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Shared address space (shared memory)
programming

1 Tasks operate and communicate via shared data, like bulletin
boards

Message passing programming
1 Explicit point-to-point communication, like phone calls
(connection oriented) or email (connectionless, mailbox posts)



Message Passing Programming

m Message passing programming

m Program Is a set of named processes
Process has thread of control and local memory with local
address space

m Processes communicate via explicit data transfers

Messages between source and destination, where source and
destination are named processors PO0...Pn (or compute nodes)

Logically shared data is explicitly partitioned over local memories

Communication with send/recv via standard message passing
libraries, such as MPl and PVM



Message Passing Programming

m Message passing programming

m Each node has a network interface

Communication and synchronization via network

Message latency and bandwidth is dependent on network
topology and routing algorithms
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Message Passing Programming

m Message passing programming

m Each node has a network interface
Communication and synchronization via network

Message latency and bandwidth is dependent on network

topology and routing algorithms
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Message Passing Programming

m Message passing programming

m Each node has a network interface

Communication and synchronization via network

Message latency and bandwidth is dependent on network
topology and routing algorithms
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Message Passing Programming

m Message passing programming

® On shared memory machine

Communication and synchronization via shared memory

Message passing library copies data (messages) in memory,
less efficient (MPI call overhead) but portable

" Trconnodl — Message passing on a shared
memory machine
ovovovo 070!0"0‘ [{M CPU CPU CPU CFU CPU CPU
(A) (A) (A) cache r_-ama\ Eaﬂ{ c?he /:ache/cache
wﬂnh Lme7n-n/b 8)
/

) 0 0 ¢ PES

recv(P4.Y) send(P1.4) Copy data



Hybrid Systems: Clusters of SMPs

# Shared memory within SMP, message passing outside

1 Programming model with three choices:

Treat as “flat” system: always use message passing, even within
an SMP

» Advantage: ease of programming and portability

» Disadvantage: ignores SMP memory hierarchy and advantage of
UMA shared address space

Program in two layers: shared memory programming and
message passing
» Advantage: better performance (use UMA/NUMA intelligently)
» Disadvantage: harder (and ugly!) to program




Hybrid Systems: Clusters of SMPs

Interconnect

@l (1@ [[@] |[@ @l (1@ [[@] |[@ @l ([@] [[@] |[@ @l ([@] [[@] |[@

DO OO0 000 0000

Node 1 Node 2 Node 3 Node 4
shared a[l. .N/nmnnodes]}Shared part A:=0
private n = N/numnodes/numprocs if node=1 and pid=1
private x[1l. .n] for j = 1. .numnodes
private lo = (pid-1)*n Processor-local part for 1 = 1. .numprocs
private hi = lo+n receive A] from node(])
x[1..n] = £(a[lo..hi]) A :=A + Aj

Vector (SIMD) part

A[pid] := sum(x[1l..n])
send A[pid] to nodel Extra code for node 1 proc 1



AlyoprOpor Koroveunuévng Mvnung

Boowkéc Aopéc:

send(X,PI)

O enelepyactic mov extelel TV evroin Send: oTéAvel Eva
avTiypa@o TS neTafintnc X otov emeCepynoTi HE KMOIKO
Pi ka1 cvveyilel apuéomg pe TV eKTELEST TNG EMOUEVNC
EVTOAG.

receive(Y,Pj)

O erelepyactic mov EKTEAEL TRV EVTOAN IECEIVE. avVUOTELAEL
TNV EKTEAEGT] TOV TTPOYPAUNATOS, £MC OTOV TaPUAGPer
ocoouéva, amo tov Pj.

Otav naparaper Ta ocoousva, To arodnkevel ot petofint

Y Kot cuveYILEL LE TNV ETOUEVN EVTOAN.
14/05/14 10



L' WONEVO TTIVOKA-OLOVOGUOTOS GE OUKTUALO

A mivakog Nxn,
X dwdvooua owactocng N.

Ymoloyiocovpne Y=AX o€ 00KTOMO P eme€epyaocty, PN,
> Ymo0...... ... .. pownpel akprpog To N, kar ot . - . .,

"Eoto A=(A1,Az...,Ap), X=(X1, X25...s Xp), O0moOv A Tivaxkag N x K,
Kol Xj oltavoouno otactaocng K.

Ymohoyilovue To yivopuevo AX mg eEnc:
(1) Yroroyiovpe ta dwovoopata 21 = AiXy, Z2 = AXoy «eey Zp = ApXp.

(2)YTCOAOV.';°U TR T o & 8 p o 1 o g a Zl+22+...+Zp.
14/05/14 11



AiyépiOuog TINOMENO ITINAKQN XE AAKTYAIO

Eicoooc:
(1)To. .. 1Tov emmeEepyaoctii.
(2) O opOuog p TOV eTEEEPYAGTOV.
(3) 1-067T6¢ vrowivakag B= A; dwuoT. . .. v. XK
(4 Toi-061t6........... W=X; owdotaon. k.
‘Eéodoc: T. ........ AX amoOnkevu. .. otov P;.
begin
1. YroAoyrwoeto. .. ..... Z=Bw

2. 1f (1=1)theny :=0

else receive(y,left_processor)
3. y:=y+z
4. send(y,right_processor)

5.1f (1 =1) then receive(y,left_processor)

end
14/05/14
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IHoAvmAoKOTNTO ALY0pPLOuov

» KaOe emelepyaotg yioo Ty ektéheon 10, .., o ou . . L.
ypeviterar ypévo T=0(n/p).

» T v petagopd n apiOpav and Evay eneepyootn 6€ Evoy
gAlov omoarteiTon yPOvoc S + I N, 6oV S 0 YPOVOS EKKIVIIONS
Y0 TNV HETO.QOPE punvopatos Ko ' o puOpog petagopdc.

O ovvolkdg ypovog emkovaviag Tp =p(S + rn).

O 6VvoLIKOG ypOvoc ToV aiyopiOpov:

T+Tw = ¢(n°/p) + p(s+rn), émov ¢ 6Tadepd

14/05/14 13



IHoAvmtAoKOTNTO AAYOopilOnov

YUVOMKOC ypovog Tov alyopiOuov: O(n?/p+pn)

Enropévag, BéErtietog ypovog 6tav p=0(nt?)

14/05/14
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IIp0c0con otov Yrepkvufo

(D—C OO—
i S G
(1D ) (3”@
(DO—® O——O

H npécOeon n apOupov arnarrei O(log n) prpata
14/05/14
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IIp0c0con otov Yrepkvufo

AAYOPIOUOC UTTOAOYIOUOU TOU aBPOIoHATOC TWV OTOIXEIWV EVOC
dlavuouatog A o€ JIKTUO UTTEPKUBOU.

O aAyopiBuog ekTeAeiTal atro KAOe eTrecepyaaTr) P; ue dUAdIKO
KwOIKO I, 0 =1 £ n-1.

Me i®) dnAwveTal o Suadikog apiBUOC | Tou oTroiou 1O bit

oTn B€on k £XEI AVTIKATOOTAOEI ME TO CUMTTANPWHATIKO
TOU.

.., av i=10010, r67¢ i® =10011 ka1 i® =00010.

14/05/14 16



IIpdc0eon otov Yaepkvfo owaotoong d

Eicodoc: Aiavuopa A[0..n-1] n=29 apiBuwyv. To A(i) ival atroBnkeupévo
OTNV TOTTIKI MVAMN TOU ETTECEPYAOTH ME OUADIKO KWOAIKO 1.
Ecodog: To abpoiopa Twv aTtoixeiwv Tou AJ0..n-1], amoBnkeupévo aTtov P,

AAyoOp10pog yia Tov eTTECEPYAOTH P, HE BUADIKO KWOIKO |
begin
1. if 2d1< j <2d-1then
send(A(), i)
exit
2. forki=d-1toldo
2.1 if 0 < j<2%1then
receive(X, ik)
Y:= X+A(i)
2.2 if 2kl j <2k-]
send(Y, ik1))
3. if iI=0 then
receive(X, i©@)
waiosina Y =XFA() 17
end



IIpocOeon oto 2-D T1Ayno

f 13 A 14 A 15 A & 2 3 36 40,
R S, s
PP P @ P PP
D@D @@ O O OO
136 D@D
OO O @ <_|
OO OO
OO

H np660con n apOpodv ararrei O(n2) pipato

14/05/14



HHoparinin Talivounon (Parallel Sorting)

O(n log n) givar  ToAvTAokdTNTO TOL PEATIGTOV
aKoAoVO1KOV alyoplOuov Tasvounong N apluwy.

Emopévmg, ue N emelepyaotéc:

Op—ﬁ%

14/05/14 19



Odd-Even Transposition Sort
Talwvounon neprrnc-aptioc petadeong

N =P enelepynocTic o€ YPOUUMIKO OIKTVO

— H ocvvolkn extéheon opyovaveton apytkd 6 N/ 2 ApTieg
Kol N/ 2 Tep1ttéc pACELC 01 OTOIEC EVAAAAGOOVTOL
GUYYPOVIGUEVO LETAED TOVG OMNANOT, TPMOTO EKTEAEITON Ui
GPTLOL PACT), LETA Uia TEPLTTN, LETA Ll APTIO K.O.K.

— N otddo, kdbe otadto O(1) Pyuata ko O(N) €pyo

— 2uvoMko¢ mapdiinioc ypoévoc T = O(N) ko cuvorikd
gpyo O(n?): un Pértiotog akyopidpoc

14/05/14 20



Odd-Even Transposition Sort -

Hopdaosrypa
Po P, P, P4 P, Ps Ps
Step
0 4-+——2 7 — 8 5 +— 1 3 =6
1 2 4~ 7 8§~ 1 5 <« 3
2 2+—4 7 — 1 8§ — 3 5«6
3 2 4 ~— 1 7 ~—3 8§ ~—= 5
Time| 4 2 1 4 3 7 5 8
5 1 2 3 4 5 7 6
6 1=—>2 3«4 5«6 7~ 8
7 1 2 —= 3 4 ~——=5 6 ~—=7

Y

14/05/14



Odd-Even Transposition Sort (n=p)
for 1:=0to p-1do
begin
If (i mod 2 =0) then

If (k mod 2 = 0) then <Xdyxpion-Evoiiayn pue Py 1>;
else <Xdyxpion-Evoiioyn ue P, >;

else if (k mod 2 <> 0 and k <> p-1) then
<Xoyxpion-Evoiioyn ue P, 1>;
else if (k mod 2 = 0 and k <> 0) then

<Xoyxpion-Evoiioyn ue P, 1>;
end

14/05/14
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Exchange - Merge - Split

Exchange - Merge — Split 6vo Ta&wopnpévov Moetdv mov
BplokovTal 6€ OLHPOPETIKOVS EMECEPYUOTES

H ITolvmlokotnTta Yo Exchange - Merge — Split k apiOpov
givan O(k)

012345,6,789 0123,45,6,7,89

P) < -@)
01234 567,89

14/05/14 @ < > 23




Keep
lower

numbers
(fina
numbers

14/05/14

Exchange - Merge - Split

Original

~ nurmbers
Original
numbers

Original
numbers

P,

Keep
higher
numbers
(final
numbers)
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Odd-Even Transposition Sort (n >>p)
Kda0¢ emeepyaotig Tolivopei tomkd n/p aprOpovs. Kaicitor o odd-even
aAyoprOpog o€ KGO Pryna Tov omoiov, OPMS, HETAED 0V0 EXECEPYOUGTAOV YIVETUL
exchange-merge-split 2n/p aprOuov.

I:)O Pl I:)2 PS

13 7 12 8 5 4 613 9 2 10
Local sort

7 12 13 4 5 8 136 2 910
O-E

4 5 7 8 12 13 123 6 9 10
E-O

4 5 7 123 8 12 13 6 9 10
O-E

1 2 3 4 5 7 6 89 10 12 13
E-O

SORTED: 123 456 789 101213
Time complexity: T, = (Local Sort) + (p merge-splits) +(p exchanges)

T .. = (n/p)log(n/p) + 2n/p + p(n/p) + p(n/p) = (n/p)log(n/p) + cn, ¢ oTaBepd



Shearsort - To&wvounon oo 2-D ITAéyna

Eicodog: un tagivounuevog Trivakag dlaoctaong nxn
‘E€000¢: 0 TTivakag TagivopunuEVOC o€ dIaTacn «@Idlou»

M£Bodog:
EtravéAafe log n popEg
— Tacivounoe TIC YPAuMEG (o€ avTiOeTn KaTELOUVON ATTO
YPOUUN O€ ypauun);
— Tacivounoe TIC OTAAEG;
Tacivounoe TIC YPAPMEC (KaTd TNV €mMOUPNTH KATEUBUVON)

14/05/14 26



Tolwvounon oto 2-D I éyno

H Tagivounuévn akoAouBia apiBuwy oTo TTAEYUA:

Smallest
number
[ ] [ 1 [ [ 1 >
1 1 1 1
< | | | |
—
|

M
M
M

N

o}

Largest
14/05/14 number
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[ ]
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Shearsort - Taivounon oto 2-D A éypa

Evailayn TaStvopunong oTiS 6EPEG KOl 6TIS GTHAES TOV TAEYUOTOG
g £4N¢:

71_1;4—]8—12 2H4H 8H14 TH4H 7TH 3
| ! : | | | [
1|UF |3 1]31"1,6 ELHHU— 3 2H sH 8H[ 6
?_15|_ 105 — E—— — L | [ |
T — 5 T 1—5—7—15| 12H11H] 9 H{14
| 14 e t | 1 [
126H1H 9 fé‘rﬂ—g—s 1641310l 15]
(a) Original placement
of numbers f'b} Phase 1 — Row sort {E} PHESE 2 —_— C«DIUITIH sort
1TH3H a7 1TH3H4H 2 TH2H3H 4
— — 5 | C [ J | 1
sHesHs5H 2 BHOB6HSH 77 SH7HG6H5S
| | | | | | ] ]
S1ATLA5.A4 SHATHAZHA0 SHAOHA TH12
| | [ | |
1'§H'§H3 1'5| e15H7 374 6L75H7 273
Largest
1) Phase 3 — Row sort (&) Phase 4 — Column sort (f) Final phase — Row sort

14/05/14 28



Shearsort - Correctness

Correctness

* The correctness of shearsort is shown using the 0-1-
principle.

* The 0-1-principle states the following: If a comparator
network sorts every sequence of O's and 1's, then it sorts
every sequence of arbitrary values. Without loss of
generality, we may therefore restrict the proof to input
sequences consisting of O's and 1's.

Definition: Arow is called clean, if it consists of O's only or
1's only, otherwise it is called dirty.

14/05/14 29


http://www.iti.fh-flensburg.de/lang/algorithmen/sortieren/networks/nulleinsen.htm
http://www.iti.fh-flensburg.de/lang/algorithmen/sortieren/networks/nulleinsen.htm
http://www.iti.fh-flensburg.de/lang/algorithmen/sortieren/networks/nulleinsen.htm
http://www.iti.fh-flensburg.de/lang/algorithmen/sortieren/networks/nulleinsen.htm
http://www.iti.fh-flensburg.de/lang/algorithmen/sortieren/networks/nulleinsen.htm

Shearsort - Correctness

After sorting the rows in the first step, there are n/2 rows that
are sorted from left to right and n/2 rows that are sorted from
right to left.

When sorting the columns, every two of these rows are
combined to at least one clean row.

Thus, after the first iteration the array consist of some clean 0O-
rows, some clean 1-rows and an unsorted zone in between
consisting of at most n/2 rows.

In the second iteration, every two rows of the unsorted zone
are again combined to at least one clean row. Thus, after the
second iteration the unsorted zone consists of at most n/4
rows, and so on.

After log(n) steps, there Is at most one dirty row. In the
additional last step this row is sorted, and the whole array is
SHftdd. 30



Shearsort - Correctness

O 0 O O

31
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Shearsort - Correctness

O 0 0 O

O 0 O O
O 0 O O

32
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Shearsort — IloAvAokoTNTO

Y& nXn mhéypo, aortovvror log N emavalqyeLs yia
v ta&ivopunon n? apdpdv. Eropévog n cuvoiiki
molvmlokotnTa givanr O(n log n)

Apa,

og mhéypo Vn x\n 1 Tegvépnen N aplOpdv, n
GUVOALKN] TOADTAOKOTITA ELvaL O(\n log n)

14/05/14
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Hypercube

Quicksort

Hypercube network has structural characteristics that offer
scope for implementing efficient divide-and-conquer sorting
algorithms, such as quicksort.

Slides for Parallel Programming Techniques & Applications Using Networked Workstations & Parallel 34
Computers 2nd ed., by B. Wilkinson & M. Allen, @ 2004 Pearson Education Inc. All rights reserved.



MepiTrrwon 1: H Aiota Twy apiBuwyv BpiokeTal
O€ £EVAV ETTECEPYAOCTN TOU UTTEPKUBOU

List is divided into two parts according to the quicksort
algorithm by using a pivot determined by the processor,
with one part sent to the adjacent node in the highest
dimension.

Then the two nodes can repeat the process dividing
their lists into two parts using locally selected pivots.

Finally, the parts are sorted using a sequential
algorithm, all in parallel. If required, sorted parts can be
returned to one processor in a sequence that allows
processor to concatenate sorted lists to create final
sorted list.

Slides for Parallel Programming Techniques & Applications Using Networked Workstations & Parallel 35
Computers 2nd ed., by B. Wilkinson & M. Allen, @ 2004 Pearson Education Inc. All rights reserved.



Hypercube quicksort algorithm
- Numbers originally in node 000

s ()
=p1 >y

OO
=P

2

\‘ \‘ \‘ \,

(c) Phase 3

Slides for Parallel Programming Techniques & Applications Using Networked Workstations & Parallel Computers 2nd ed. 3y B.
Wilkinson & M. Allen, @ 2004 Pearson Education Inc. All rights reserved.



Hypercube quicksort algorithm

- Numbers initially distributed across all processors
The algorithm is as follows:

1. One processor (say 0...0) of the d-dimensional cube computes
a pivot and broadcasts this to all others in the cube

2. The processors in the lower subcube send their numbers,
which are greater than the pivot, to their partner processor
In the upper subcube. The processors in the upper subcube
send their numbers, which are less than or equal to the pivot,
to their partner processor in the lower subcube.

3. Each processor concatenates the list received with what
remains of its own list.

The process is repeated recursively on the two (d-1)-dimensional
subcubes.

Finally, the numbers in each processor are sorted sequentially.

Slides for Parallel Programming Techniques & Applications Using Networked Workstations & Parallel 37
Computers 2nd ed., by B. Wilkinson & M. Allen, @ 2004 Pearson Education Inc. All rights reserved.



Data vs. Task Partitioning

m Dafta partitioning
Perform domain

decomposition to run parallel
tasks on subdomains

“Scatter-compute-gather”
where local computation may
require communication and
Block partitioning of a 2D domain scatter/gather may involve

computations

Thread I  Thread 2

m Task partitioning

function f(x, B
—— eey) u=g(x) | | v=h(y) Decompose functions into
v=h(¥) v i independent subfunctions
return ut-v and execute the subfunctions
end return utv in parallel




Partitioning/Divide and Conguer
(Awopépron/ Awaipel ko Baoilgve)

Basic steps:
1. Break up a given problem into P independent subproblems

2. Solve the P subproblems concurrently
3. Collect and combine the P solutions

Embarrassingly parallel computation: asimple form of
data partitioning without initial work and interaction

between workers

39



Awopépron/ Awuipel Kol Baoiigvg —

IHopoostypnota

IIpoc0Oscon
Prefix Computations
Mergesort
Bucketsort

40



fime

reduce
(combine)

e N e e et et e e e

oo‘oop

Local summations:
ste A

Log,(P) steps

Total amount of
data transferred:
P-1

43



Avaivon HHoAvTAOKOTNTOS
* Xpovog ETKOIVWVIAG: toonm= 109 P (tsiarupt tyata)

* Xpovog YmoAoyiopou: t,,, = n/P +log P

a4



Hopaderypo 2: YToAoyiopnog tpofsudatoy
afpoiocparog (prefix sum)

A00évtoc Tov drovoopotoc A[0..n-1], vrordyice Tig N
TOGOTNTES:
Sli] =A[0] +A[1] + ... +Afi], i=0,...,n-1

AK0A0VOLOKOC aAYOPONOG:

. S[0]:=A[0]
1. vmordyree S[i+1] for 1=0,...,n-2, ®g e€ng;:
S[i+1]:=S[i]+A[i+1]

O aiyopiOpog arontei O(N) prypata.

45
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HHopdiinriog ALyoprOuog
VTOAOYIGUOV TTPOOENATOV 0.0pOoiocuaTOS

"Eotm 0T1 01 N ap1Opot €ival opotopop@o. portpocuEvol 6Tovg
EMECEPYAOTES, Py...y Py 1, ONAOOY, KAOE ETECEPYAOTNG £YEL
n/p apiBuoic.

|. Ka0O¢ enelepyaotig axorovOaka vroroyilel Ta mpodépnata TV
n/p aprOpav Tov.

1. KaOg emelepyaomci, IS i <p — I, otéhvel TO TEAEVTOLO TPOOEN QX
(S[ n/p— 1]) otov eneepyoaost O

1. O snaégapyac‘mg 0 vmoiroyiler To TpoBipaTe TOV P apOud@v Tov
éhofe amo Tovg GAhovg emeCepyaoTic,.

IV. O enelepyaotiic 0 otéhver 10 | -6T0 TPpoOepa wOV VTOLOYIGE, GTOV
enelepyoot 1, 1< i <p-—1.

V. Ka0g eneepyaomic mpocOiTel Tnv Tinn wov £hafe o€ ka0 éva

a6 ta N/p TpoBEépaTa Tov 0 id10¢ £YEL VTOAOYIGEL 26
14/12/2018



Step 1

Hopdiinriog ALyoprOunog
VTOAOYIGUOV TTPOOENATOV 0.0pOoilcUATOS

- 1P ——er— 11—

— 1P —=

—— 1P —=

1111 1/1 111 1]11111 11111
P, P, P, Pp_l
12 3 40501 2 3 40541 2 3 4(5] 1 2 3 4{5]

Step II //

|
Step III P,

Step IV

Step V

> 535

3

P

L

12 345[12345]12345 12345
P, P, P, P
12345[67 8010[1112131415 . .




HHapdaiinioc ArlyoprOnoc Yroroyionov IHpoOsnatmv AOpoicuatoc
Avaivon IHolvmlokoTnTOog

feomm = (p- lj"lfsm,rtup +tdata) + (P - 1)t startup *1 data) = O(P)

n _
fcomp = —HP—lH——H( +p)

p L p
Ip(n) = teomm + tcomp = H{p +p)
T'(n) = B(n)
f I_?'
Speedup S,(n) = @ -9
P | -p( ] (% -I-;t?) % ",

Méywotn emt@yvven otay p = N

48
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Hopdaocvypa 3: Mergesort
Mergesort. AkoiovOwokog aiyoprOpog

Sequential Mergesort Algorithm for sorting the elements of an
array A, |Al=n

MERGESORT(A)
begin
If (|A|=1) then return A
else

Al := MERGESORT(S[O .. /|Al/2_/1)
A2 := MERGESORT(S(/|Al/2./..|Al 1)
return MERGE(A1,A2)

end

Sequential Complexity: O(n log n)

APKEL VO TOPATNPNGOVUE OTL 1] AVGT TNS AVAOPOULKN G GYECTS
T(n) =2T(n/2) + O(n), éTav N>1 ko

T(n) = 0O(1), 6Tav n=1 oiver T(n) = O( n log n)
14/05/14 49



Mergesort — Ilapariniog AryoprOpog (N=p)

Unsorted list
4127185

Ivide , .
Ist ¥ i

Pl=
N |=-| en

P =
— | -

Merge

1121345

1 Sorted list Process allocation 50



Avaiven IolvmhokéoTnrag (N=p):

# of processors = n then 2 log n phases are required
T
Tcomm: ZIOg n tstartup +2n tdata = O(n)

Tcomp = Zi:1Iog " (Zi '1) = O(n)

Thus, the parallel time complexity T(n) = O(n)

— I
comm_z(ts‘,tartup-'_n/2 tdata+ tstartup-l_ n/4 1:data ... +tstartup+n/2 ogn tdata)

51



Mergesort — Ilapaiiniog Alyop@uog (N >>p)

14/05/14 52



Mergesort — llapaiiniog Alyopr@pog (N >> p)
IMapariniog bottom-up aiyéprOpog:

1. Ka0O¢ emelepyoostg Eekvael pe wepimov N/p otovysia,
0oV N 0 UPLONOS TOV GTOLYELMV TOV TPETEL VO,
Taitvoun0ovv kot P o aplOpog TV eneCepyacTOY.

1. KaBg eneCepyaotne aveCaptnta ToSIVOUEL TO GTOLYELN
OV TOV AVTLGTOLYOVV.

1. KaOg emeCepyaotiic aveapTnTa cVyOVELEL TIS 2
TOSIVOUNUEVES MOTES TOV TOV AVTLGTOLYOVV GE Hid
taivounuévn Alota.
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Mergesort — Ilapaiiniog Alyop@pog (n >> )

parallel_mergesort{ A, low, high, pid)
//Processes numbered, 0 < pid < p — 1
// Assume that p = 2F

//Each process has n/p numbers at the start.

1. sort n/p elements locally
2. for (h=1; h < lg p; h++)

3. if (pid mod 2" == 0)

4. recy %Eh_lelemnﬂms from process ped + oh—1
0. else

G. seticl %2}‘_1 elements from process pid — 20—1
7. brealk [/ /this process is done

= merge %2"”_1 elements with %2""_1 local elements
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Mergesort — Avaiven Ilolvrhokotntag (N >>p)

Yrapyovv log p otddowa kot o€ kKG0e otaoro h perapipalovron

2"1n/p etovyeio. Emopnévemg, o ypovog emkotvmviag (Communication
time) eivan
toomm = O(N/p + 2n/p +22n/p +...+ 2'99pP -1 n/p) =
O(n/p(L +21 +22+ ...+ 2'09p-1)) = O(n)
O YpOVOS VTOLOYIGHOV LGOVTAL UE TO YPOVO TOV YPELALETOL KAOE
eNECEPYUOTNGS VIO TNV TOSIVOUN G| TOV N/P GTOLYELOV, 1)TOL
O(n/p log (n/p) )
GULV TO YPOVO GUYYOVELONGS 0 0TOL0S OLTAUCLALETOL 6 KGOE oTAd10:
O(n/p + 2n/p +22n/p +...+ 2'°9P -1 n/p) = O(n)

Emonévomg, o ypovog vroloyiopov (computation time) givau
teomp = O(N + nip log (n/p))

Apa, 0 6VVOAIKOS TTOPdAiiniog xpovog givarl t,= O(n + n/p log (n/p))

EVM 0 0KOAOVOLOKOG YpOVOG £tvor t) = O(nlgn)

v Poor speedup because of large communication and a large
rdpPAber of idle processes during the merging phase! 55



IHopdocrypo 4. Bucketsort

We have n numbers distributed uniformly in the range /0.. a— 1].

The algorithm uses m buckets, with the it bucket representing key
values in the range

[ialm .. (i+1)alm—1], for 0 <i<m — 1
Sequential Bucketsort Algorithm

l. Place each number x in the bucket |x/(a/m)].

II.  Sort the numbers in each bucket using an optimal sorting
algorithm.

I11. Concatenate the results together into one array.
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Bucketsort

Unsorted numbers

S s e .
Buckets K( R AU RURUR ORI
. - _'
Sort
contents
of buckets
Mergelists | | | = |- mrmmmmm e

Sorted numbers
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AkolovOrokog Bucketsort — Avaivon
I1oOAVTAOKOTNTOS

Step | requires O(n) time to go through the list and place each
number into the appropriate bucket. If the original numbers
are uniformly distributed across the interval /0.. a— 1], at the
end of Step I, each bucket obtains O(n/m) numbers.

Step 11 requires O(n/m log (n/m)) time per bucket and therefore for
m buckets requires O(n log (n/m)) time

Step 111 requires O(n) time.

Thus the time for sequential bucketsort is:
t.= O(nlog (n/m))

If the number of buckets is m = kn, where Kk is a constant between 0
and 1, then the sequential run time for bucketsort is

t;=0(n) >



Hapariniog AlyopiOuog Bucketsort

Assign one processor for each bucket.

Unsorted numbers

P processors |

TSR R — -

Sort
contents
of buckets

Merge lists

Sorted numbers
Y



Hapariniog AlyoprOuog Bucketsort

n/m numbers

]
J

Unsorted numbers

p processors |
Small )
buckets \'3

%

Large -
buckets —
Sort

contents

of buckets

Empty
small
buckets

!

S
b
Th ]

R T T T I I e e e T e T T T R T T T T

Merge lists

Sorted numbers

Introduces new message-passing operation - all-to-all broadcasf,



Hapariiniog AlyoprOuog Bucketsort

Input: N numbers are distributed among the p processes such that
each process initially holds n/p numbers. m=p.

Qutput: For each 1, process i has sorted numbers. Also, any number
on process | is greater than or equal to any number on process i,

where i <j, while any number on process i is less than or equal
to any number on process k, where k > 1.

|. Each process places its n/p numbers into p “small” buckets.
Number X is placed to the “small” bucket number |x/(a/p)].

Il. For each processi, 0 <i<p — I, send the j" “small” bucket to
processj, 0 <j<p— 1,j#i (all-to-all communication).
[11. Each process receives p — 1 small buckets. It combines them

with its own “small” buckets and then sorts all of them together.
to make one list of approximately n/p numbers.
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IHoapariiniog AlyéprOuog Bucketsort
— n'p ~te n'p == n'p

: |
.-l-. np 4-1
process 0 process 1 rocess 2 process 3
ST VAV BN SRRV BN RTINS BT L

-3
o
o
C%
o }
ok
e

communication

\J
‘ e:.'...}zi :" l Step 2: all-to—all
g \J

]
Lad

l sort mgether{ J sort together

l sort together

J sort together | Step 3
process 0 process 1 process 2 process 3
l— ~n/p — ~np——— ~np——=f— ~nlp—




‘“all-to-all” communication

Sends data from each process to every other process

See also
Process 0 g‘;"[ﬁcﬁ?ds to one Process p 1 DX slide
Send ,//_\‘l . Receive Aﬁl
buffer |

l::'u1"'f+rszr><

Corresponds to
set of small buckets

I I e T e I e I I I e I e B e e i e

Send |
buffer |

NI NI

Process 1 Process p-1

ka

Process p -2
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Transfers rows of an array to columns: transposes a matrix.

‘“all-to-all” communication

AD.O

AU.l

“All-to-all”

64



Iapdiinioc AlyoprOuog Bucketsort: Avéivon

IIoAVTAOKOTNTOS
Step . teomp = O(N/P)  teomm = O(1)

Assuming uniform distribution, at the end of Step | each small bucket will have about n/p?
numbers.

Step Il. Each process sends p — 1 “small” buckets to other processes. If these
communications cannot be overlapped and individual sends are used then

tcomp = O(l)
tcomm = O(p(p — 1)(tstartup t n/p2 1:data))
Step 111.

teomp = O( N/p log (n/p))
tcomm - O(l)

Therefore, the overall runtime for parallel bucketsort is:

tp = O(n/p |Og (n/p) t pztstartup +N tdata)))
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Haparinroc AlyoprOuog Bucketsort: Avaivon

IIoAVTAOKOTNTOS

We can break the all-to-all communication into p rounds. In each round each
process is sending out one message and receiving one message as follows:

round 0 FPoh—F, Po—F FP—=F P —F
round 1 Fo—- P, P —-F P —-P P — F;
round 2 Fy—-FP P —-FP P —-=F FPR—-HF
round 3 FPh—F P—=F, PR—-F P—F

If the processes are on nodes connected via a completely connected network
and the network interface is capable of sending/receiving at the same time
then each round can be done simultaneously. Then, Step Il needs
communication time

tcomm = O(p(tstartup t ﬂ/p2 tda’[a))

And the overall runtime for parallel bucketsort becomes:

tp — O(n/p Iog (n/p) + ptstartup + n/p tdata))) 66



