovery Time  Steady Error

P Reduction Increase Slight change Reduction
I Reduction Increase Increase Cancellation
D Slight change Reduction Reduction Slight change

TABLE 8.5

Tuning of PID Controllers

KpD Tp Tip

Transient Response Method

P 1/a - -

PI 0.9/a 3L -

PID 12/a 2L 0.5L

Stability Limit Method

P 0.5K,, - -
PI 045K, T,/12 -
PID 06K, T,/2 T,/8

8.8 Solved Exercises

EXERCISE 8.1
For the system of the following scheme with G(s) =1/s(s + 1):

a. Derive the transfer function of the digital controller D(z) when
the desired transfer function of the closed system is

z+1

Guz)=—2FL
@)= 2 142 40403

b. Derive and design the discrete-time response y(kT) of the closed
system when the input is a unit step signal.

AID Computer D/A Plant

> —>» D(z) —» ZOH G(s)

Let: T=0.1s.
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Solution

a. The transfer function of the controlled system using ZOH is
calculated as follows:

Gy(s)
S

z—1
z

G(z) = 2Gu(s)G(s)]) = =Lz

1
v 1)] 8.1.1)

1 G Cau | C2

sz(s+1):s+1 s s

(812
Calculate ¢, using the Heaviside formula for simple poles.

. 1 .1
= sliml[sz(s—i-l)(s + 1)] = Slifz’ll[?] =1

Calculate c,, and c,, using the Heaviside formula for mul-
tiple poles with multiplication factor n = 2.

Cp = lim %52 = lim L 1
s=0|s°(s+1) s—=1| (s +1)

. d 1 ) .od 1
cy1 =lim—|— 7| = lim — =-1
s=0 ds|s°(s+1) s—-1ds| (s +1)
Consequently, substituting, we get

r .ttt (8.1.3)
s*(s+1) s+1 s & o

Next, calculate G(z)

Gry=21ll 1 |_z=1 )1 +;1+l1;s
z |s¥s+1) z |s+1 s &
z—1 z —z Tz
G(z)= + =
@) z [z—e T z—-1 (z—1)

341
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z—1 T
G(z)= -1+ =
@) z—e T z—1
Gl)= 2T —1+e)+1—e T —Te " (8.1.4)
(z-D(z—eT)

For sampling period T = 0.1 s, we have

. 0.00484(z +0.9672)
T (z—1)(z—0.9048)

G(z) (8.1.5)

The above analysis is verified by the following MATLAB®
code example

[0 0 1];

[110];
a,bl]=c2dm(n,d,0.1,'zoh’)
a = 0 0.0048 0.0047

b =1.0000 -1.9048 0.9048
printsys(a,b,’'z")

n
d
[

The closed system transfer function is

Cul2) = Y(z) _  D(2)G(z) (8.1.6)
R(z) 1+ D(2)G(z)

The transfer function of the digital controller is computed
from the solution of

Dz .00484(z + 0.9672)
z+1 (z—1)(z—0.9048)
Gulz) = = 1.
(2) 22 ~114z+0403 D) 0.00484(z + 0.9672) 8.17)
(z—1)(z —0.9048)
(817) _ _
17 ) — 2066(z +1)(z ~1)(z ~ 0.9048) 518

 (2+0.9672)(z + 0.25)(z — 2.39)

b. The closed system step response is calculated by the inverse
z-transform of

Y(2)=Gu(z) -~ = Az+D) 8.19)
T2-1 (z-1)(2 —1.142+0.403)

1ZT
(8.1.9)=y(kT) = (7.6 + 11.1e "**" cos(0,456kT +113.18°))u(kT)  (8.1.10)
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EXERCISE 8.2

For the system of the following scheme with G(s) =1/(s+1)and T =0.1s,
derive the controller D(z) that satisfies the steady-state error requirement
<0.01, when a unit ramp function is applied.

A/D Computer D/A Plant

0 — D) | zomu Gls)

Solution

The transfer function of the controlled system with ZOH, which is the
open-loop transfer function due to the unit feedback, is calculated as
1

_z— 1[ z  z ]
s(s+1) z z—=1 z—eT
T
1-¢7 00952 621)

z—e T 2-09048

z—1
z

G(z)=z

1
G
H(S)s+1

The discrete system is zero type, so the steady-state error, for a ramp
input function (velocity error), is infinite.

A PI controller is used (because the integration operation optimizes
the steady-state error), such that the denominator of the open-loop
transfer function has the coefficient (z—1):

K,’Z

D(z)= —

+K, 8.2.2)

The velocity error constant is

K, = nn}[—z ; ! D(z)G(z)] - hnll[ z ; 1 [(Kf +K,)z—K, 0.0952 ]]

21 z-09048
g K _K (82.3)

A 1 01
e KoK K 8.2.4)

The above analysis holds only if the system is stable. Therefore, the
(K,)., should be estimated, using the Jury criterion or Routh criterion
with Mobius transform.
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The system characteristic equation is

z(10+K,)—K, 0.0952 _
z—1 z—0.9048
=z —(0.953 — 0.0952K, )z + 0.905 — 0.0952K,, = 0

(8.2.5)

1+ D(z)G(z)=0=1+

To implement the Routh criterion, the bilinear transform z=1+w/1—w
is enforced, hence, we have

0.952t” +(0.19 + 0.1904K,, )w + 2.858 —0.1904K, =0 (8.2.6)

The Routh table is formed:

w? 0.952 2.858—0.1904K, = 0
w! 0.19 + 0.1904K, 0
w? 2.858 — 0.1904K, 0

To present stability, it suffices that

2.858 —0.1904K, > 0= K, <15 8.2.7)

EXERCISE 8.3

For the system of the following scheme with G(s)=¢™>*/(140.5s) and
T=05s

a. Derive the digital PI controller using the pole cancellation
technique. Define the controller gain so as to satisfy that the
cut-off frequency of the open-loop system is approximately 0.2.

b. Provide the transfer function and the difference equation of the

controller.
c. Define the first 15 values of the step response of the closed
system.
A/D  Computer D/A Plant
R E u Y
O —{ D) —{ ZOH G(s)
- T
Solution

a. The system transfer function with ZOH is

(1—3’1)2,4: 0.6321 4

G =
@)= 2—0.3679

8.3.1)
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The transfer function of the digital PI controller, by eliminat-
ing the pole at 0.3679, is

—0.3679

The discrete open-loop transfer function is presented as

0.6321K

W,(2) = DE)GE) =

z* (8.3.3)

In the frequency domain, for low-range frequencies
(w < 1/T, = 2), the approximate function W,(jw) is

 06321K 25y,

Wo(jw) ~ 050 (8.34)

An additional dead time T,/2 (arising from sampling) has
been included in the calculation.
In the cut-off frequency, the absolute value |W,(jw,)| is 1, thus

0.6321K 0.5-0.2
= =1=K=
0.5w, 0.6321

Wo(jewe)

=0.1582 (8.3.5)

b. The transfer function of the PI controller is

-1
D(z) = U(z) — 01582 z—0.3679  0.1582 —0.0582z

E(z) z—1 1—z!

(8.3.6)

The difference equation is given by

u[nT]=u[(n—1)T]+ 0.1582¢[nT] — 0.0582¢[(n — 1)T] 8.3.7)
c. The step response of the closed system is expressed as

Y(z)  W,(z) _  01582-0.6321z* 0.1z 838)
R(z) 14+W,(z) z—-1+0.1582-0.6321z* 1-z'+0.1z7° o

The corresponding difference equation is
y[nT]=0.1r[(n = 5.1+ yl(n —DT] - 0.1y[(n = 5)T.]  (8.3.9)
The first 15 values of the step response are

y[nT,]=1{0,0,0,0,0,0.1,0.2,0.3,0.4,0.5,0.59,0.67,0.74,0.8,0.85}
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EXERCISE 8.4

For the system of the following scheme with G(s)=e */(1+0.5s) and
T =0.5s, define the transfer function of the digital controller in order
for the closed-loop system to operate as a deadbeat controller. Assume a
step input signal.

A/D  Computer DI/A Plant

—1 D(z) — ZOH G(s)

- T

Solution

The system transfer function with ZOH is

(1-e? L4 06321

Glz) = —
@ z—e ! z—0.3679

84.1)

The system output should reach the value 1 after d = 5 (dead time + 1)
samples for a step input.
The closed-loop transfer function, using the controller C(z) is

DEGE)

1+ D(z)G(z) ®4.2)

Z—d

(84.2)= D(z) = T

(84.3)

Substituting the value of G(z) and d in the expression (8.4.3), we
have that

1-0.3679z7"

D(z)=1582"— (8.4.4)

For the samples k = 0,1,2,...,8, the output signal values are: 0, 0, 0, 0, 0,
1,1,1,1,..
The transfer function U(z)/R(z) is given by

U(z) _  D(z)
R(z) 1+ D(2)G(z)

=1.582(1—0.3679z ') =1.582 — 0.582z ! (84.5)

The values of the controlled signal for the first eight samples are:
1582,1,1,1,1,1, 1,1, ... Therefore, the controller operates as a deadbeat
controller.
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EXERCISE 8.5

For the system of the following scheme with G(s)=e ""/(s* + 55+ 6)
and T=005s

a. Define the digital PI controller using the pole cancellation tech-
nique, which should satisfy that the initial value of the con-
trolled signal is u[0] = 10, assuming a unit step input function.

b. Calculate the controlled signal values for k =0, 1, and 2.

A/D  Computer D/A

Plant
R E u Y
0 T D) |—| ZOH G(s)
Solution
a. It holds that
7= esT — 80,055
o015 _ p00552 _ =2 (8'5'1)
Hence, G(s) can be written as
e—().ls Z—Z
G(s)= = 8.5.2
®) s?+55+6 s*+55+6 ( )
The system transfer function with ZOH is
Giz)=z*(1-z"Z % =z%1-z"Z L1
s(s* + 55+ 6) s(s+2) s(s+3)
_ 2 L1 1 e MR ,2[ 0.0476  0.0464 ]
2 z—e B/05 3 7 B/0% z—0.9048 z—0.8607
-2
— 00012 z “(z+0.92)

(z—0.9048)(z — 0.8607)

(8.5.3)

The transfer function of the digital controller follows the
form of

Cloy_ UG _ g 2=09048 z—0.8607
o ! ’ 854
_ 2 —176552+0.7788 (8.54)
z(z—1)
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or, equivalently, in the discrete-time domain

ulk] = u[k — 1]+ Ke[k] — 1.7655Ke[k — 1] + 0.7788Ke[k —2] ~ (8.5.5)

To satisfy the condition u[0] = 10, K = 10 should hold.
b. The time delay of the process results to: e[0] = ¢[1] = ¢[2] =1, so

u[0]=10
u[1]=10410—17.655 = 2.345

u[2] =2.345+10—17.655+7.788 = 2.478

EXERCISE 8.6

For the system of the following scheme with G(s) = K/1+2s and D(z) =1,
define the sampling period assuming that the limit value of the K param-
eter to preserve stability of the closed system is equal to 4.

A/D  Computer D/A Plant

O —J Dk || zou G(s)
— T

Solution
The open-loop system transfer function is
_e T2

-1 K _r. 1
G)=(1-2 >Z{1 k zs}*K — G61)

Setting the given value of K, we get

1—e 12
G(z)=4- LT 8.6.2)
The characteristic equation of the closed-loop system is
1—e /2
z_e_T/z +4(]_3_T/2): 0 (863)

(8.63)=z=—4+5¢"/? (8.64)
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To preserve marginal stability, it is required that z=—1, hence, substi-
tuting into the expression (8.6.4), the desired sampling period arises

5eT2=3=¢T2= % = % =In0.6=-0.5108 = T =1.0217s

EXERCISE 8.7

For the system of the following scheme with G(z)=10(z+0.5)/
(z* —1.5z4-0.5), design a cascade phase lead controller with the transfer
function D(z) = k(z — z1/z — p1) such that its output y(k) follows the unit
step input function in a minimum time without reaching the overshoot
time.

R(z) E(2) Y(2)
o) D(2) G(2)

Solution

Design the controller applying pole—zero cancellation, with an additional
pole at z =1, having

D)=+ (8.71)
G(z)-(z—1)
~10(z40.5)
C@)= 22 —152+405 87.2)
B 1 ~0.1(z—0.5)
(8.7.1),(8.7.2) = D(2) = 5 G051~ 2105 (8.7.3)
72 —1.52+0.5

Observe that the transfer function of the digital controller follows the
requested form (i.e., phase lead)

Az—05) _,z-z (k=0.1, 2 =05, p =—05) (8.74)
z4+0.5 zZ—p

D(z) = 0

The closed-loop transfer function is

D(z) G(z) _ (1/(z—1)) — 1
1+D(z) G(z) 1+@1/(z—1))

Gu(z)= (8.75)
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The closed system output is presented as
Y(2) = R(2)- Ga(2)

4

+o- (8.76)

z Alz L =z +z 4z 7
z

From the derived output signal, we conclude that the system tends to
the steady state in a given time pulse without reaching overshoot. The
system operates as a deadbeat controller.

EXERCISE 8.8

Design a digital controller for the analog system of type 0 so as to sat-
isfy the specifications: zero position error, attenuation factor | = 0.7 and
recovery time T, < 1s.

1

G@)=———
(s+1)(s+10)

The controller’s design should be implemented (a) with the indirect
and (b) with the direct method.

Solution

a. Indirect method
First we design the analog controller. To meet the zero position
error requirement, we choose the PI controller. The simplest
design can be made by the pole-zero cancellation technique at
the pole in —1, that is, the transfer function of the controller will
be in the form of

D(s) = K% 8.8.1)

The open-loop transfer function is

D(s)G(s) = ﬁ 8.8.2)

The closed system characteristic equation is
1+ D(s)G(s)=0=s(s+10)+ K=0 (8.8.3)

The characteristic polynomial s(s + 10) + K =s? 4+ 10s + K is
of a form of s* 4 2Jw,s +w,’; thus, the value of K parameter is
computed
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s?+10s+ K =5> +2]wns+wn2 =

Jwy, = 5= w0, — ? - 0% —7.142rad/s (8.8.4)
w,>=K=K=51.02 (8.8.5)
The recovery time is
4 4
I, = =—-=08 8.
o5 s 8.8.6)

Consequently, the transfer function of the analog controller
is expressed as

D(s)=51.025F1 8.87)
S

Set the sampling period for: w, ~ 7142 rad/s. Let T=0.02s
(usually, the sampling period should be less than 27/40w,).

Calculate the transfer function of the analog system with
ZOH as

L 1
GE)=1-z )Z[s(s—l—l)(s—HO)]

z+0.9293
(z—0.8187)(z — 0.9802)

=1.8604-10*

(8.8.8)

Using the bilinear transform, we derive the digital controller
from its analog counterpart as follows:

D(z)=D(s)| _2z21=
Tz+1
D(z) = 1.011<ﬂ (8.89)
-

Results of the indirect design:

For | = 0.7, using the MATLAB command rlocus, we find that
the gain of the open-loop transfer function is approximately
46.7 and the physical oscillation frequency is 6.85 rad/s.

The recovery time is greater than 0.83 s the corresponding
recovery time of the analog design, yet it follows the specifica-
tions.

4 4
Jw, 07685

s

=0.83s (8.8.10)
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The gain is
K=~1.01-46.7 =47.2<51.02 (8.8.11)

b. Direct design
Set a sampling period T=0.02s and calculate the transfer
function G(z) with ZOH

Glz)=(— z*l)z[@] (8.812)

From the expression (8.8.12), and after some straightforward
manipulations, we get

z+0.9293
(z—0.8187)(z — 0.9802)

G(z)=0.186-10"° (8.8.13)

A PI controller of type 1 is used (because the integration
optimizes the steady-state error) in order for the denominator
of the open-loop transfer function to have the parameter (z—1)

D(z)=

K;
: _Zl +K, (8.8.14)

It follows that the digital controller has a poleatz =1and a
zero at z = 098, that is

z—0.98

D@ = z—1

(8.8.15)

The above results closely approach the ones obtained using
the indirect design method.

EXERCISE 8.9

Design a digital controller for a discrete system with the transfer func-
tion G(z)=1/(z—1)(z—0.5), T=0.1s.

Consider the case where the oscillation frequency with attenuation is
w,; = 5 rad/s, the attenuation factor is | = 0.7 and Jw, = 2 rad/s.

Solution

The open-loop transfer function for the system with the analog control-
ler is

R S 89.1
PR = " 0s) ¢3D
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The characteristic equation of the closed system is given by

K
1+D(x=)G(EZ) =0=14+— >~
(=)(z) (z—1)(z—0.5)
=272 -15z+K+05=0 (89.2)

Matching the characteristic polynomial with the typical polynomial of
a second-order system, we have that

22 =152 + K +0.5= 2% — 2(cosw,T)e 1Tz 4 2T (8.9.3)

Equating the coefficients, we get

1.5 = 2(cosw,T)e T (8.9.4)
K+05=¢ 2T (8.9.5)
Design
1. w;=5rad/s
From the expression (8.9.4), it follows that
1 1.5 1.5
w=—In|——————|=10In| ———|=1.571 9.
Jo T n[ 2cos(wdT)] n[ 2COS(O.5)] 89.6)

The physical oscillation frequency with attenuation is
given as

Wi = wuJ1 =% 89.7)

wi? 1= 25
(Ju. > (1571
=J=03, w,=524rad/s (8.9.8)

(89.7) = wl=w1-]*) =

From the expression (8.9.5), we have
K+05=¢ T = K=" —05=¢2"1"_05=K=023 (899
2. Jw,=2rad/s

1 (15T 1 ~02
wy = cos | =2 — | =10cos (0.75¢ %) =4.127 rad /s (89.10)
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Wl —w2(1—T? Wi :1*]2:(4.127)2
R T so10)

]=0436, w,=4586rad/s

K + 05= E*ZIWHT = K= e—Z/w‘nT _05= 672‘2'0'1 —_05=K=0.17 (8912)
3.]=07
(8.9.4) = 1.5 =2(cosw,T)e™ """ = 2¢0s(0.0714w, )e "  (8.9.13)

Solve the expression (8.9.13), numerically, using the trial and
error method.

w, =3.63rad/s (8.9.14)
K+05=¢2oT o K=ol _05=¢ 01438 _05=K=0.10 (89.15)

EXERCISE 8.10
Consider the system of the following scheme with G ,(s) =1/(s +1)

r(2) e(t)
T

1_e—Ts

N
Gp(s) s+1

Controller ZOH Plant

Design the integrated controller for T = 0.5 s and K =2 (controller’s
gain), so as to satisfy a velocity error <0.3 s. How does the sampling
period value affect the limit value for stability of the amplification factor?

Solution

The transfer function of the system to be controlled with ZOH is
computed as

s s s+1

1—eT
- (8.10.1)

GiG,(2) = (121)Z[Gp(5)] _ (17271)2[17 1 ]

z—1
z

z z

z—1 z—e

T

The transfer function of the integrated controller is of the form of

Gﬂ@:lgi (8.10.2)
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Design the root locus of the system characteristic equation to graphi-
cally capture the limit value of the K parameter and to provide stability
of the closed system.

The open-loop transfer function is presented as

Kz .1—e’T
z—1 z—e T

G(z) = Gp(2)- GG, (z) = (8.10.3)

The characteristic equation of the closed system is obtained by
1+Giz)=0

Kz 1-¢T

1+G(z)=0=1+ . —
z—1 z—e

=0 (8.10.4)

for T = 0.5 s, the open-loop transfer function is given by the following
expression and has two poles at z=1 and z = 0.605, and one zero at
z=0.

_ 0.3935Kz
(8.10.3) = G(z) = =060 (8.10.5)

The breaking points can be derived by solving
dK 0= i[_ (z —1)(z—0.6065)

dz  dz 0.3935z
=22 =0.6065= 2z, =0.7788 and z, = —0.7788

]:0:522—0.6065:0
(8.10.6)

The limit value of K can be derived by using the magnitude criterion

_ommEz |_1 0
(z—1)(z—0.6065)| K 10.
The critical gain arises for z = —1, so
—0.3935 1
(=2)(=1.6065)| K (8.10.8)

The following scheme illustrates the root locus of the system
characteristic equation for T =0.5s. The closed-loop system is
stable for

0<K<8.165 (8.10.9)
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Root locus
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For T = 0.5 s and K = 2, the open-loop transfer function becomes

07872
C&) = 1)z - 0.6069) ®.1011)

The velocity error constant is expressed as

-1
Ky = 1im% =4 (8.10.12)
1 1
ssv:7:7:0-25 . .
ear =1 =7 (8.10.13)

v

The velocity error is equal to 0.25 < 0.3. Hence, the integrated control-
ler for K = 2, as shown in the expression (8.10.12), is acceptable.
For T =1 s, the open-loop transfer function is

 06321Kz
C&) = @ 0.3679) (6.1014)

The breaking points are

7> =0.3679 =z, =0.605 and z, =—0.605 (8.10.15)

The critical gain for z = —1is

K, =4.328 (8.10.16)

The following scheme illustrates the root locus of the system
characteristic equation for T = 1 s. The closed-loop system is stable for

0<K <4328 (8.10.17)

For K = 2, the poles are

z1,, = 0.05185 £ j0.6043 (8.10.18)
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Root locus
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K=2

K=0.124

K=28.165 K = 8.041
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Unit circle

For T =1 s and K = 2, the open-loop transfer function becomes

Glz)= % (810.19)
The velocity error constant is given by
K. — 1im 1=216G)
21
—lim| 21 1.2642z (8.10.20)

1|z (z—1)(z—03679)|
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Css0 = S =05
K

For T =2 s, the open-loop transfer function becomes

o= 08647Kz
(z—1)(z —0.1353)

The breaking points are

7z, =0.3678 and 2z, =-0.3678

The closed-loop system is stable for
0<K<2626
For T =2 s and K = 2, the open-loop transfer function is

1.7294z

Giz)=—"——
(z—1)(z—0.1353)

The velocity error constant is given by

-1
K, = lim 1 =2 )GG) &= 6@ _y

z—1

For K = 2, the poles are

z1,, =—0.2971+ j0.2169

Im ? z-plane
K=2

K=4328 K=02449

K = 4.083

Y
A\ >

Unit circle

(8.10.21)

(8.10.22)

(8.10.23)

(8.10.24)

(8.10.25)

(8.10.26)

(8.10.27)

(8.10.28)
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z-plane

K =0.4622

K=2626  [x_2164

pRES

K=

Unit circle

Overall, it is clear that an increase of sampling period negatively
affects the relative stability of the closed system.

The attenuation factors for the closed-loop poles, which correspond
to sampling periods T = 0.5, 1, and 2 have approximate values 0.24, 0.32,

and 0.37, respectively.
Im A z-plane
85.10°
58.25°
(=0
143.87 (=02
{-04 0

(=038 ol o

1 |

-1 (=06 O 1 Re

For T = 0.5 s and K = 2, the step response is computed as

_ - _ | G(2) 1
caky=2"(C(z))=2 [ 1160 1—z1] (8.10.29)
where
Clz)  G(z) _ Kz(1—eT)

R(z) 1+G(kz) (@E-Dz-eT)+Kz(1—eT) =
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0.7870z" 1

C(z)=
@ 1-0.8195z7' +0.6065z 2 1—z!

(8.10.30)

In the following diagram, the step response of the closed system is
approximately designed:

c(kT) A
1.5 - ,‘“.\
/ ) ---@-
/ ) @ - -
10 > o
¢ -0
05— '."
oL Ll 1 | ] | ] | ] | ] | ] | ] | -
1 2 3 4 5 6 7 8
kT(s)
For T =1 s and K = 2, the step response is calculated as
1.264277"
c(k)y=Z"C(z))=Z""
®) (C) 1-0.1037z' 4+ 0.3679z 2 1—z* (810.31)
c(kT) A
15 AT
.’: \.~
1
',“ \\ o oemneee S
1.0 7 O Pl L 4 L J
e
0.5
| | | | | | | | >
1 2 3 4 5 6 7
kT(s)
For T =2 s and K = 2, the step response is calculated as
_ _ 1.7294z7!
ok)=Z"(Cz)=2" z (810.32)

1-0.5941z7' +0.1353z 2 1—z"!
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kT(s)

Observe that an increase of the sampling period also increases the
system overshoot and recovery time.

EXERCISE 8.11

Consider the system to be controlled with the transfer function
G(s)=1/s(s+1), where a digital controller is applied, obtained from
the discretization of an analog controller with the transfer function
D(s)=70((s +2)/ (s +10)) using

a. Bilinear transform (Tustin approximation)
b. FOH circuit
c. ZOH circuit

For sampling periods: T =0.03sand T=0.10s

Solution

% Calculate the loop transfer function

Gnum = [0 0 1] ;

Gden = [1 1 0] ;

Dnumc = 70*[1 2];

Ddenc = [1 10];

[nol,dol] = series (Dnumc,Ddenc,Gnum,Gden) ;

% Calculate the closed-loop transfer function of the system
[ncl,dcl] = cloop(nol,dol,-1);

% Discretize the analog controller for T=0.03s.

T = 0.03 ;

[Dnumlt,Ddenlt] = c2dm(Dnumc,Ddenc, T, 'tustin’) ;
[Dnumlf,Ddenlf] = c2dm(Dnumc,Ddenc, T, 'foh’) ;
[Dnumlz,Ddenlz] = c2dm(Dnumc,Ddenc, T, 'zoh’) ;

% Set the step responses using the command loopstep
[ylt,ult,tlt] = cl stepzoh(Dnumlt,Ddenlt,Gnum,Gden,T,ceil
(1.8/T)) ;

tclt = tlt;
yclt = step(ncl,dcl, tclt);
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[ylz,ulz,tlz]=cl_stepzoh (Dnumlz,Ddenlz,Gnum,Gden,T,ceil (1.
8/T)) ;

tclz = tlz;

yclz = step(ncl,dcl,tclz);

[ylf,ulf,tlf] = cl_stepzoh (Dnumlf,Ddenlf,Gnum,Gden,T,ceil (
1.8/T)) ;

tclf = tl1f;

yclf = step(ncl,dcl,tclf);

% Discretize the analog controller for T=0.1ls.

T =10.1;

[Dnum3t,Dden3t] = c2dm(Dnumc,Ddenc, T, tustin’) ;
[Dnum3f,Dden3f] = c2dm(Dnumc,Ddenc,T,’foh’) ;
[Dnum3z,Dden3z] = c2dm(Dnumc,Ddenc,T,’zoh’) ;

[y3t,u3t,t3t] = cl_stepzoh (Dnum3t,Dden3t,Gnum,Gden,T,ceil (
1.8/T)) ;

te3t = t3t;

yc3t = step(ncl,dcl,te3t);

[y3z,u3z,t3z] = cl_stepzoh (Dnum3z,Dden3z,Gnum,Gden,T,ceil (
1.8/T)) ;

tec3z = t3z;

yc3z = step(ncl,dcl,te3z);

[y3f,u3f,t3f] = cl_stepzoh (Dnum3f,Dden3f,Gnum,Gden,T,ceil (
1.8/T)) ;

te3f = t3f;

yc3f = step(ncl,dcl,te3f);

plot (tlt,ylt,’-',tlt,ult/50,’'-',tclt,yclt, ' --","

Linewidth’, 3)

axis ([0 2 -1 2])

grid

plot (t3t,y3t,’-’,t3t,u3t/50,'-’,te3t,yc3t,’ ' --",
'Linewidth’, 3)

axis ([0 2 -1 2])

grid

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
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15 : : : : : B : ¢ ¢ b

plot (tl1f,y1f,’-’,t1f,ulf/50,’-’,tclf,yclt, --",
'Linewidth’, 3)

axis ([0 2 -1 2])

grid

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

plot (t3f,y3f,'-/,t3f,u3f/50, -, tc3f,yc3f, ' --',
'Linewidth’,3)
axis ([0 2 -1 2]), grid
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-1 ! ! ! ! ! ! ! ! !

0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

plot(tlz,ylz,’-',tlz,ulz/50,'-',tclz,yclz,’ --",
'Linewidth’, 3)

axis ([0 2 -1 2])

grid
plot(t3z,y3z,'-',t3z,u3z/50,'-',tc3z,yc3z,’'--',
'Linewidth’, 3)

axis ([0 2 -1 2]),grid

plot (tilt,ylt,’-’,t1f,y1f,’-’,tlz,ylz, ' -',tc3z,yc3z, ' --',
'Linewidth’,3)
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axis ([0 2 -1 2])

legend ({’'bilinear’, 'FOH’,'ZOH’,’'Cts.-time’}),grid

title(’Step response with T = 0.1’,..
'FontSize’,LabelFont, 'FontWeight’ 6 FontWeight)

xlabel (' Time (sec.)’,’'FontSize’,LabelFont,’'FontWeight’,

FontWeight)
set (gca, ' FontWeight’, 'bold’, 'FontSize’ , AxesFont)
plot (£3t,y3t, -/ ,t3f,y3f,’-/,t3z,y3z, -’ ,tc3z,yc3z, ' --',

'Linewidth’,3)

Step response with 7'= 0.1
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The closed-loop step responses of the analog system approximately
coincide with the corresponding responses of the discretized system for
a small sampling period.

Moreover, for higher sampling period, we can obtain better results if
we discretize the analog controller using the FOH and Tustin methods.

EXERCISE 8.12

Consider the continuous-time system with Gp(s) = 0.03/(s* + 0.4s), which
is controlled by a relevant controller described by the transfer function
Gp(s)=(30s+15)/(s+1.5).

Ra s ) 6y | zon G ¥
7

Design the digital controller that satisfies an overshoot of the order of
10% and a maximum recovery time of 10 s.

Solution

% Define the specifications
overshoot limit = 10; % percent
settling limit = 10; % in seconds

% Continuous-time system
G c = tf(0.03,[1 0.4 0]);

o

% Controller

D c = tf(30*%[1 0.5],[1 1.5]);

% Calculate the phase margin

[Gm, Pm,Wcg,Wep]l = margin(series(D c¢,G c));
crossover frequency = Wcp

phase margin = Pm

crossover_frequency = 0.6027

phase margin = 62.0016

% Design the Bode diagram
bode (series (D _c¢,G c))

Bode diagram
50
o
=
7] Of
ks
2
g -50}
]
p=
-100
-90
)
L
z
o —-135}
]
=
~
-180 ‘ ‘ ‘
1072 107! 10° 10! 10?

Frequency (rad/s)
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o°

Calculate the closed-loop step response
= feedback(series(D c¢,G c),1);
[0:0.001:15];

c = step(H,t);

Derive the values of overshoot and recovery time
overshoot ¢ = (max(y_c)-1)*100
has_settled = (y_c>0.99).*(y_c<1.01);

N = length(y c);

ts_index = 0;

for n = 1:N

if has_settled(n)==0,

ot

ts_index = n+1;
end

end

t_s = t(ts_index)

overshoot _c = 7.9561
t s = 8.4000
% Design the time response

figure
plot(t,y c,’-',t,1.01l*ones(size(t)),’--’,t,0.99*%0nes
(size(t)),’--",.. t, (l+overshoot 1imit/100) *ones (siz
e(t)),’ --")
xlabel (‘time t (sec)’),ylabel(’step response’)
title([’Continous-time control, overshoot = ',
num2str (overshoot_c¢),.. ', t_s = ', num2str(t_s)]);
grid
Continous-time control, overshoot = 7.9561, £, = 8.4
1.4 T T
1.2 E
B R Bt it BBt et Bt e Boeii BB gy
3
s 08 : : E
5 : :
o
2
a,
3 06 4
wv
04 B
02| : ? :
0 1 1
0 5 10 15

Time £ (s)



Compensation of Digital Control Systems

% Calculate the amplitude and phase of the controller’s
frequency response at the crossover frequency.

D ¢ _at wc = fregresp(D c,Wcp)

D ¢ at_ wc = 12.7802 + 6.91911i

D cross_over mag = abs (D _c_at_wc)
D cross_over_mag = 14.5330
D cross_over phase = angle(D _c_at_wc)

D cross_over phase = 0.4962

% Set a sampling period T=0.5s.

% Set the data of the system transfer function
[Gnum, Gden] =tfdata (G_c) ;

Gnum = Gnum{:};

Gden = Gden({:};

% Set a sampling period T=0.5s.

T = 0.5;

% Discretize the controller using Tustin method
D = c2d(D_c, T, 'tustin’);

[Dnum, Dden] =tfdata (D) ;

Dnum = Dnum{:};

Dden = Dden{:};

% Use of cl_stepzoh to set the step response

[y,u,t] = cl_stepzoh (Dnum,Dden,Gnum,Gden,T,round(15/T)) ;
% Overshoot control, where an overshoot percent of 14.59%
arises

max (y)

ans = 1.1459
% Time recovery control, which is equal to 7.45s.

has_settled = (y>0.99).*(y<1.01);
N = length(y);
ts_index = 0;

for n = 1:N
if has_settled(n)==0,
ts_index = n+1;
end
end
s = t(ts_index)
s = 7.4500

t

% Repeat the process using the methods prewarp - zoh - foh
- matched and observe that the required specifications are

not satisfied.

D = c2d(D _c,T, 'prewarp’,0.6) ;
[Dnum, Dden] =tfdata (D) ;

Dnum = Dnum{:};

Dden = Dden{:};

[y,u,t] = cl_stepzoh (Dnum,Dden,Gnum,Gden, T, round(15/T)) ;

D = c2d(D_c, T, 'zoh’);
[Dnum, Dden] =tfdata (D) ;

Dnum = Dnum{:};
Dden = Dden{:};
[y,u,t] = cl_stepzoh (Dnum,Dden,Gnum,Gden, T, round(15/T)) ;

D = c2d(D_c,T, 'foh’);
[Dnum, Dden] =tfdata (D) ;

Dnum = Dnum{:};
Dden = Dden{:};
[y,u,t] = cl_stepzoh (Dnum,Dden,Gnum,Gden,T,round(15/T)) ;

1
D = c2d(D_c,T, 'matched’) ;

369
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[Dnum, Dden] =tfdata (D) ;

Dnum = Dnum{:};
Dden = Dden{:};
[y,u,t] = cl_stepzoh (Dnum,Dden,Gnum,Gden, T, round(15/T)) ;

°

% Set a sampling period T=0.18s., where it follows that all
the system specifications are now satisfied.

% Design the step response for the controller’s
discretization using the matched method.

T = 0.18;

D = c2d(D_c,T, 'matched’) ;

[Dnum, Dden] =t fdata (D) ;

Dnum = Dnum{:};
Dden = Ddenf{:};

[y,u,t] = cl_stepzoh (Dnum,Dden,Gnum,Gden, T, round(15/T)) ;
plot(t,y,’-’,t,1.01*ones (size(t)),’ --',

t,0.99*ones (size(t)),.. '--',t, (1+overshoot limit/100) *ones
(size(t)),’ --")
xlabel (‘time t (sec)’),ylabel(’step response’)

Controller via pole-zero-matching equivalent, 7' = 0.18
1.4 T

1.2+ i

0.6 - E

Step response

04 E

02 E

Time ¢ (s)

The transfer function of the digital controller, in the case when the
specifications are satisfied, is D(z) = (27.49z — 25.13)/(z — 0.7634).

EXERCISE 8.13

Consider the system of the following scheme with Gp(s)=10/((s +1)(s +2)).
Design a digital controller in order to preserve a zero steady-state error,
for a step input signal and for a minimum velocity error constant equal
to 5.
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RE @ /] Gpls) — ZOH G,(s) @

Solution

The discretized system transfer function with ZOH, for T = 0.1 s, is

Gz)=1-z")Z (8.13.1)

10 . 0.04528(z +0.9048)
sG+1)(s+2)| (z—0.9048)(z —0.8187)

% MATLAB code to compute G(z).
s=tf(’'s’)
Gp=10/((s+1) * (s+2));
GhGp=c2d(Gp, 0.1, ' zoh’)

Transfer function

0.04528 z + 0.04097

z"2 - 1.724 z + 0.7408

Sampling time: 0.1

% Design of root locus for the system without the controller
rlocus (GhGp)

Root locus
2 T T T T T T T

1.5+ 1

Imaginary axis
o
i

Real axis

°

% Design of poles-zeros diagram for the system without
controller
pzplot (GhGp)
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Pole-zero map

0.8 - 8

0.6 |- 1

04+ §

0.2+ 8

Imaginary axis

-0.6 - 1

-0.8 8

-1 1 1 1 1 i 1 1 1 1

-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
Real axis

One of the design requirements specifies that the closed system should
preserve a zero-steady-state error for step input. Hence, a PI controller
follows, by using the backward rectangular integration method, as

KZ‘T _ KPZ 7(Kp — K,T)

G =K
o(2) p+z—1 z—1

(8.13.2)

The Ki parameter can be calculated using

k, = %nnll(z ~1)Go(2)G(z) = 5K, > 5 (813.3)

The latter condition is satisfied for Ki > 1.
For Ki = 1, the characteristic equation becomes

(z—1)(z — 0.9048)(z — 0.8187) + 0.004528(z -+ 0.9048)
+0.04528Kp(z — 1)(z +0.9048) = 0
or

0.04528Kp(z — 1)(z +0.9048)
23— 2.72422 + 2.469z — 0.7367

0 (8.13.4)

% Design of root locus of the compensated system with Kp as
a variable.

z=tf('z’,0.1);

Gcomp=0.04528% (z-1) * (240.9048) /(23 - 2.724%2z"2 + 2.469*z

- 0.7367);

zero (Gcomp) ;

pole (Gcomp) ;

rlocus (Gcomp)
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Root locus

1.5

0.5

a

Imaginary axis

-2 \ \ !
-6 -5 -4 -3 -2 -1 0

Real axis

—_
\S)

The system zeros are in 1 and —0.9048, while the system poles are
placed in 1.0114 £ 0.1663i and 0.7013.

o

% Redesign the root locus
rlocus (Gcomp) ;jaxis([0.6 1.2 -0.8 0.8])

Obviously, the system is stable for quite a narrow neighborhood of Kp,
particularly for 0.242 < Kp < 641. For K,J =1, the overshoot is approxi-
mately 45.5%, that is, it is extremely high for any practical system.

Root locus

0.8

0.6 -

04 1

0.2 [ e 1
Ko

ing: 1
Overshoot (%): 0
0 Frequency (rad/s): 0.141

Imaginary axis

-0.2 +

-0.4 1

-0.6 |- 1

_0‘8 1 1 1
0.6 0.7 0.8 0.9 1 1.1 1.2

Real axis
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To optimize the relative stability, the differential operation of the
controller is required. Consider the digital controller with the transfer
function

_ (KT + Kg)z* +(KT? = K, T —2K;)z + K4

Ca(2) Tz(z—1)

(8.13.5)

To satisfy the velocity error constant, Ki > 1 should hold. Assuming a
15% overshoot (which corresponds to Ja 0.5 and recovery time 2, ie.,
w,~4), the desired dominant poles are computed as

S10=—Jwy £ juu1—-J* =—2+]3.46 (8.13.6)
Thus, the closed system poles are

71y = e TP ~0.77 40.28] (8.13.7)

The poles—zeros diagram of the closed system, including the poles of
the controller, is illustrated as

Pole-zero map

Imaginary axis

; .
0 1
Real axis

From the phase condition argG(s)H(s) = £180°(2k + 1), which defines
the s values of the characteristic equation’s roots, we get

0y —0, —0; — 0y — 05 =9.5°—20°—99.9° —115.7° — 129.4° = —355.5°

where the angles 61 and 62 arise as

0, = tan’lﬂ =95° 6,=tan" 0.28 _

=20°
0.77 +0.9048 0.77
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Thereby, the two zeros of the controller should provide a phase equal
to 355.5°—180° = 175.5°.

Let’s place the two zeros at the same point; so, the phase of each zero
would be 175.5°/2=87.75° and, apparently, will be placed left to the

desired pole.
Hence
tan'— 028 _grgse, 028 (87759 = 2545
0.77 — z, 0.77 — z,

=077 -z, = 0.28 =0.011=z, =0.77-0.011=0.759
25.45

Using the above technique, the digital controller has been defined,
whose transfer function is

(z—0.759)*

Co(z)=K z2(z—1)

(8.13.8)

In the following scheme, the root locus of the compensated system
(including the digital controller) is illustrated, where the value of the
closed system pole corresponds to K = 4.33.

Root locus
1.5 T T T T T T T
1+ J
o~ 05F J
I
-
=
«
g 0 1
<
g
3
<
E 05| 1
“1h J
-1.5 Il Il Il Il Il L L
-2.5 -2 -15 -1 -0.5 0 0.5 1 1.5

Real axis (s71)
Thereby, the transfer function of the digital controller is

(z—0.759)?

Gp(z) =433 o

(8.139)
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From the resultant controller

_ (KpT +Kd)z* + (KiT* — KpT — 2Kd)z + Kd

Ca(2) Tz(z—1)

the following expressions emerge

Kd/T =0.5761*4.33 = Kd = 0.2495
KiT —Kp—2Kd/T =-1518%433=Ki=2.521>1

Kp+Kd/T =433 = Kp=1.835

EXERCISE 8.14

Consider the transfer function of a LEAD or LAG controller:
D(s) = (U(s)/E(s)) = K((s+a)/ (s + b)). Discretize it to a digital controller
and formulate the resultant difference equation using the Simulink®
software platform.

Solution

D(s)= 46 _ g5+
EGs)  s+b (8.14.1)

= (s + b)U(s) = K(s + a)E(s)

Applying the inverse Laplace transform, we have that

u(t)-f— bu(t) =K e(t)+ Kae(t) (8.14.2)

Using the backward rectangular discretization method, the latter
expression becomes

u(k) — u(k —1)

_ ek —e(k—1)
T +bu(k)=K T

+ Kae(k) (8.14.3)

(8.14.3) = u(k) — u(k — 1) + bTu(k) = Ke(k) — Ke(k — 1) + KTae(k)
u(k —1)+ K((1+ aT)e(k) — e(k — 1)) (8.14.4)
1+bT

= u(k) =
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The latter difference equation can be easily illustrated in Simulink via
the following diagram.

D

e(k)

Krelk-1]

1+a*T + 1/(1+b*T)
- u(k)
ulk-1]

N|=

N|=

EXERCISE 8.15

Design a digital controller by replacing the analog controller
D(s)=70(s +2)/(s +10) for the analog system G(s)=1/s(s+1) using a
sampling frequency 20 Hz and 40 Hz.

Solution
The solution is provided using MATLAB.

clear
% Definition of the system to be controlled (plant)
numG=1;

denG=I[1 1 0];

°

% Analog compensator

Ko=70;

a=2;

b=10;
numD=Ko* [1 a];
denD=[1 b];

% Calculation of the loop transfer function
num=conv (numG, numD) ;

den=conv (denG, denD) ;

% Calculation of the closed-loop transfer function
[numcl, dencl] =feedback (num,den,1,1) ;

% Design the step response of the analog system
tf=1;

t=0:.01:tf;

yc=step (numcl,dencl, t) ;

subplot (2,1,1)

plot (t,yc,’-"),grid
axis ([0 1 0 1.5])
hold on

°

% Sampling frequency 20Hz
Ws= 20; % Hz

T=1/Ws;

% Discretization of the analog system with ZOH
[numGd, denGd] =c2dm (numG, denG, T, ' zoh"’) ;

% Definition of the digital controller
numbDd=Ko* [1 -(1-a*T)];
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denDd=[1 - (1-b*T)];
% Calculation of the loop transfer function of the
discretized system

numd=conv (numGd, numDd) ;

dend=conv (denGd, denDd) ;

% Calculation of the closed-loop transfer function of the
discretized system

[numcld, dencld] =feedback (numd,dend, 1,1) ;

% Design at the same diagram

N=tf*Ws;

yd=dstep (numcld, dencld, N) ;

td=0:T: (N-1) *T;

plot(td,yd,’'*")

plot(td,yd,’'-")

ylabel (' output y’)

title(’Continuous and digital response using Eulers

method’)

text (.25, .1, *----- LT * digital control’)
text (.25, .3, -----—-------- analog control’)
text(.35,.6,’ (a) 20 Hz')

hold off

°

% Sampling frequency 40Hz
Ws= 40; % Hz

T=1/Ws;

% Discretization of the analog system with ZOH
[numGd, denGd] =c2dm (numG, denG, T, ' zoh') ;

% Definition of the digital controller
numbDd=Ko* [1 - (1-a*T)];

denDd=[1 -(1-b*T)];

% Calculation of the loop transfer function of the
discretized system

numd=conv (numGd, numDd) ;

dend=conv (denGd, denDd) ;

% Calculation of the closed-loop transfer function of the
discretized system

[numcld, dencld] =feedback (numd,dend, 1,1) ;

% Design at the same diagram
N=tf*Ws;

subplot(2,1,2)

plot (t,yc,’-"),grid

hold on

yd=dstep (numcld, dencld, N) ;
td=0:T: (N-1) *T;
plot(td,yd,’'*")
plot(td,yd,’'-")

xlabel (time (sec)’)
ylabel (' output y’)

text (.25, .1, *----- LT * digital control’)
text (.25, .3, ~—---—------- analog control’)
text(.35,.6,’ (b) 40 Hz')

hold off
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Continuous and digital response using Eulers method

1~5 T T T T T T T T T
=~ 1r
5
a,
5 20 Hz
O o5} , , , , .
————————————— Analog control
Fomm Fomm * Digital control
0 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1.5 T T T T T T T T T
=~ 1F
5
&
3 40'Hz
© o5t ; : : : .
————————————— Analog control
T P * Digital control
O 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (s)

EXERCISE 8.16
Consider a second-order system with the transfer function

_Y() _ 10000
U(s) s> +20s + 10000

G(s)

Design the digital controller that satisfies an overshoot percent <10%,
rise time <0.03 s, and increases the system type over 1.

Solution

2
(5= YO _ Z 10000 . 100 _ @16))
U(s) s®+20s+10000 s +2(0.1)100s + 100

The analog system has an attenuation factor | = 0.1 and physical oscilla-
tion frequency w, = 100 rad/s (f, ~ 16 Hz).
Design the system step response using MATLAB

zeta = 0.1;

wn = 100;
num = [0 0 wn"2];
den = [1 2*zeta*wn wn"2];

step (num, den) ;
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Step response

Amplitude
N o
N R S N

o
)

o

0.1 0.2 0.3 0.4 0.5 0.6
Time (s)

o

The attenuation factor will be computed from the overshoot require-
ment. Also, the physical oscillation frequency will be computed by the
rise time requirement.

PO <10% =] >0.54 8.16.2)

tr<0.03s= wp% =60rad/s (8.16.3)

Set the sampling frequency f, = 100 Hz so as to be 6 to 20 times higher
than the maximum system frequency. Hence, since the system physi-
cal frequency is 16 Hz, set f, = 100 Hz, which corresponds to a sampling
period equal to T = 0.01 s.

The regions of complex z-plane which correspond to the limits J and €2,
are illustrated into the following diagram:

T = 0.01;
zeta = 0.54;
wn = 60;
zgrid(zeta,wn*T, 'new’) ;
grid;
axis (’square’) ;
axis(’equal’);
1
0.8}
0.6}
0.4}
0.2}
[0]8
-0.2}
-04}
-0.6f
-0.8}
-1
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A block diagram of the digital control system is presented as follows:

Computer D/A Plant
R + E u Y
() /T — D) | zoHu G(s)
or equivalently
Computer Second-order plant G(s)
LBV t: Ui )| IR N I L T SO
T s2 + 2(0.1)(100)s + 100?

Discretize the analog system with ZOH and compute its pulse transfer
function

T = 0.01;

wn_plant = 100;

zeta_plant = 0.1;

num gc = [0 0 wn_plant’2];

den _gc = [1 2*zeta plant*wn_plant wn_plant’2];
Gc tf (num_gc,den_gc); % Continuous plant G(s)
Gd c2d(Gc,T) % Discrete plant G(z)

-1 -2
Glz)= ; 0.431 z+0.4023 _ 0431z :fl— 0.4023z - (8.16.4)
z-—0.9854z +0.8187 1—-0.9854z " +0.8187z

The latter can be written in a poles—zero form as

0.431 (z +0.9334)
22 —(0.4927 + j0.7589)

G(z)= (8.16.5)

The digital controller D(z) should add a pole at z =1 to make the sys-
tem be from a type 0 to type 1. The obvious technique to do so is to
add zeros so as to cancel the undesired dynamic system features and to
add another pole to prevent the case where the poles be fewer than zeros.
A digital controller of the following form is selected

_gET 0.4927 + j0.7589

D
(=) (z-1)z-p)

(8.16.6)

The closed-loop transfer function is

Y(z) _ G(z)D(z)

R(z) 1+G(z)D(z) (816.7)
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The characteristic equation is

(8.16.5),(8.16.6)

1+ G(z)D(z)=0 =
0.4310K(z —0.4927 + j0.7589)(z + 0.9334)

0
(z—0.4927 £ j0.7589)(z — 1)(z — p)
14 0.4310K(z +0.9334) _ 0 (8.16.8)
(z=D(z—p)

Design the root locus of the characteristic equation for the compen-
sated system as

num_rl = 0.4310*[1 0.9334];
den_rl = conv([1 -1],[1 0]);
zgrid(‘new’) ;

rlocus (num_rl,den_rl);

The command zgrid designs a z-plane with straight lines for the
attenuation factor (J=0.1,0.2,0.3,...0.8,09) and straight lines for the
physical oscillation frequency. These lines facilitate the selection of the
desired poles’ position and is achieved with the aid of the command
rlocfind.

Root locus
15 T

0.5 |

Imaginary axis
o

-15 1 1 1 1 1 1 1
-2.5 -2 -15 -1 -0.5 0 0.5 1 1.5

Real axis

K = rlocfind(num rl,den rl);

Select a point in the graphics window
selected point = 0.3707+0.32451

K

K=0.6022
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The designed digital controller has the transfer function

0.6022 (z — 0.4927 =+ j0.7589)

G(z)= 8.169
@ 2(z—1) ( )
The latter function results from MATLAB as
zeros_dz = [0.4927+43*0.7589 0.4927-3*0.7589]";
poles dz = [0 1]’
K dz = 0.6022;
[num dz,den dz] = zp2tf(zeros dz,poles_dz,K dz)
Dd = tf(num dz,den dz,T)
Transfer function
0.6022 z"2 - 0.5934 z + 0.493
z"2 - z
Sampling time: 0.01
So, the transfer function of the digital compensator is
0.6022 —0.5934z ! +0.4930z 2
G(z)= + (8.16.10)

1—-z71

The closed system step response with the controller is calculated as

forward = series(Dd,Gd) ;
sys_cl = feedback (forward, 1) ;
k = 0:10;

t = k*T;

y = step(sys_cl,t);
plot(t,y,'o’,t,y,"'-");

grid;

xlabel (' Time (seconds) ') ;
ylabel ('Response y(t)');
title(’Unit Step Response’) ;

Unit step response
1.4 T T T T T T T T

12} : : : J

0.8} 1

0.6 J

Response y(t)

0.4} J

02F J

0 L L L L L L L I L
0 0.01 002 003 004 0.05 0.06 0.07 0.08 0.09 0.1

Time (s)
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Observe that all the desired specifications are satisfied.
This system can be modeled by the following block diagram

Control u
C
B
0.60222* -~ 05934z + 0493 | | J_LL 10000 Y =€
e Z-z 4 | +205+10,000| g
Discrete transfer Fcn Zero-order Transfer Fcn Output y
hold
EXERCISE 8.17
Consider the analog system to be controlled:
e’ _ numPs

We(s) =

(1+10s)(1+5s)  denPs *

Design a digital controller so as to satisfy phase margin ~60° small
recovery time, the system response should not oscillate, and the position
error should be zero. The sampling period is T = 1.

Solution
The MATLAB code is

Ts=1;
% Define the system to be controlled without time delay
numPs=1;

denPs=conv([10 1], [5 11);

% Discretize the system with ZOH
[numPz,denPz] =c2dm (numPs,denPs, Ts, 'zoh') ;

% Convert to a form of poles-zeros-gain (without delay)
[zerosd, polesd, gaind] =tf2zp (numPz, denPz) ;

) 1

% Add the time delay into the process: Z{e™®} =z ' by
multiplying the denominator with z.
denPz= [denPz, O0];
The pulse transfer function with time delay is
numPz 1 z+0.9048
W,(z)= -—=0.0091 ( ) (8.17.1)
denPz z (z—0.9048)(z — 0.8187)z

Design the discrete controller so as to cancel the poles and zeros

z—0.9048 z —0.8187
-1 z

W.(z)=k. (8.17.2)
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Assume that k. = 1 and check the Bode diagram for discrete time

% Define the digital controller

kc=1;

numCz=conv ([1, -0.9048],[1, -0.8187])

denCz=[1 -1 0];

% Calculate the loop transfer function L(z)=C(z)P(z)
[numLz,denLz] =series (numCz,denCz,numPz,denPz) ;

% Use of minreal.m to cancel the poles-zeros
[numLz,denLz] =minreal (numLz,denLz,0.01) ;
w=logspace (-1, 0, 100);

[Magd, Phased] =dbode (numLz, denLz, Ts, w) ;

M=[ Magd Phased w’]

M =
0.0693 -118.0289 0.2477
0.0677 -118.6883 0.2535
0.0661 -119.3633 0.2595
0.0646 -120.0541 0.2656
0.0631 -120.7612 0.2719
0.0616 -121.4850 0.2783
0.0602 -122.2257 0.2848

To satisfy the phase margin requirement PM = 60°, it is obvious from
the above table that a phase shift of 119.3633° is achieved for an ampli-
tude 0.0661. Consequently, a gain 1/0.0661 = 15.13 determines the appro-
priate gain k. for the digital controller.

kc=1/0.0661

% Results verification by designing the Bode diagram
numLz=kc*numLz ;

[Magd, Phased] =dbode (numLz, denLz, Ts, w) ;

[GM, PM, wpi, wc] =margin (Magd, Phased, w)
margin (Magd, Phased, w)

GM = 3.22
PM = 60.64
wpi = 0.796
we = 0.26

Bode diagram
Gm = 10.2 dB (at 0.796 rad/s), Pm = 60.6 deg (at 0.26 rad/s)

Magnitude (dB)

Phase (deg)

107! 100
Frequency (rad/s)
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% Design the closed-loop step response with the controller
[numCLz, denCLz] =cloop (numLz,denLz, -1) ;

N=50;

td=0:N-1;

yd=dstep (numCLz, denCLz,N) ;

stairs(td,yd),grid

1.4 T T T T T T T T T

1.2 : i ; i : : : : : 1

0.8

0.6

04

02}

0 i i i i i i i i i
0 5 10 15 20 25 30 35 40 45 50

The continuous-time system can be easily simulated via the following
Simulink model; parameters: Start Time=0, Stop Time = 20, Min Step
Size = 0.1, Max Step Size = 0.1.

GraphU: Time Range=20; y-min=-10, y-max=40; GraphY: Time
Range=20; y-min=-0.1, y-max=1.5;

Graph U Graph Y
C C

O — —
Time B B

+ numCz(z) u | numPs(s)
I denCz(z) J_LL denPs(s) _

Output
Step Sum Controller Zero-order Transfer Fcn
hold
Control

EXERCISE 8.18

A common actuator in automatic control systems is the DC motor.
This provides rotational movement and in conjunction with springs or
drums and cables, can provide transitional motion. The electric circuit
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of the armature and the pattern of the rotor are shown in the following
scheme.
The values for the physical parameters are

* Motor’s moment of inertia.

* Constant damping amplitude of the mechanical system
b =0.1 Nms.

* The electro-rotary movement constant K = Ke = Kt = 0.01 Nm/
Amp.

¢ Electrical resistance R =1 Q.

¢ Electric induction L = 0.5 H.

Design a digital controller by assuming that the reference voltage is
the unit level. Then, the output velocity of the motor should follow the
specifications

¢ The recovery time of less than 2 s.
¢ The overshoot of less than 5%.
¢ The steady-state error of less than 1%.

Solution

The motor torque T, relates to the armature current 7, by the fixed term
K,. The electromotive force e is related to the rotational velocity via the
fixed term K.

From the given scheme, and applying the Newton and Kirchhoff laws,
the system model is formulated as

T(t) = Kiit) (8.18.1)

o) =K, % (8.182)
] d;‘igﬂ + 0 ki (818.3)
d;(t) L Ri() = V() —K dfi(:) (818.4)

Utilizing the Laplace transform, the system model can be transferred
into the s-domain

J djf(t) +b dz(:) K,-i(t)g( Js* + bs)O(s) = Kil(s) (8.18.5)
1 4it) do(t) 17
it +Rit)=V-K——= It =

(Ls + R)I(s) = V(s) — KsO(s) (8.18.6)
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Cancelling I(s), the following open-loop transfer function is obtained,
where the rotational velocity €2(t) is the output, while the voltage denotes
the input signal:

sO(s) _ s) _ K . 8.187)
V(s) V() (Js+b)(Ls+R)+K

This exercise is numerically solved using MATLAB. Define the numer-
ator and denominator of the system transfer function as

num=K;
den=[(J*L) ((J*R)+(L*b)) ((b*R)+K'2)];

Adding the subsequent commands, the open-loop system step res-
ponse is illustrated

step (num,den,0:0.1:3)
title(’Step Response for the Open Loop System’)

Step response for the open loop system
0.1 T T T T

System: sys
Time (seconds): 2.96
0.09 | Amplitude: 0.0996

0.08 1
0.07 |- 1
0.06 1

0.05 |- 1

Amplitude

0.04 1

0.03 |- 1

0.02 1

0.01 1

0 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3

Time (s)

Observe that the motor can achieve a maximum velocity 0.1 rad/s,
10 times lower than the desired one, when 1V is applied.

Additionally, 3 s are required to reach the steady-state velocity, so the
2 s requirement is not satisfied.
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Design a PID controller and add it onto the system. The resultant block
diagram is

R u 0
m Controller Plant

+

The transfer function of a PID controller is

; >+ K,s+K,
K+ Ky ge= Ko H KstKs (818.8)
s s
First, let’s try using an analog controller with gain 100. The following
code is added

Kp = 100;
numa = Kp * num;
dena = den;

To derive the closed-loop transfer function, use the command cloop

[numac, denac] = cloop(numa, dena);
where numac and denac denote the numerator and denominator
of the closed-loop transfer function.

To design the step response, add the following commands to run the
program via the command window:
t = 0:0.01:5;

step (numac, denac, t)
title('Step response with Proportional Control’)

From the resultant plot, which illustrates the closed-loop step response
for analog control, observe that the steady-state error and overshoot
are both high. Therefore, let’s try with another PID controller having
small Ki and Kd parameters

Step response
1.4 - - - - P 'p r

12}
System: sys

1 Time (seconds): 1.91
[ Amplitude: 0.909

0.8 |

0.6

Amplitude

0.4

0.2

0 0.5 1 15 2 2.5 3 3.5 4 45 5
Time (s)
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Write the commands

num=K;

den=[(J*L) ((J*R)+(L*b)) ((b*R)+K'2)];
Kp=100;

Ki=1;

Kd=1;

numc=[Kd, Kp, Kil;

denc=[1 0];

numa=conv (num, numc) ;
dena=conv (den, denc) ;

[numac, denac] =cloop (numa, dena) ;

step (numac, denac)

title(’PID Control with small Ki and Kd’)

PID control with small Ki and Kd
1.4 T T T T T T T

1.2 i

o
oo
T
L

Amplitude
I
o

04 1

02 1

0 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Time (s)

From the resultant plot, it is clear that the response time is extremely
high with small Ki and Kd.

Hence, increase Ki to 200 and rerun the program. Observe that the
response is emphatically faster than the former one, but the higher Ki
value worsens the transient response (i.e., high overshoot). Thereby,
increase Kd to reduce the overshoot effect.

Set Kd = 10. Rerun the new program and observe from the resultant
plot that the system satisfies all the given specifications.
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PID control with high Ki and Kd
1.2 T T T

Amplitude

0 0.5 1 1.5 2 2.5 3
Time (s)

So, in the case when a PID controller with Kp = 100, Ki = 200, Kd = 10
is utilized, the given specifications are satisfied.

The digital model of the DC motor can be captured by the conversion of
the analog model, as follows. The controller for this example is designed
using the PID method.

The first step is the continuous-to-discrete transfer function conversion
via the MATLAB command c2dm.

This command requires the following four parameters:

The polynomial numerator (num), the polynomial denominator (den),
the sampling time (Ts), and hold circuit type. In this example, a ZOH
circuit is used.

From the given specifications, set sampling time Ts = 0.12 s, which is
the 1/10 of the system time constant with recovery time 2 s.

Write the following commands to formulate the discretized transfer

function with ZOH:

R=1;

L=0.5;

K=0.01;

J=0.01;

b=0.1;

num = K;

den = [(J*L) (J*R)+(L*b) (R*b)+K'2];
Ts = 0.12;

[numz,denz] = c2dm(num,den,Ts,’zoh’)

printsys (numz,denz, 'z’)

z) _ 0.0092z +0.0057
V(z) z*—-1.0877z—0.2369

We get: (8.18.9)
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First, the closed-loop response is illustrated without controller. Add the
following code

[numz_cl,denz cl] = cloop (numz,denz) ;

Design the closed-loop step response using the commands dstep and
stairs. The command dstep computes the discrete output signal vector
and the command stairs connects these samples:

[x1] = dstep(numz_cl,denz_cl,101);
£t=0:0.12:12;

stairs(t,x1)

xlabel (' Time (seconds)’)

ylabel ('Velocity (rad/s)’)
title(’Stairstep Response:Original’)

Observe that the steady-state response has a very large deviation from
the desired one (error of about 90%).

There are several methods to design in the Z-domain from the
S-domain. The most efficient one is by setting z = e™*. However, the trans-
fer function of PID cannot be obtained using this method due to the
fact that the discrete-time transfer function would have more zeros than
poles; an infeasible condition.

Stairstep response: Original
0.1 T T T T T

0.09 8

0.08 - B

0.07 B

0.06 - B

0.05 B

Velocity (rad/s)

0.04 4

0.03 | B

0.02 | 4

0.01 | 4

ou 1 1 1 1 1
0 2 4 6 8 10 12

Time (s)

Instead, we use the bilinear transform as follows:

2 1
s=—

Z_
T, z+1

(8.18.10)
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Equivalently, the command c2dm facilitates the discretization of the
PID controller using the Tustin method

According to the above analysis, we satisfied that the system param-
eters Kp = 100, Ki = 200, and Kd = 10 satisfy the given specifications.

We add the following MATLAB commands

$Discrete PID controller with bilinear approximation

Kp = 100 ;

Ki = 200 ;

Kd = 10 ;

Ts=0.12;

[dencz, numcz] = c2dm ([1 0], [Kd Kp Ki], Ts, ’tustin’) ;

Let’s see if the performance of the closed loop response with PID con-
troller meets the specifications. Adding the following code, the closed-
loop step response is obtained:

numaz = conv(numz, numcz) ;

denaz = conv(denz, dencz) ;

[numaz_cl, denaz _cl] = cloop(numaz, denaz) ;
[x2] = dstep (numaz_cl, denaz cl, 101) ;

t = 0:0.12:12 ;

stairs(t, x2)

xlabel (’ Time (seconds) ')

ylabel (' Velocity (rad/sec) ')

title(’ Stairstep Response : with PID controller ')

From the resultant plot, it is clear that the closed-loop response is
unstable. Hence, a system error could occur with regard to the compen-
sated system. Design the root locus of the system characteristic equation
to extract some useful outcomes

rlocus (numaz, denaz)
title(’ Root Locus of Compensated System ')

From the root locus diagram, it is obvious that the denominator of PID
has a pole at -1 in z-domain. We know that if the pole is outside the unit
circle, then the system is unstable. This compensated system is always
unstable for any positive gain since its pole is outside the unit circle.

0.2

Root locus of compensated system

0.15}
0.1}

(s7h)

0.05

inary axis
o

-0.05+

Imag
I

=

=

-0.15}

02l
-3 -25 -2 -15 -1 -05 0 0.5 1 1.5
Real axis (s71)

! L L
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We choose to cancel the zero at —0.62. This will make the system
stable for any gain. The appropriate gain can be selected from the root
locus diagram that satisfies the given specifications using the command
rlocfind. Write the following code:

dencz = conv([ 1 -1], [1.6 1]);

numaz = conv(numz, numcz) ;

denaz = conv(denz, dencz);

rlocus (numaz, denaz)

title(’ Root Locus of Compensated System ') ;
[K, poles] = rlocfind (numaz, denaz)
[numaz_cl, denaz_cl] = cloop(K*numaz, denaz);
[x3]= dstep(numaz_cl, denaz_cl, 101);

t = 0:0.12:12;

stairs(t, x3)

xlabel (* Time (seconds) ')

ylabel (! Velocity (rad/sec) ')

title(’ Stairstep Response : with PID controller ')

The new dencz has a pole at —0.625 instead of -1, which practically
cancels the zero of the compensated system. In the MATLAB window,
we choose the point based on the root locus diagram. We choose the
(x) point, as shown below:

Root locus of compensated system
0.2

0.15

0.1}

0.05 |

Imaginary axis (s™)

—-0.15 |

-0.2!
-2 -15 -1 -0.5 0 0.5 1 1.5

Real axis (s71)

MATLAB will return the appropriate gain and corresponding poles,
while it will illustrate the closed-loop response as
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Stairstep response : with PID controller
1.4 T T T T T

121 1

Velocity (rad/s)

4 6 8 10 12
Time (s)

This plot indicates that the rise time is less than 0.2 s, the overshoot
percent is approximately 2.9% and the steady-state error is 0. Also, from
the root locus diagram, the gain K is approximately 73, which is reason-
able. Hence, such a response satisfies the given specifications.

Subsequently, the digital control of the velocity of DC motor follows
using Simulink. We design the block diagram of the system model.

To simulate the system, select Parameters from the Simulation menu and
insert “3” in the Stop Time field.

Insert the following code:

1;

! |
R
v !
Resistance
- dldt(i j
: o5 of 1 i

I: Ke Sum 1 Inductance Integrator 1

Il
or o

L“FUWO"Q
oORr oo o

; | 1/]DZ/dtZ(theta\) 1 d/dt(theta) ],EI C
S
B

Kt - |
Sum Inertia | Integrator Scope
b

Damping
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Run the simulation (Ctrl-t or Start in Simulation menu). When
the simulation ends, we double-click onto scope and autoscale button.
The waveform of the open-loop step response arises, where we observe
that when 1 V is applied on the system, the motor achieves a maximum
velocity 0.1 rad/s, 10 times lower than the desired one. Also, 3 s are
required to reach to the steady-state velocity; hence, the 2 s. condition is
not satisfied.

Export of the linear model from Simulink to MATLAB

The linear system model (in state space or in the form of a transfer
function) can be exported from Simulink to MATLAB using the com-
mands Inand Oout Connection blocks and 1inmod.

Substituting the Step block and Scope block with an In Connection block
and Out Connection block, (these blocks are located in the Connections block
library). Thus, the system input and output are defined for the exporting
process.

The following block diagram arises:

In R |
Resistance
- d/dt(i)

~ | 1/L 1 !
K z | s

Ke Sum 1 Inductance Integrator 1

+

[ ]2

K SN | D2/dt2(theta) 1 d/dt(theta)
B 1/] 5
ke r |
Sum Inertia Integrator Out
b I
Damping

Insert the following code, where the system is modeled in the state
space, derive the system transfer function, and design the open-
loop system step response. Obviously, the result is identical to the
corresponding one derived from Simulink.

[A,B,C,D]=1inmod ('motormod’)
[num,den] =ss2tf (A,B,C,D) ;
step (num, den) ;

Export of the digital model from Simulink to MATLAB

The analog to digital conversion is implemented via the Zero-Order
Hold block of Simulink. First, we will group all elements of the system
(except the Step input and Scope) into a Subsystem block.

Select all elements except the Step and Scope blocks. We choose Create
Subsystem in Edit menu (or type Ctrl-G). Therefore, all the selected
blocks are grouped in a single one. The following scheme arises:
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Inloutl

Subsystem

(I

B
Scope

Set the label of Subsystem block as “Continuous Plant.” Substitute the Step
block and Scope block with Zero-Order Hold blocks (derived from Discrete
block library). The one Zero-Order Hold block is used for the conversion
of an analog signal to a quantized signal. The other Zero-Order Hold
block is used to collect the discrete output samples of the system.

Set the Sample Time fields of Zero-Order Hold blocks in 0.001. Connect an
In Connection Block into the input of the first Zero-Order Hold block and an
Out Connection block into the output of the Zero-Order Hold block (these
blocks are located at the Connections block library).

The following system arises:

@—' J_LL éﬁtll J_LL @

In Zero-order Subsystem Zero-order Out
hold hold 1

Insert the following code to design the open-loop step response.
Observe that the system is unstable.

[A,B,C,D]=dlinmod ('motorpos’, .001)
[num,den] =ss2tf (A,B,C,D) ;
dstep (num, den) ;

Closed-loop step response

Design the following block diagram of the digital system using Simulink.
In this system, a digital controller has been added with the transfer
function 450((z — 0.85)(z — 0.85)/(z +0.98)(z—0.7)) .

T + 450*conv([1 —85],[1 - 85]) Inl = ¢
= conv([1.98}[1 ~7))(2) I Out 1 IH D B

Step Controller Zero-order Continuous Zero-order | Scope
hold plant hold 1
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Insert the following code, where the parameter values have been
slightly changed so as to provide a better closed-loop response

J=3.2284E-6;
b=3.5077E-6;
K=0.0274;
R=4;
L=2.75E-6;

Run the simulation (Ctrl-t or Start in the Simulation menu). When
the simulation ends, double-click onto Scope and Autoscale button. From
the resultant waveform, observe that all the given specifications are
satisfied.
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Simulation Tools: MATLAB, Simulink,
LabVIEW, Comprehensive Control

9.1 Introduction

The simulation process offers the control system analyst the ability to design
and test the operation, performance, and systems’ characteristics without
setting them into operation or being intervened in the real system. The sim-
ulation substantially contributes to the design, maintenance, and upgrad-
ing of control systems. For example, when a controller is being developed to
compensate for a system, the examination of its behavior using simulations
is a common practice prior to implementation. This allows quick changes
and bug fixes before the actual implementation of the system. In the case
when the controller has already been implemented, the simulation is critical
for the optimal setting of its parameters.

In this chapter, the simulation tools used throughout this textbook will
be presented and briefly described; they are MATLAB®, SIMULINK®,
COMPREHENSIVE CONTROL, and LABVIEW.

9.2 Control Systems Simulation Using MATLAB

MATLAB is a program that uses numerical calculations based on linear alge-
bra. It started as a “Matrix Laboratory” platform, and has been developed
enough to become a powerful tool in the implementation of simulations and
modeling systems, planning, research, engineering, and communications/
telecommunications.

Its technical language is compact and descriptive, which allows the mod-
eling of various systems using an easy-to-learn code. These features make
MATLAB an attractive and powerful tool that can be used by the tutor to
effectively teach many courses such as the automatic control systems.

399
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The main objective in the design of an automatic control system is to
achieve stability and good performance. The performance is essentially
ensured by the fulfilment or not of certain basic standards. These speci-
fications are divided in two categories; namely, specifications in the time
domain and in frequency domain. The time specifications tend to emerge
from the time response of a step system input or other input types.
The specifications in the frequency domain are derived from diagrams in
the frequency domain. But, to preserve a better performance, we need to
adjust or compensate the corresponding system more often, under certain
criteria.

MATLARB has a rich collection of functions useful in the field of Automatic
Control via the Control System Toolbox. The modeling of control systems is
implemented by using either transfer functions or state space representation
in order to apply classical or optimal control, respectively. Furthermore, it is
possible to analyze both continuous and discrete-time systems.

In what follows, a summary of MATLAB capabilities is presented regard-
ing the control systems’ standpoint. The analysis is focused on linear dis-
crete-time invariant systems.

9.2.1 Analysis and System Modeling

Various MATLAB commands for analysis and modeling of LTI systems are
described in Table 9.1.

9.2.2 Control Systems Design

To design SISO systems, we may use commands and the graphical user
interface (GUI) from the Control System Toolbox. Some of these commands
are presented in Table 9.2.

9.2.3 Simulation of Digital Control Systems Using MATLAB

Both the continuous and discrete systems are described by either the trans-
fer function or state space. MATLAB contains functions tf and ss as well as
the zpk for these descriptions (where Ts is the sampling period).

sys=tf(num,den,Ts) Transfer function
sys=ss(A,B,C,D,Ts) State space
sys=zpk(Z,PK,Ts) System poles—zeros—gain

Also, MATLARB allows the transition from the state space to transfer func-
tion and vice versa. Moreover, if the zeros, poles, and gain of transfer func-
tion is known, then the transfer function and the state space can be directly
calculated and vice versa.
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[num,den]=ss2tf(A,B,C,D)
[A,B,C,D]=tf2ss(num,den)
[Z,PK]=ss2zp(A,B,C,D)
[Z,PK]=tf2zp(num,den)
[num,den]=zp2tf(Z,PK)
[A,B,C,D]=zp2ss(Z,PK)

State space to transfer function
Transfer function to state space
State space to poles—zeros-gain
Transfer function to poles—zeros-gain
Poles-zeros—gain to transfer function

Poles-zeros—gain to state space

TABLE 9.1

Commands for Analysis and Modeling of Control Systems

Command Description

LTI Model Development

Tf Creates a transfer function

ss Creates a state-space model

zpk Creates a poles—zeros—gain model

Data Export

tfdata Export of numerator and denominator

ssdata Export of state-space matrix

zpkdata Export of data for poles, zeros, and gain
Conversions

Tf Conversion into a transfer function

ss Conversion in the state space

zpk Conversion in the poles—zeros—gain formation
c2d Analog to discrete conversion

d2c Discrete to analog conversion

Dynamic Model Characteristics

pole, eig System poles

pzmap Poles and zeros illustration

dcgain dc gain

damp Physical frequency and oscillation attenuation factor
pade Pade approximation for time delays

Time Response

step Step response

Impulse Impulse response

Isim Response of any type of input signal

initial System response in the state space when the initial

Frequency Response
bode

nyquist

nichols

margin

conditions are given

Bode diagram

Nyquist diagram
Nichols diagram

Gain and phase margins
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TABLE 9.2

Commands to Design Control Systems

Command Description

Rlocus Root locus design

Rlocfind Interactive determination of the gain from the root locus

Zgrid Creation of grid lines in z-domain for the root locus design or the poles—zeros
diagram

Acker Poles placement for SISO systems

Place Poles placement for MIMO systems

In the above commands, num and den are the polynomials defining the
numerator and denominator, respectively, of the system transfer function.
The matrices A, B, C, D are the system state matrices describing the state
space and Z, P are the vectors containing the zeros and poles of the system,
while K is the corresponding gain.

For calculating the step and impulse response of a discrete system,
MATLAB provides the dstep and dimpulse commands, respectively. For any
other arbitrary input, the command dlsim is used. Also, for a response to the
initial conditions, the command dinitial is available (in this case the system
must be defined in state space).

dstep(num,den) Step response

dstep(A,B,C,D)

dimpulse(num,den) Impulse response

dstep(A,B,C,D)

dlsim(num,den,u) Response to any input

dlsim(A,B,C,D,u)

dinitial(A,B,C,D,x0) Response to initial conditions (only for state space)

where u denotes the input sequence.

In digital control, sometimes, it is necessary to convert a continuous sys-
tem to a discrete one (discretization). For this procedure, MATLAB provides
the following commands:

sysd = c2d(sys,Ts,' method’) Continuous to discrete with method selection
sysd = c2d(sys,Ts) Continuous to discrete with ZOH
[Ad,Bd,Cd,Dd] = c2dm(A,B,C,D,Ts, ' method’)  Continuous to discrete (state space)
[numd,dend] = c2dm(num,den,Ts,'method”) Continuous to discrete (transfer function)

: v,

where method is the discretization method (“zoh,” “foh,” “imp”, “tus-
tin,” “prewarp,” “matched”) and Ts is the sampling period. When the
method parameter is omitted, then it is considered that the discretiza-
tion is implemented via ZOH. The matched method is used only for
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MIMO systems. Also, when prewarp method is used, the critical fre-
quency Wc (rad/s) should be included as an additional argument, that is:
sysd=c2d(sys,Ts,“prewarp,” Wc).

The system response is determined by its poles and zeros. MATLAB pro-
vides the following commands for their calculation:

pole(sys) System poles

zero(sys) System zeros

pzmap(sys) Poles-zeros diagram

minreal(sys) Common poles—zeros cancellation

Typically, a system is part of a broader set of systems which are linked
altogether. MATLAB contains functions that provide the transfer function of
two systems, which are connected to each other in series, in parallel, or with
a positive (or negative) feedback. These functions/commands are presented
as follows:

sys=series(sysl,sys2) Cascade systems connection
sys=parallel(sys1,sys2) Parallel systems connection
sys=feedback(sys1,sys2,-1) Systems connection with negative feedback
sys=feedback(sysl,sys2,+1) Systems connection with positive feedback

For the study of linear systems in the frequency domain, MATLAB
provides the following commands:

bode(sys) Bode diagrams
[Gm,Pm,Wcg,Wcp] = margin(sys) Gain margin-phase margin
H=freqresp(sys,w) Frequency response
nyquist (sys) Nyquist diagrams

nichols (sys) Nichols diagrams

where sys is the system and w is the frequency in rad/s. Moreover, Gm and
Pm denote the gain and phase margins, respectively, while Weg and Wcep are
the corresponding frequencies.

One of the tools that used in the analysis and design of automatic control
systems is the root locus method. To this end, MATLAB provides the follow-
ing commands (Table 9.3).

rlocus(sys) Root locus diagram
[K, poles]=rlocfind(sys,P) Gain and poles calculation
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TABLE 9.3

MATLAB Commands for General Use

Command Description

Who Displays the variables

Whos Similar to “who” but with more information

Clc Clears the MATLAB command window

abs(a) Returns the absolute value or magnitude of a (in the case when a
is real or complex number, respectively)

sign(a) Returns —1 for a negative a or 1 for a positive a or 0

sqrt(a) Finds the root of a

sin(a) Returns the sine of angle a in rads

cos(a) Returns the cosine of angle a in rads

tan(a) Returns the tangent of angle a in rads

atan(a) Returns the arctangent of a

log10(a) Returns the base-10 logarithm of a

log2(a) Returns the base-2 logarithm of a

log(a) Returns the natural logarithm of a

exp(n) Returns e of n

linspace(a, b, c) Returns a vector from a to b including ¢ elements

ones(m,n) Returns an mxn matrix with all elements equal to one

zeros(m,n) Returns an mxn matrix with all elements equal to zero

eye(m,n) Returns an mxn identity matrix

size(a) Returns the dimensions of matrix a

length(a) Returns the higher dimension of matrix a

flipud(a) Substitutes the upper with the lower elements of matrix a

fliplr(a) Substitutes the left with the right elements of matrix a

[yl = max(a)
[xy] = min(a)

sum(a)

triu(a)

tril(a)

diag(a)

trace(a)

det(a)

inv(a)

format short e
format
plot(x,y,format)

plot(x1,y1,xn,yn,format)

Returns the maximum number of matrix a at x and points its
location at y

Returns the minimum number of matrix a at x and points its
location at y

Sums all elements of matrix a

Makes a matrix a, an upper tridiagonal matrix

Makes a matrix a, a lower tridiagonal matrix

Returns the elements of the diagonal of matrix a

Sums the elements of the diagonal of matrix a

Returns the determinant of a square matrix a

Returns the inverse of square matrix a

Modifies the representation of results

Determines the representation of results

Creates a Cartesian figure where: x denotes the values on the
x-axis, y denotes the values on the y-axis, and format specifies
the line form

Identical to the above but illustrates many functions in the same
figure

(Continued)
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TABLE 9.3 (Continued)
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MATLAB Commands for General Use

Command Description
figure(n) Creates an n-size empty figure

xlabel(”) Places a text message in the horizontal axis
ylabel(”) Places a text message in the vertical axis
title(”) Places a figure title

text(x,y,”) Places a certain text in coordinates (x, y)

grid [on/ off]

axis([xmin xmax ymin

ymax])
wo oy

legend (”,”,”, ...
clf, clg

close(n), close, close all

polar(6,p,format)
subplot (m,n k)

real(a)
imag(a)
conj(a)
polyval(an)
angle(a)
compass(a)
roots(a)
poly(a)
conv(a,b)

[x,y]=deconv(a,b)
[xyl=polyder(a,b)

polyint(a)
eig(a)

[VD]=eig(a)

rref(E)
rrefmovie(E)
x=sym('a’)

subs(a,old,new)

findsym(a)

Enables/disables a grid within the figure
Tllustrates a part of the figure with certain coordinates

Creates a certain note into the figure

Activates the current figure, returns its number

Closes the figures (nth figure)

Creates a polar figure with coordinates 6, p and specific format

Creates multiple subplots into a single figure, each is considered
as an mxn matrix and is considered as the kth subplot

Returns the real part of complex number a

Returns the imaginary part of complex number a
Returns the conjugate of complex number a

Returns the value of polynomial a for n

Returns the angle formed by complex number a

Creates a polar figure with complex number a as a vector
Returns the roots of polynomial a

Returns the polynomial with the roots given in vector a
Multiplication of polynomials a and b

Division of polynomials (a/b), returns the quotient x and the
remainder y

Polynomial derivative a/b with numerator a and denominator y
after the differentiation

Integration of polynomial a

Returns a column vector, where its elements are the eigenvalues
of square matrix a

Returns matrix V with columns denoting the eigenvectors of
matrix a and diagonal matrix D denoting the eigenvalues of
matrix a (V and D should be square matrices)

Gauss-Jordan cancellation method, converts matrix E into an
upper tridiagonal

Step-by-step operations to manipulate matrix E
Creates a symbolic constant x having the result of a as a value

Calculates the symbolic entity a, substitutes old with new (it may
be a number or expression)

Returns symbolic variables of symbolic expression a in
alphabetical order

(Continued)
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TABLE 9.3 (Continued)
MATLAB Commands for General Use

Command Description

expand(a) Executes the operations of the symbolic expression a

factor(a) Factorizes the symbolic a

simplify(a) Simplifies the symbolic a

[x,y]=numden(a) Executes the operations in fraction a and returns the numerator
and denominator

solve(f1) Solves equations or equation systems

diff(a) Differentiates a

diff(a,x) Returns the partial derivative of a with respect to x

diff(a,n) Returns the nth derivative of a

diff(a,x,n) Returns the nth derivative of a with respect to x

int(e) Returns the indefinite integral of e

int(e,x) Returns the indefinite integral of e with respect to x

int(e,a,b) Returns the definite integral of e in the range [a, b]

int(e,x,a,b) Returns the definite integral of e in the range [a, b] with respect to x

symss t Creates the symbolic variables s, t

laplace(f) Returns the Laplace transform of f

ilaplace(F) Returns the inverse Laplace transform of F

I

9.3 Simulink
9.3.1 Introduction

Simulink is an extremely useful tool, embedded in MATLAB, which enables
the modeling, simulation, and analysis of dynamic systems. Although its
use does not require knowledge of MATLAB , this knowledge represents a
significant advantage since it enables a more efficient use. One of the major
strengths of Simulink is its simplicity. In addition, there is a great variety of
features provided for the user.

For modeling, Simulink provides a GUI that allows modeling via block dia-
grams, using the click, drag, and drop computer mouse options. It includes a
great variety of block components (blocks); the most important ones are the
sources, sinks, linear continuous components, nonlinear components, and
system/signal components. It is also possible to modify and create new com-
ponents by the user.

The Simulink models are hierarchical (i.e., each model may include some
blocks, which in turn may consist of other blocks) and appropriately inter-
connected to one another in different layers. A system having a hierarchical
structure can be seen initially at a high level as a set of interconnected sub-
systems, each of which is modeled as a block. Then, by double-clicking on
the individual blocks, the user has access to lower layers to see an increasing
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degree of detail. After a model has been defined, the user is able to see the
results of simulation as it runs. Also, the user may change the parameters
and see the simulation results of particular interest.

After the model creation, its simulation is possible, by using one of various
operation methods available in the Simulink environment. Utilizing scopes
and other illustration blocks, the monitoring of simulation results is enabled
during the process. Moreover, it is possible to export simulation results in
the MATLAB workspace for further processing. It is even possible to use
Simulink for simulation and real-time systems’ control through a certain
toolbox, namely, Real Time Workshop.

The key features of Simulink are

¢ Extensive and expandable collection of libraries with predefined
blocks

e Hierarchical modeling

¢ Open architecture to integrate models from other tools (Application
Program Interface)

e Simulation of hybrid systems (continuous—discrete time)
* Support of various forms for simulation boosting

¢ Full range of diagnostic and debugging tools

¢ Full interoperability with MATLAB

9.3.2 Model Creation

To enter the Simulink environment, the following command should be writ-
ten into the MATLAB window:

>simulink

where the Simulink Library Browser window appears. The user can open
an existing Simulink file with the extension .mdl or to create a new one. The
latter can be realized by using the following three ways:

1. Choosing file = New— Model
2. Clicking on the upper left icon with the empty page
3. Inserting Control + O

Various block categories can be used, which can be selected from the fol-
lowing categories:

Commonly Used Blocks Math Operations Signal Attributes
Continuous Model verification Signal routing
Discontinuities Model-wide utilities Sinks

Discrete Ports & subsystems Sources
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Sources: Contains the following blocks

¢ Various input signals, such as
* Step (Step variations)
¢ Sine wave (Sine variations)
¢ Ramp (Linear variations)
¢ Random number (Gaussian-distributed random numbers)

¢ Uniform random number (Uniformly-distributed random
numbers)

* Various data files as follows:
e From file

® Various variables from MATLAB workspace as follows:
¢ From workspace
¢ Clock

Sinks: Contains the following blocks:

® Various capture modules of output signals, such as
¢ Display
¢ Floating scope
* Scope
e XY graph
¢ Data storage files
¢ Tofile
® Various data variables from the MATLAB workspace

* To workspace
Coninuous: Contains the following blocks:

e State-space models
e State space
¢ Transfer functions
e Transfer Fcn
e Zero-pole
¢ Integrator
¢ Downtime-related functions
¢ Transport delay
* Variable time delay
¢ Variable transport delay
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¢ Input signal differentiation

¢ Derivative

Discrete: These blocks are mainly useful for creating discrete-time models
in the form of transfer function or state space, and for implementing dis-
crete PID controller, system discretization with ZOH and FOH, etc. Below,
the most commonly used components for the simulation of digital control
are presented as Figure 9.1.

Math Operations: Contains a variety of illustration blocks. These are vari-
ous mathematical functions such as: Abs, Add, Divide, Dot Product, Product,
Rounding Function, Sign, Sine Wave Function, Subtract, Trigonometric
Function, etc.

Creation of a new block diagram

¢ In the Simulink Library Browser window click on the icon that
shows a white sheet of paper (first icon from upper left of the win-
dow), entitled as Create a new model. It will open an empty window
entitled as Untitled.
Insertion of a block into the diagram

* From the Simulink Library Browser window, select the item you
want and, holding the left button of the mouse, transfer it to the
desired location into the block diagram.

e If the desired block is not included in the standard Simulink library,
the library name that contains this block is written in the main
MATLAB window. Then, the created window is imported as men-
tioned above.

Block parameters connection, copying, and configuration

¢ To connect two blocks that we have introduced in the block diagram,
we left click in the node of one of the two blocks that we want to
connect and holding the mouse button, we move the pointer to the
appropriate node in the second block.

¢ To create a connection branch, click with the right mouse button to
the desired point. Then, holding down the button, move the pointer
and the branch is created.

* To copy an existing block, use the standard copy—paste procedure.

* By double clicking on a block, it opens the block parameters win-
dow. In this window we can change the block parameters, as well as
get information about them by clicking Help.

Simulation parameters and displaying results

® In the block diagram window, select the Simulation/Parameters
menu. This will open a window where we can regulate, among
others, the initial and final time of the simulation and the type of
diagram (discrete or continuous).
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FIGURE 9.1

Digital Control Systems
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Library: Simulink/discrete.
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* To see the simulation results, the output of the block of interest
should be connected in a suitable block from the Sinks category.
The block type depends on the type of output data (real or complex
valued, time domain, or frequency domain).

Open and save a block diagram

¢ To open an existing block diagram, select the File/Open menu, and
then select the name of the block diagram you want to open.

* To save a block diagram, select the File/Save menu.

9.4 LabVIEW

LabVIEW (Laboratory Virtual Instrument Engineering Workbench, http://
www.ni.com/labview/) is a powerful and flexible software platform for
the design and analysis of various applications developed by National
Instruments. Its graphical interface makes it ideal for applications” measure-
ment, automation, instrument control, and data analysis. LabVIEW provides
an extensive VI's library functions and libraries for specific applications,
appropriate for even someone with little experience in programming. It also
includes conventional error correction instruments, in which we can put
breakpoint symbols, perform step-by-step program execution, and monitor
the data flow.

LabVIEW is an application development program, where even though it is
similar to other commercial development platforms (e.g., C or BASIC), it has
a significant difference: instead of text-based language, it uses graphical pro-
gramming language, that is, G, to create programs in a block diagram form.
Also, it allows instruments’ control, data acquisition, and processing during
and after reception.

As a graphical programming language, it is based on graphical symbols
rather than text (such as classical programming languages) to describe
various operations of the program. LabVIEW goes beyond the classical pro-
gramming languages that make use of commands, by entering the user in a
graphical environment including tools for collecting measurements, control
of autonomous instruments, analysis and presentation of measurements.

9.4.1 LabVIEW Environment

1. VIRTUAL INSTRUMENTS: the conventional programming lan-
guages use functions and subroutines for the development of their
applications. In the LabVIEW environment, the corresponding enti-
ties are called virtual instruments (VI), which provide two program-
ming windows, that is, the front panel and block diagram. There are
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also pallets containing options for creating and changing the VI. The
front panel is used to display data types “controls and indicators” for
the user, while the block diagram contains the code for the virtual
instrument that is a representation of the underlying code.

The LabVIEW programs are called virtual instruments because
the appearance and function is similar to those of real instru-
ments. However, they operate in accordance to the functions and
subroutines belonging to popular programming languages, such as
C, FORTRAN, PASCAL, etc. LabVIEW provides mechanisms that
allow data to pass easily between the display field (front panel) and
the logical flow diagram (block diagram).

2. FRONT PANEL: The interacting with the user part of a VI is called
front panel because it simulates the appearance and functionality of
a physical instrument. It may contain buttons, switches, graphs, and
other control buttons and indicators. The user enters data informa-
tion using the keyboard or mouse, and is able to monitor the results
on the computer screen.

3. BLOCK DIAGRAM: VI is commanded by a block diagram, which
is constructed via the graphic language G. The block diagram of this
solution is a graphical illustration of an integrated programming
problem. It stands also for the source code of VL.

With these features, LabVIEW promotes and capitalizes on theidea
of modular programming. We divide our application in a number
of individual functions, which in turn are divided in smaller units,
until a complicated application is converted into a series of simple
subapplications. We build a VI to each subapplication and then join
all those VIs in another block diagram to achieve the desired primary
goal. Finally, we have a high level VI, which contains a collection of
sub-VIs representing the functions of the application.

4. VI EXECUTION: VIs have hierarchical structure. The sub-VIs can
be visualized as VIs used by other Vis, which are placed only in a
block diagram and behave like other objects. They belong to the
“nodes” category, that is, they have terminal points for inputs and
outputs and operate in a special/certain way within the VI. We may
visualize them as subroutines belonging to other programming
languages. We use the image/connector so that we can convert the
VIinto a sub-VI, which can call the diagram of any other program.

VIs are usually executed from the Front Panel. To execute a
LabVIEW program, we click on the Run 2] button, which is placed
on the top of the pallet window. During execution, the Run Button
changes its color to black #. Also, to execute or terminate the pro-
gram, there are also the options “Run Continuously” &, Abort
Execution @, and Pause [Hl.
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In the case when the Run arrow is presented as a broken arrow ),
then some error(s) are present in the program preventing its execu-
tion. If we click on this arrow, a debugging list is manifested in order
to point out these errors. In the case when all errors have been cor-
rected then the aforementioned arrow returns to the Run status and
the program is ready to be executed.

Moreover, we can execute a program from the Block Diagram,
where all the aforementioned buttons are placed in the pallet on top
of the window , namely: Highlight Execution @] or slow-run button,
where we can track the data flow between the involved nodes, which
is useful for data error diagnosis, the Start Single Stepping [bal®|
and Step Out la#l. This usually occurs during the design phase of VI,
when we want to check the correct functionality.

5. FILING OF VI: The programs in LabVIEW are saved with the suffix
*vi. Many VlIs can be saved to a file with the library format ending
in *1lb. If we want to create a library, choose File/Save as/New VI
Library.

6. LABVIEW HELP: LabVIEW provides an online assistance guide
for any operation we want to achieve. This function is activated by
choosing Help Menu and then Show Help. Activating this func-
tion displays a help window showing an icon associated with the
selected object and shows the cables that are connected to each
terminal.

7. LABVIEW PALETTES: The LabVIEW contains graphical palettes in
a menu form to further assist the creation and execution of virtual
instruments. The three available palettes are Tools, Controls, and
Functions.

® Tools Palette: This palette contains tools that are appropriate in
the creation and execution of virtual instruments. Each option in
the palette contains a suboption with extra control and display
buttons, associated with the original choice. If the Tools palette
is not visible, then, to reveal it, we choose Tools palette from the
View menu. Touching (with the computer mouse) any tool from
the palette of tools over sub-VIs or functions of the block dia-
gram, and the online help for that object is available. The options
of this palette are

— Operating: It allows us to change values in the controllers

and indicators. Also, we can put into operation buttons,
switches, and other objects.

— Wiring: Connects objects in block diagram.

— Break point: Terminates VIs, objects, links, and loops. We
use it when we want to close a particular object for a short
duration.
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— Positioning: Select, move, and resize objects.
— Labeling: Allows writing labels.
— Menu : Opens the shortcut menu of the object.

— Scrolling: Moves the window without the sliding rails need-
ing to be used.

— Probe: With this tool, we can control the data values trans-
ferred in this connection. Usually, it is used when the VI does
not give the expected results and we want to check to what
point the values are incorrect.

— Color copy: Copies the color that will be pasted with color
tool.

— Color: Colors an object.

e Controls Palette: Both the Controls palette and Functions palette
consist of subpalettes, each one encloses various programma-
ble objects-pictures used for the development of a VI. Access to
these objects is done by activating the image of each subpalette.
We can import controllers and indicators in the display field
from the Controls palette. Note that if the Controls menu is not
visible, you can display it by clicking the right mouse button in
a free area of the display field, or choose the Controls palette
from the View menu. It should also be noted that the palette
is active only in the presentation field. There is a “confusion”
between controllers and indicators. Examples of indicators are
graphs, thermometers, and meters. When they are placed in the
front panel, LabVIEW creates the corresponding elements in
the block diagram, namely, the terminal elements. An obvious
difference between controls and indicators is that the former
terminal elements have a thick contour, while the latter have a
thin contour.

The options of this palette are the following;:

— Numeric: Contains controls and indicators for numerical
data.

— Boolean: Contains controls and indicators for logical/digital
data.

- String & Path: Contains controls and indicators for ASCII
text format.

— Array, Matrix,..: Contains controls and indicators for data
aggregation.

— List & Table: Contains controls and indicators to create alter-
native menu options.

— Graph: Contains indicators for graphical data representation.
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- Ring & Enum: Contains controls and indicators to create
alternative menu options.

— Refnum: Contains controls and indicators for file processing.

— Decorations: Contains graphics for contour design in the
front panel.

* Functions Palette: The Functions palette is active only when we
are in the Block Diagram, which contains the graphical source
code of a LabVIEW VI (the actual executable code). Each selection
of this pallet comprises a number of subtools, some of which are
shown below.

— Structures: Contains programming structures, such as
While & For Loops.

— Array: Used for matrix processing.

— Cluster & Variables: Contains functions for editing struc-
tures of heterogeneous elements. These structures are called
clusters in LabVIEW.

— Numeric: Contains arithmetic, logarithmic, and trigonomet-
ric operations.

— Boolean: Contains VIs for logic operations.
— String: Contains VIs to edit text in ASCII format.

— Comparison: Contains functions for comparing data, which
can be numerical, logical, or characters.

— Timing: Used for timing.

— Dialog 7 User...: Used for interactive windows.

— File I/O: Used for data entry and editing files.

— Waveform: Contains commands for using graphs.

9.4.2 Control Systems in LabVIEW Using the Control
Design and Simulation Module

LabVIEW provides some additional modules and toolkits for testing and
simulation, such as

¢ LabVIEW Control Design and Simulation Module
¢ LabVIEW PID and Fuzzy Logic Toolkit

e LabVIEW System Identification Toolkit

¢ LabVIEW Simulation Interface Toolkit

Using the LabVIEW Control Design and Simulation Module, we can create
and simulate linear, nonlinear, and discrete control systems. From the block
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diagram of a VI, in the functions palete, we can find the Control Design and
Simulation module.

® Control Design Module: When the Control Design and Simulation
Module is installed, the Control Design palette is available from the
Functions palette.

The Model Construction palette includes the following functions and/or
subpalettes:

¢ Construct State-Space Model

¢ Construct Transfer Function Model

¢ Construct Zero—Pole-Gain Model

¢ Construct Random Model

¢ Construct Special Model
* First-order with (or without) time delay
¢ Second-order with (or without) time delay
* Delay Pade Approximation

PID Parallel

PID Academic (parallel form)

e PID Serial

¢ Draw Transfer Function Equation (to return the transfer function in
a suitable form for appearance)

® Draw Zero-Pole-Gain Equation
* Read Model from File
e Write Model from File

¢ Model Information palette (contains functions to set or get informa-
tion and properties of our model)

The Model Conversion palette has the following functions:

¢ Convert to State-Space Model

¢ Convert to Transfer Function Model

¢ Convert to Zero—Pole-Gain Model

¢ Convert Delay with Pade Approximation
¢ Convert Delay to Poles at Origin

* Convert Control Design to Simulation (converts models used in the
Control Design Toolkit for use in Simulation Module)

¢ Convert Simulation to Control Design (the opposite of the latter)
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The Model Interconnection palette has the following functions and/or

subpalettes:

e Serial
Parallel
Feedback
¢ Append

¢ Rational Polynomial palette

The Model Reduction palette has the following functions:

e Minimal Realization
Model Order Reduction

Minimal State Realization

Remove IO (input or output) from Model

Select IO (input or output) from Model

The Time Response palette has the following functions and/or subpalettes:

¢ Step Response

¢ Impulse Response
e Initial Response
¢ Linear Simulation

¢ Get Time Response Data

The Frequency Response palette has the following functions:

* Bode (illustrates a Bode diagram)
* Nyquist

¢ Nichols

¢ Singular Values

e All Margins

¢ Gain and Phase Margin

¢ Evaluate at Frequency

¢ Bandwidth

¢ Get Frequency Response Data

The Dynamic Characteristics palette has the following functions:

¢ Root Locus
¢ Pole-Zero Map
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¢ Damping Ratio and Natural Frequency
¢ DC Gain

¢ Stability

¢ Norm

¢ Covariance Response

¢ Total Delay

¢ Distribute Delay

¢ Parametric Time Response
The State Space Model Analysis palette has the following functions:

¢ Controllability Matrix

¢ Observability Matrix

¢ Grammians

¢ Canonical State-Space Realization

¢ Balance State-Space Model (Diagonal)

¢ Balance State-Space Model (Grammians)
¢ Controllability Staircase

* Observability Staircase

e State Similarity Transform
The State Feedback Design palette has the following functions:

e Ackermann

¢ Pole Placement

¢ Linear Quadratic Regulator
¢ Kalman Gain

e State Estimator

¢ State-Space Controller

e Augment Output with States

o Simulation Module: The main features of the Simulation palette are

* Control and Simulation loop: All simulation functions must be
placed inside a Control and Simulation loop or in a simulation
subsystem.

¢ Continuous Linear Systems Functions: They are used to repre-
sent linear continuous-time systems in the simulation diagram.

* Discrete Linear Systems Functions: They are used to represent
linear discrete-time systems in the simulation diagram.
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¢ Signal Arithmetic Functions: Used for basic arithmetic func-
tions in a simulation system.
¢ Controllers Functions: Used to implement various types of con-

trollers such as PID, two-degree-of-freedom PID controllers (2
DoF PID), and SIM SISO Controllers.

9.4.3 Simulink—LabVIEW Interconnection

We will give an example of creating a LabVIEW User Interface for a Simulink
Model via the LabVIEW Simulation Interface Toolkit. Before LabVIEW can
communicate with the Simulink model, we must first formulate our model
in Simulink.

Configuring the simulink model:

® Save the files: sinewave.mdl and Sine Wave. VI.

* Open MATLAB and observe the presence of the following message
at the command window:

Starting the SIT Server on port 6011
SIT Server started
The Simulation Interface Toolkit automatically installs the SIT server.

e Write “simulink” into the MATLAB command window. Choose
File»Open and then the sinewave.mdl.

The resultant Simulation model is illustrated in Figure 9.2.
This Simulink model illustrates a sinusoidal waveform.

* Observe the SignalProbe block in the diagram. We must place a
SignalProbe block in the top layer of our diagram. The SignalProbe
block is located in the NI SIT Blocks library.

™D O D

Inl outl

SignalProbe

Sine -
wave SignalProbe
FIGURE 9.2
Simulation model.
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* Choosing Simulation>>Simulation parameters, we can see the
simulation configuration parameters.

¢ Save the model in Simulink.
Creating a LabVIEW user interface

* Open LabVIEW and a new VL

* Place two knob controls on the front panel. We name the one
Frequency and the other Amplitude.

® Place a waveform chart on the front panel. We call the y-axis
Amplitude and the x-axis Time.

e We can now create the relations between the VI and the Simulink
model. From VI, select Tools > SIT Connection Manager.

* In the Model and Host category, select Simulation Environment
below the Host Execution. The execution host is the machine where
the SIT server runs. If we want to choose Real-Time Target or Driver
VI in Local host, we must transform the Simulink model first to a
DLL file before the matching.

¢ From Current Model, select Browse and then sinewave.mdl file.

e From the Project Directory, Browse and choose the folder where we
want to save our project.

* From list Category, choose Mappings to display the corresponding
Mappings page.

e Highlight the Frequency control to the Current Mappings table and
click on the Change Mappings button. So Specify Parameters for
Control dialog box will be created.

* From this dialog box, select the Frequency sinewave > Sine Wave
tree and click OK.

e We match the Amplitude control in the sinewave > Sine Wave
tree.

¢ We match the Sine Wave indicator to Port 1 from sinewave >> Sum
tree.

¢ Click the OK button to close the SIT Connection Manager dialog
box and create the code of the block diagram of the VI. Note that
there are now Model Controls on the front panel. We can use these
to control the model in VL.

¢ The block diagram now contains code.

We can run the VI and check the simulation with Model Controls. The
Frequency and Amplitude knob controls are used to change the output of
the sine wave.
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9.5 Program CC

Program CC is a special program focused on the analysis and design of
linear control systems, which is a product of Systems Technology, Inc.
(http://www.programcc.com/).

CC is used to analyze systems in state space and/or in the form of transfer
functions. A physical system is described by linear differential equations or
difference equations. These equations are transformed into transfer func-
tions or equations in state space and inserted properly into the program. CC
has a rich collection of various commands that provide the user the ability to
understand the fundamental concepts of automatic control, study, analyze,
and evaluate any system of particular interest.

9.5.1 Simulation of Digital Control Systems Using CC

We will analyze some of the basic commands of CC program for the analy-
sis and design of discrete-time control systems. The program is based on
the introduction of a series of commands in the active line of the command
window.

1. Import a transfer function

All transfer functions need a name, for example, g or g, or g,, etc.,
and are introduced with a number of ways, such as

* Algebraic expressions, for example,
cCc>g=z/((z-1)*(z-.78))

¢ Using the menu and typing enter in the command window, for
example,
CC>enter

From this window, we can enter each of the polynomials of the
numerator and denominator.

Notes
* A fixed term is introduced as a zero-order polynomial.

* A polynomial (not a transfer function) is inserted by selecting
the denominator equal to 1.

* Using the command g=enter(coeffl,coeff2,coeff3,...), where
coeff are the transfer function coefficients, namely, the number
of polynomials of the numerator, the polynomials which are
given by first writing their order and then the term coefficients
starting from the highest power of s and continue importing in
the same way the polynomials of denominator, such that
cc>g=enter(1,0,1,2,1,1,1,1,1,0.15)
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2. Transfer function forms

The program has an option with which we can manipulate the trans-
fer function and convert it into various forms, useful for our study.
Below the basic commands are shown, using the transfer function

10z +10
Gl)=— 2
z(z" +2z+100)
Command Result
CC>g=(10*z+10)/(z*(z"2+2*z+100)) (2)= 10z +10
Inserts discrete transfer function 8= 2(z* 4 2z +100)
CC>display(g) (2)= 10z +10
Returns the transfer function in a polynomial 8= 2(z* 4 2z +100)
product form (initial form)
CC>single(g) _10z+410
Executes the operations in numerator and 8(2)= 2% +222 +100z
denominator
CC>pzi(g) _10(z+1)
Returns the transfer function in a poles—zeros 8(2)= Az + 1% +9.95%]
product form
CC>shorthand(g) 10(1)
Returns the transfer function in simplified form, 8(z)= m
that is, the polynomial "
a*(s+b)*[z"2 + 2*zeta*omega*z + omega’2]
Is presented as:
a(b)[zeta, omega]
CC>unitary(g) _10(z+1)
The dominant term of z (with highest order) 8(2)= 2(z2 + 2z +100)
equals to 1
CC>tef(g) _ 0.1(z+1)
The constant terms of all polynomials become 1 8(z)= 2(0.012% +0.02z +-1)
CC>poles(g) 0+0j
Calculates the poles of transfer function —1+9,9498744;

—1-9,9498744j

. Partial fraction expansion of transfer function

The command pfe(g) converts the transfer function into a partial

fraction expansion. Type:
cc>pfe(g)

which returns in the computer screen

0.1 0.098z%+0.296z

g(2)=0.098 +——
z

. Inverse z-transform

[(z+1)? +9.95%]

The command izt(g) calculates the inverse z-transform. Type

ce>izt (g)
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which returns in the computer screen

g(n)=0,098 * delta(n)+0,1* delta(n —1)—0,1*
c0s(1,6711n—0,2003)*(10)" and n >=0

5. Systems interconnection—Transfer function simplification
Consider the transfer functions g;(z) and g,(z).

In the case when they are connected in series, the total transfer

function is obtained by typing
CC>g=gl*g2
In the case when they are connected in parallel, the total transfer
function is obtained by typing
CC>g=gl+g2
In the case when they are connected in a negative feedback form, the
total transfer function is obtained by typing
CcC>g=gl/ (14+gl*g2)
In the case when they are connected in a positive feedback form, the
total transfer function is obtained by typing
CC>g=gl/(1-gl*g2)
Also, the program includes the feedback operator (|) through which
the closed-loop transfer function can be easily calculated. Namely,
by typing g|h returns: g/(1 + h*g), while for a unit feedback (i.e.,
h = 1) the corresponding command is g|1. The variables g and h can
be in any compatible format (transfer function or state space) with
the same dimensions.

6. Time response
The command time(g) designs the system step response. The same
occurs with the command (y,y)=sim(g).
The commands time and sim have other syntax forms as well, which
can be viewed by typing help time.
CC>time
There is a dialog window, where more scope parameter selections
are provided, for example to design more than one curve in the same
diagram, giving their name by separating them with commas, in the
region that states Tf. Pressing the More button, the dialog box expands
more, enabling us to put labels, choose the color of the scheme, etc.

7. Bode diagrams—Gain and phase margins
The CC program provides the potential design of different types of
diagrams (Bode, Nyquist, Nichols, etc).
Type the command
CC>bode

where we can choose the type of graph we want.
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Subsequently, there are the different ways of writing command
bode(g) which designs the Bode diagram (amplitude and phase) of
the transfer function and the command margin(g), where the gain
and phase margins are calculated.

. Root locus design

Command Description

CC>bode(g) Ilustrates the amplitude (log10(abs(s))) in dB and
the phase of g(s), where s is a frequency range
that is automatically developed in jw axis.
Function g may be a transfer function, a matrix,
or a state space system

CC>bode(s,g) Utilizes the frequencies stored in vector s

CC>bode(s,y) Ilustrates the amplitude abs(log10(w)) with respect
to dB(abs(y)) in the case when s, y are vectors

CC>bode(g,’s") Use of certain color, line style, symbol

CC>bode(s,g,’s")

CC>bode(s,y,’s")

CC>margin(g) Calculates the phase, gain, and delay margins, and

the local maximum, where g is a transfer function
or state-space matrix. It scans all the frequencies
from 1e-3 to 1000r/s returning back each
available margin type

CC>margin(g,w) Scans for any margin type in the vicinity of the
frequency w rad/s.

margin(g,[wlow,whigh npts]) Scans from wlow to whigh r/s with npts number
of points

phase margin = 180° + the angle where amplitude equals to 1.
delay margin = the delay where phase lag = phase margin.
gain margin = 1/gain where the phase is —180°.

mp margin = the local maximum of g/(1 + g).

The command rootlocus(g) illustrates the root locus of a character-
istic equation for a control system.

The command rootlocus(k,g) illustrates the root locus for the gains
whose values are given in the vector k.

The command rootlocus((0,0),g) illustrates only the poles and zeros
of g.

Using the commands rootlocus(g,’s’) or rootlocus(k,g,’s’), we can
choose line style, color, and symbols.

. State space

To import a system in state space (quadruple) of the form of:
x = Ax+Bu; y=Cx+Du, we use the command p=pack(a,b,c,d),
after each matrix has already been inserted. To see the matrix dimen-
sions, we type the command what(p).
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A state-space system can be transformed into the form of a

transfer function with the commands fadeeva(p) or gep(p).

The reverse procedure, that is, a system in the form of a transfer

function to be converted into a system in the state space, can be
realized by using the commands ccf(g) that implements the sys-
tem in controllable canonical form; ocf(g) that implements the
system in observable canonical form; and dcf(g) that implements
the system in a diagonal canonical form.

10. Time delay systems

The command g=pade(tau,order) sets G(s) equal to a Pade approxi-
mation of the exponential term exp(-s*tau), where: tau is the time
delay, while order denotes the order of the Pade approximation.

9.5.2 CC Commands

In Table 94, all the CC commands are grouped together in alphabetical order.
For the operation of each one, one may be consulted by typing Help followed
by the command name.

TABLE 9.4

CC Commands in Alphabetical Order
Abs Acos acosh
acsch Airplanebw  all

asech Asin asinh
Axis Balance balreal
binavg Blanks blasche
butter Cc ccf

Char Chebyshev chirp
chsingle Chst chtcf

cls Cnum cond
convert Copy copyoption
cot Coth cov
cumsum Data dB
demos Der det

diff Diophantine  dir
display dkbf dlgr
effdelay eig enter
eval Exit exp
fadeeva Fft fft2
fftshift2 fftwin figure
format fprintf freq

ftext functionbox  gainmargin

acot
angle
atan
bandwidth
bode

cd

chol
chunitary
conj
corrcoef
csc

dcf
dfreqvec
dis
dlyap
enterbox
expand
fftr
findstr
freqvec
ged

acoth
any
atan2
bessel
bodegain
cdim
chpzf
clear
conmat
cos
csch
deblank
dft
disp
dricc
eps
expm
fftshift
fix

fsfb

gef

acsc
asec
atanh
bilinear

ceil

close

conv

cosh
cumprod
delaymargin
diag

edit
error
eye

floor

fsoi

geig
(Continued)
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TABLE 9.4 (Continued)
CC Commands in Alphabetical Order
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gep

h2

idim
imag

inv
ismatrix
isreal

itae
leadlag
list
logbin
Ipdisplay
lppfe
Iptct

mag
median
new
nullnodisplay
okcancelbox
pack
pfe2vec
plotoption
print

quit
rcond
reshape
rlgain
schur
senter
similarity
skip

state
stripchart
strtok
svd

text

tovec
twozeros
warning
xlabel
Zeros

gepper
Help

Ifft

Imc

is3d
isnull
isscalar
Izt
length
Lls
loglog
Ipeject
Ipprintf
Iptext
margin
messagebox
nichols
numerator
onepole
Pade
phase
plotpopup
printf
Rand
Rdim
Resid
rootlocus
Sdim
Shift

Sin

Sort

Std
strjust
strvcat
svfreq
Tfest
Trace
Type
What
y2label
zetaomega

ghess
hess

ifft2
inner
iscomplex
isp3d
isstr
izt2vec
Ifa

load
lower
lpilt
Ippzt
Ipunitary
max

min
norm
nyquist
ones
partial
phasemargin
point
prod
randn
real

ricc

roots

sec

sho
single
spectral
stdisplay
strmatch
subplot
tan

tile
transpose
unitary
who
yesnobox
zoh

global
hfa

ifftr
input
isempty
ispoly
istf

kbf

1ft

log
Ipdisp
lpizt
Ipsho

Iqr

maxtc
mpmargin
nosmall
obsmat
onezero
path

pid
poleplace
pwd
range
reig

ridf
round
sech
shorthand
sinh
sprintf
strcat
strncmp
substitute
tanh

time

tril
unpack
whos
ylabel
ztransform

grid
hold

ilt

int
isglobal
ispolym
istfm
laplace
line
log10

Ipoption
Ipshorthand
Iu

mean
name
notch
ocf
order
pause
pinv
poles
pzf

rank
rem

rl

save
semilogx
sign
sisoltf
sqrt
stremp
strncmpi
sum

tef
timevec
triu
upper
winhelp
ylabels

gschur
iden
ilt2vec
integrator
isint
isquad
isvector
lem

Ipsingle
lyap
meansq
near
null
odim
outer
pfe

plot

primefactors

qr

scale
semilogy
sim

size

strempi
strrep

sumsines

title
twopoles
var
wplane
zeroreduce
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Index

A

ADC, see Analog to digital converter
A/D converter, 5; see also D/A converter
Analog controllers, 3
Analog systems, 1; see also Automatic
control; Control systems;
Digital control systems
automatic control, 3
vs. digital control systems, 4
operating diagram, 2
Analog to digital converter (ADC), 5;
see also Analog systems
Automatic control, 1; see also Analog
systems; Control systems;
Digital control systems

B

Backward difference method, 94-96;
see also Discretization methods
BIBO, see Bounded input-bounded output
Bilinear method, 96-98, 101; see also
Discretization methods
Bode; see also Digital control systems
stability
diagram, 243, 261-264, 264-268
stability criterion, 226
Bounded input-bounded output
(BIBO), 217

C

Cauchy’s formula, 15
CCS, see Computer controlled system
Closed-loop control system, time
response of, 276
Closed-loop step responses, 362-367
Compensated system, 326
Compensation units, 325
Compensator, 325
design specifications, 325-326
selection, 325

Computer controlled system (CCS), 4;
see also Digital control systems
Continuous-time control systems, 2;
see also Control systems
Continuous time systems; see also
Discrete-time; State-space
discretization
with differentiation methods,
173-174
discrete model at state space of,
189-190
discrete model of continuous-time
state space, 191-192
with integration methods, 171-172
Controllability, 169; see also State-space
representation
Controllers, 325
Control systems, 1; see also Analog
systems; Automatic control;
Digital control systems
classifications, 1
continuous-time control systems, 2
discrete-time control systems, 2
quantization process, 5
sampling, 5
Control systems simulation, 399;
see also MATLAB
Control System Toolbox, 400

D

DAC, see Digital to analog converter
D/A converter, 5,92, 329
D.E,, see Differential equation
Deadbeat control, 280; see also Time
response
digital controller, 338
Dead time, 329
Difference equation, 58; see also
Transfer function
formulation, 376-377
differential equation (D.E.), 7
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Digital controller, 3, 333, 367-376,

377-386, 386; see also Digital
control systems

for analog system, 350-352

for discrete system, 352-354

Digital control system compensation,

325; see also Transfer function
cascade phase lead controller,
349-350
closed-loop step responses, 362-367
compensators, 325, 326
controlled signal values, 347-348
controller derivation, 343-344
deadbeat digital controller, 338
dead time, 329
difference equation formulation,
376-377
direct design methods, 330
discrete-time response of closed
system, 340-342
feedback control, 325
feedback law, 325
formula table, 339-340
frequency aliasing effect, 328
indirect design methods, 326-328
integrated controller, 354-362
output velocity of motor, 386
phase lag compensation, 339
phase lead compensation, 338
phase lead/lag digital compensators,
338-339
PID digital controller, 333-336
sampling frequency, 328
sampling period, 348-349
sampling rate selection, 328-330
solved exercises, 340-398
units, 325

Digital control systems, 2, 4, 327; see also

Analog systems; Automatic
control; Control systems;
Digital control systems
stability

advantages, 5-6

analog vs., 4

via analytical methods, 330-331

applications, 6

Index

design, 325

digital controllers, 3
disadvantages, 6

in frequency domain, 332-333

PI controller, 344-345, 347-348
PID controllers, 339

PID controller tuning, 336-337
with pre-antialiasing filter, 327
using root locus method, 331-332

Digital control systems stability, 217-218;

see also Root locus method
algebraic stability criteria, 228
of analog and discrete system, 218
analog—digital frequency
relation, 227
Bode diagram, 243, 261-264, 264-268
Bode stability criterion, 226
of closedloop systems, 247251
discrete time system stability, 218
formula table, 227
Jury criterion, 221
Jury stability conditions, 229
loop transfer function discretization,
273-274
Mobius transform, 219-220
Nyquist diagram, 243
Nyquist stability criterion,
224-226, 229
output value derivation, 240241
parameter K value, 241-242
region of values for K, 229-231,
236-238, 242, 255-260, 264268,
268-270
root locus establishment for
characteristic equation, 228
Routh stability criterion, 219
sampling period derivation, 241
solved exercises, 229-274
system stability evaluation, 231-236,
238-239, 240
time responses as function of poles
location on unit circle, 218
total transfer function and poles-
zeros diagram design, 270272
unit-circle criterion, 219
values of K, 261-264

continuous, 327
with controller, 330
delay by T/2, 329

Digital filter, 89
Digital PID controller tuning, 336
controller parameters, 337
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requirements, 336
stability limit method, 337
transition response method, 336-337
Ziegler-Nichols method, 336
Digital to analog converter (DAC), 5;
see also Analog systems
Discrete design, 89
Discrete-time; see also Continuous time
systems; Control systems;
State-space representation
control systems, 2
state-space equations, 160-161
transfer function, 183-184,
185-186, 197
transition matrix of, 179-180, 187-188
Discretization methods, 90, 103;
see also Transfer function
discretization
analog and discrete system, 91
backward difference method, 94-96
forward difference method, 96
frequency prewarping method,
98-99
frequency warping, 98
impulse-invariance method, 91
impulse response, 93
matched pole-zero method, 99-101
reconstructed signal, 93, 94
restraint system transfer function, 94
sampled data system, 92
step-invariance method, 92-94
Tustin method, 96-98
zero-order hold operation, 93

E

Euler’s backward method, 101; see also
Discretization methods

F

Feedback law, 325

First-order hold (FOH), 92

FOH, see First-order hold

Forward difference method, 96; see also
Discretization methods

Frequency; see also Discretization
methods; Transfer function
discretization

431

aliasing, 90, 328
response, see Harmonic response
warping, 98-99

G

Graphical user interface (GUI), 400
GUJ, see Graphical user interface

H

Harmonic response, 287-288;
see also Steady-state errors;
Time response

I

Impulse-invariance method, 91; see also
Discretization methods
Incremental algorithm, 335
Integral windup, 336
Integrated controller, 354-362
Inverse z-transform, 13; see also
z-transform
complex integration method, 14-15
division method, 13
of F(z), 27, 31, 37
of H(z), 39
initial and final value theorem, 12
partial fraction expansion
method, 13
of X(z), 35, 36

J

Jury criterion, 221; see also Digital
control systems stability
region of values for K, 236238
system stability evaluation, 231-236
values of K, 261

L

LabVIEW, 411; see also Simulation tools
control systems, 415-419
environment, 411-415
programs, 412
simulation model, 419
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LabVIEW (Continued)
Simulink—LabVIEW
Interconnection, 419-420
step response of system, 319-322
transfer function and poles-zeros
diagram design, 270272
Laplace transforms, 7
Linear time-invariant (LTT), 10
LTI, see Linear time-invariant

M

Mason’s gain formula, 57-58; see also
Transfer function
Matched pole-zero method, 99-101;
see also Discretization
methods
MATLAB, 399; see also Simulation tools
analysis and system modeling, 400
calculation commands, 403
command control system for, 401
control systems design, 400
Control System Toolbox, 400
design control system
commands, 402
design of automatic control
system, 400
general use commands, 403-406
ramp response design, 316-317
root locus method, 403
simulation of digital control systems
using, 400
step response of system, 319-322
Mobius transform, 219-220; see also
Digital control systems
stability

N

Nyquist diagram, 243
Nyquist stability criterion, 224, 229;
see also Digital control systems
stability
characteristic polynomial, 224
closed discrete system, 224
Nyquist criterion, 229
Nyquist plot, 224, 225
phase margin, 226
transfer function, 224

Index

(6]

Observability, 170; see also State-space
representation
O/I (output/input), 58

P

Phase lag compensation, 339
Phase lead compensation, 338
PID controller, 333
analog, 333
digital, 334, 339, 344345, 347-348
effect on time response, 340
incremental algorithm, 335
integral windup, 336
PID algorithm, 334
reset windup, 335
sampling time, 334
three-term controller, 333
transfer function, 333, 335
tuning of, 340
Pole-zero matching method, 119, 130,
see Matched pole—zero method
Program CC, 421; see also Simulation tools
CC commands, 425-426
digital control system simulation,
421-425
inverse z-transform, 422
partial fraction expansion of transfer
function, 422-423
root locus design, 424
state space, 424-425
time delay systems, 425
transfer functions, 421
transfer function simplification,
423-424
Pulse transfer function, 162

Q

Quantization process, 5

R

Reset windup, 335

Residue theorem, 15

Root locus method, 221, 331; see also
Digital control systems stability
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loop transfer function, 222

root locus diagram, 222, 273-274

root locus of system, 244247

roots of characteristic equation,
222, 252-255, 261-268

rules for approximate establishment
of root locus, 222224

Routh stability criterion, 218, 219;

see also Digital control systems
stability

table, 344

S

Sampling, 5
frequency, 328
S.E.Gs, see Signal flow graphs
Signal flow graphs (S.F.Gs), 55; see also
Transfer function
branch of, 56
loop of, 57
nodes of, 56
Simulation tools, 89, 399; see also
LabVIEW; MATLAB;
Program CC; Simulink
Simulink, 406; see also Simulation tools
components of digital control, 410
difference equation formulation
using, 376-377
features of, 407
model creation, 407-411
models, 406
Single input-single output (SISO), 160
SISO, see Single input-single output
Stability, 217; see also Digital control
systems stability
limit method, 337
State differential equation, 159-160;
see also State-space
representation
State equations, 175-179
differential equation, 159-160
in direct and canonical form, 199-201
state equations in direct form, 201-202
state transition matrix, 162
state variables, 159
state vector for step input, 179-180
State of system, 159; see also State-space
representation

433

State space, 159; see also State-space

representation

State-space discretization, 171; see also

Continuous time systems;
State-space representation
Euler’s method, 171-172, 173
with first-order hold method, 174-175
trapezoidal method, 172, 173-174
with zero-order hold method, 174

State-space model, 181, 183184

of discrete system, 192-193
for system, 202

State-space representation, 159; see also

Continuous time systems;
Discrete-time; State equations;
State-space discretization

calculating discretized system,
212-216

canonical form, 164-165

controllability, 169

controllable canonical form, 165-167

digital controller, 181-183

direct form, 162-164

discrete output for step input,
188-189

discrete system in direct form, 163

discretized transfer function,
212-216

eigenvalues and eigenvectors, 161

formula tables, 175

illustration diagram for state-space
model, 186

Jordan canonical form, 168-169

noncontrollable system, 169

nonobservable system, 170

observability, 170

observable canonical form, 167-168

pulse transfer function, 162

solution of state equations, 161

solved exercises, 175-216

state-space matrices, 160

step response, 195-196

system discretization, 205-209,
210-211

system output, 197

transfer function, 175-179, 181,
193-195, 195-196, 199-202,
203-205

transforms between model, 163
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State transition matrix, 162; see also
State-space representation
State variables, 159; see also State-space
representation
Steady state, 275
Steady-state error, 283, 290; see
also Harmonic response;
Time response
factors, 284
input function impact, 285-287
open-loop transfer function, 285
sampled data system, 284
Step-invariance method, 92-94; see also
Discretization methods
System, 1; see also State-space
representation
compensation, see Digital control
system compensation
state of, 159

T

Three-term controller, 333
Time response, 275; see also Harmonic

response; Steady-state errors

analog and discrete time response,
281-283, 289

of closed-loop control system, 276

closed-loop transfer function of
system, 312-314

continuous-time second-order
system, 281

of control system, 275

deadbeat control, 280

discrete control system, 299-300,
307-308

discrete frequency responses,
292-297

of discrete system, 275, 289

first-order system, 277

fixed damping coefficient lines, 283

frequency response, 291292,
297-298

impulse time response, 276278

for input function, 291-292

input signals, 276

joint correlation of planes, 282

position and velocity errors, 303-305

ramp response design, 302, 316-317

Index

second-order system with pulse
transfer function, 322-323

solved exercises, 290-323

steady-state error for input, 302-306

step response, 277, 278-281, 301,
309-311, 312-314, 319-322

of system, 276

system discretization with ZOH
method, 317-319

system output derivation, 308-309

system response, 314-316

system time response parameters,
312-314

transfer function derivation,
309-311

transient response, 279, 280

Transfer function, 53; see also Digital

control system compensation;
Transfer function
discretization

closed-loop pulse transfer
function, 84

closed-loop sampled-data control
system, 54-55

of closed-loop sampled-data systems,
60, 61

closed-loop transfer function, 71-80

comparing systems for
equivalence, 66

derivation, 340-342

deriving output function, 65

difference equations, 58—60, 61, 64,
344-345

of digital controller, 346

of discrete systems, 63, 64

expression for output Y(z), 67-71, 81

formula tables, 60

frequency spectrum of signal, 60

Mason’s formula, 57-58

open-loop sampled-data control
system, 53

open-loop sampled-data system, 54

open-loop step response, 83

sampled data system, 54

sampled signal, 59

signal flow graphs, 55-57

solved exercises, 61-88

step response, 85

transfer function, 82, 88
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Transfer function discretization, 89,

147-157; see also Discretization
methods; Transfer function
discretization
analog controller into digital form, 116
analog filter conversion, 121-124
of analog transfer functions, 103
difference equation, 115-116
difference equation of integrator, 111
digital filter determination, 104, 109
digital filter equation, 119
discrete design, 89
discrete-time transfer function
calculation, 117, 118, 125-128
discrete transfer function, 104
discretizing analog integrator, 144
using Euler difference method, 136
Euler’s method, 101, 102
FOH and ZOH circuit response for
sine signal, 145
formulas, 102-103
frequency aliasing, 90
methods comparison, 101-102
output signal values at time
points, 111
using pole-zero matching
method, 130
pulse transfer function, 111, 112-113,
114-115
simulation, 89
solved exercises, 104-157
step response, 129-130
transform in z-domain, 143
Tustin methods, 102
using w-transform, 137
with ZOH, 138
ZOH transfer function, 113

Transition response method, 336-337
Tustin method, 116, 137; see also Bilinear

method

Tustin transform, 96
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A\

VI, see Virtual instruments
Virtual instruments (VI), 411

zZ

Zero-order hold (ZOH), 92
Zero-order preservation, 1
Ziegler-Nichols method, 336
ZOH, see Zero-order hold
z-transform, 7, 11; see also Impulse-
invariance method; Inverse
z-transform; Step-invariance
method
coefficients of function x[n], 25
computation using MATLAB, 44
convolution, 12
difference equation, 39, 41, 48-52
differentiation in z-domain, 12
of f(n), 44
formula tables, 15
from Laplace transform to, 7-10
linearity, 12
partial fraction expansion, 45-47
residue theorem, 15
solution of D. E. using, 8
solved exercises, 15-52
s-plane and z-plane, 10-11
system’s impulse values, 25
and region of convergence for x[n],
18, 20, 22
time reverse, 12
time shift, 11
transfer function H(z), 29
of unit-step function u[n], 15
unit-step response of system
with difference
equation, 42
of x[n], 17,23, 24, 44
of x1[n], 18
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