
6.5 Ôýðïò ôïõ Taylor

6.5.1 ÐñïóÝããéóç ôùí ðáñáãþãùí óõíÜñôçóçò

Óôçí ðáñÜãñáöï áõôÞ èá ðñïóäéïñéóôïýí ôýðïé ðñïóÝããéóçò ôùí ôéìþí ôùí ðáñáãþãùí

ìéáò óõíÜñôçóçò óå Ýíá óçìåßï ôïõ ðåäßïõ ïñéóìïý ôçò 1.

Åßíáé ãíùóôü üôé, áí ç óõíÜñôçóç f Ý÷åé ðåäßï ïñéóìïý D, üðïõ D åßíáé Ýíá êëåéóôü

äéÜóôçìá óôï ïðïßï ç f åßíáé óõíå÷Þò êáé Ý÷åé ðáñáãþãïõò ìÝ÷ñé êáé n+ 1 ôÜîç óõíå÷åßò

óõíáñôÞóåéò, ôüôå áí î ∈ D éó÷ýåé

f(x) ≈ f(î) +
f ′(î)
1 !

(x− î) +
f ′′(î)

2 !
(x− î)2

+ : : :+
f (n)(î)
n !

(x− î)n = Pn(x; î) (6.40 - 1)

ãéá êÜèå î ∈ D, üôáí Pn(x; î) åßíáé ôï ðïëõþíõìï ôïõ Taylor âáèìïý n ôçò óõíÜñôçóçò

f(x) óôï óçìåßï î êáé f(î), f ′(î), : : :, f (n)(î)=n ! ïé óõíôåëåóôÝò ôïõ ðïëõùíýìïõ.

Áí î = 0 ôï ðïëõþíõìï ôïõ Taylor ãñÜöåôáé

f(x) ≈ f(0) +
f ′(0)

1 !
x+

f ′′(0)

2 !
x2

+ : : :+
f (n)(0)

n !
xn = Pn(x; 0) (6.40 - 2)

ðïõ åßíáé ãíùóôü óáí ôï ðïëõþíõìï ôïõ Maclaurin

¸óôù ôþñá üôé óôïí ôýðï (6:40 − 1) ôá x êáé î áíôéêáèßóôáíôáé áðü ôá x + h êáé x

áíôßóôïé÷á ìå h > 0. Ôüôå

f(x+ h) ≈ f(x) +
f ′(x)
1 !

h+
f ′′(x)

2 !
h2 + : : :+

f (n)(x)
n !

hn

≈ f(x) +
h
1 !

d f(x)
dx

+
h2

2 !

d 2f(x)
dx2

+ : : :+
hn

n !

dnf(x)
dxn

: (6.40 - 3)

1Ãéá ìéá åêôåíÝóôåñç ìåëÝôç ôùí ðñïóåããßóåùí ôùí ðáñáãþãùí óõíÜñôçóçò ï áíáãíþóôçò ðáñáðÝ-
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Áðü ôçí (6:40− 3) èåùñþíôáò ìüíïí ôïõò äýï ðñþôïõò üñïõò óôï äåîéü ìÝëïò ðñïêýðôåé

d f(x)
dx

=
f(x+ h)− f(x)

h
+O(h): (6.40 - 4)

Ç (6:40− 4) ïñßæåé ôçí ðñïò ôá åìðñüò ðñþôçò ôÜîçò ðñïóÝããéóç ôçò d f(x)=dx, üôáí

ôï O(h) óõìâïëßæåé ãåíéêÜ ôïõò üñïõò áëãåâñéêÞò ðáñÜóôáóçò ìå äõíÜìåéò ôïõ h âáèìïý

ìåãáëýôåñïõ Þ ßóïõ ôïõ 1.

¼ìïéá áíôéêáèéóôþíôáò üðïõ h ôï −h, ç (6:40− 3) äßíåé

f(x− h) ≈ f(x)− h
1 !

d f(x)
dx

+
h2

2 !

d 2f(x)
dx2

+ : : :+ (−1)n
hn

n !

dnf(x)
dxn

(6.40 - 5)

áðü ôçí ïðïßá Ý÷ïõìå
d f(x)
dx

=
f(x)− f(x− h)

h
+O(h) (6.40 - 6)

ðïõ ïñßæåé ôçí áíÜäñïìç ðñþôçò ôÜîçò ðñïóÝããéóç ôçò d f(x)=dx.

Èåùñþíôáò ôþñá ôéò åêöñÜóåéò ôùí (6:40− 3) êáé (6:40− 5) ìÝ÷ñé êáé ôïõ üñïõ h3 óôï

äåîéü ìÝëïò êáé áöáéñþíôáò êáôÜ ìÝëç ðñïêýðôåé

d f(x)
dx

=
f(x+ h)− f(x− h)

2h
+O

(
h2

)
(6.40 - 7)

ðïõ ïñßæåé ôçí êåíôñéêÞ äåýôåñçò ôÜîçò ðñïóÝããéóç ôçò d f(x)=dx.

¼ìïéá èåùñþíôáò ôéò (6:40− 3) êáé (6:40− 5) ìÝ÷ñé êáé ôïõ üñïõ h4 êáé ðñïóèÝôïíôáò

êáôÜ ìÝëç Ý÷ïõìå

f(x+ h)− 2f(x) + f(x− h) = h2 d 2f(x)
dx2

+
h4

12

d 4f(x)
dx4

+O
(
h6

)
;

ïðüôå
d 2f(x)
dx2

=
f(x+ h)− 2f(x) + f(x− h)

h2
+O

(
h2

)
(6.40 - 8)

ðïõ åßíáé ãíùóôÞ óáí ç êåíôñéêÞ äåýôåñçò ôÜîçò ðñïóÝããéóç ôçò d 2f(x)=dx2.
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Áíôéêáèéóôþíôáò ôþñá ôï h ìå 2h êáé ôï −h ìå −2h óôéò (6:40 − 3) êáé (6:40 − 5),

åýêïëá áðïäåéêíýåôáé üôé

f(x+ 2h)− 2f(x) + f(x− 2h) = 4h2 d 2f(x)
dx2

+
16h4

12

d 4f(x)
dx4

+O
(
h6

)
:

Ôüôå

d 4f(x)
dx4

=
1

h4
[f(x+ 2h)− 4f(x+ h) + 6f(x)

−4f(x− h) + f(x− 2h)] +O
(
h2

)
(6.40 - 9)

ðïõ ïñßæåé ôçí ðÝíôå óçìåßùí êåíôñéêÞ äåýôåñçò ôÜîçò ðñïóÝããéóç ôçò d 4f(x)=dx4.

ÐáñÜäåéãìá 6.5-1

¸óôù ç óõíÜñôçóç f(x) = e−x2 . Æçôåßôáé íá ãßíåé ðñïóÝããéóç ôùí ðáñáãþãùí

f ′ (x0) êáé f ′′ (x0) ; üôáí x0 = 1

êáé h = 0:1; 0:01; êáé 0:001. Ïé èåùñçôéêÝò ôéìÝò ôùí ðáñáãþãùí åßíáé

f ′ (x0) = −2x0 e−x
2
0 = f ′(1) ≈ −0:7357589 êáé f ′′ (x0) = f ′′(1) ≈ 0:7357589:

Ëýóç. Ïé ôýðïé (6:40− 4) êáé (6:40− 8) óôçí ðåñßðôùóç áõôÞ ãñÜöïíôáé

f ′ (x0) ≈ f (x0 + h)− f (x0)

h
=
e−(x0+h)2 − e−x2

0

h
;

f ′′ (x0) ≈ f (x0 + h)− 2f (x0) + f (x0 − h)
h2

=
e−(x0+h)2 − 2e−x2

0 + e−(x0−h)2

h2
;

ïðüôå ðñïêýðôïõí ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 6.5 - 1.

ÁóêÞóåéò
1. Íá õðïëïãéóôåß ìå áêñßâåéá Ýîé äåêáäéêþí øçößùí ÷ñçóéìïðïéþíôáò ôïõò ôýðïõò (6:40−
4) êáé (6:40− 8) ç ðñþôçò êáé ç äåýôåñçò ôÜîçò ðáñÜãùãïò ôùí ðáñáêÜôù óõíáñôÞóåùí
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Table 6.5 - 1: ÐáñÜäåéãìá 6.5-1: ðñïóÝããéóç ðáñáãþãùí

h f ′(1) áðüëõôï óöÜëìá f ′′(1) áðüëõôï óöÜëìá

0.100 -0.6968216 0.03893726 0.7296463 0.6112551E-02

0.010 -0.7320559 0.370301Å-02 0.7356976 0.6131136E-04

0.001 -0.7353908 0.368124Å-04 0.7357583 0.6131437E-06

i) ln (e2x − 2) iii) x− (ln x)x

ii) x lnx iv) ex=3 + x2.

óôï óçìåßï x0 = 1:5, üôáí h = 0:1, 0:01 êáé 0:0025.

2. ¼ìïéá ôùí óõíáñôÞóåùí

i) x cosx− x2 sinx ii) tan x

óôï óçìåßï x0 = �=4.
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