
8.8 �ñïóåããéó�éêüò õðïëïãéóìüò ïëïêëçñþìá�ïò8.8.1 Óýíèå�ïò êáíüíáò �ïõ �ñáðåæßïõ¸ó�ù f ∈ C 2
[a;b] üðïõ ìå C 2

[a;b] óõìâïëßæå�áé �ï óýíïëï �ùí óõíáñ�Þóåùí ðïõ åßíáé ïñé-óìÝíåò êáé óõíå÷åßò ó�ï [a; b] êáé �ùí ïðïßùí õðÜñ÷ïõí ïé ðáñÜãùãïé ìÝ÷ñé êáé äåý�åñçò�ïõëÜ÷éó�ïí �Üîç êáé åßíáé óõíå÷åßò óõíáñ�Þóåéò. Áí �ï äéÜó�çìá ïëïêëÞñùóçò [a; b] õðï-äéáéñåèåß óå N �ï ðëÞèïò õðïäéáó�Þìá�á ðëÜ�ïõò h = (b − a)=N áðü �á N + 1 óçìåßáxi = a + ih, ü�áí i = 0; 1; : : : ; N , �ü�å óýìöùíá ìå ãíùó�Þ éäéü�ç�á �ïõ ïñéóìÝíïõïëïêëçñþìá�ïò èá éó÷ýåé 1I(f) =
∫ b=xNa=x0

f(x) dx
=

∫ x1x0

f(x) dx +
∫ x2x1

f(x) dx + : : : + ∫ xNxN−1

f(x) dx: (8.8 - 1)Åßíáé ãíùó�ü ü�é ãåùìå�ñéêÜ ï áñéèìüò I(f), ü�áí ç f(x) > 0 äéáöïñå�éêÜ èåùñåß�áé ç
|f(x)|, ðáñéó�Üíåé �ï åìâáäüí �ïõ êáìðõëüãñáììïõ �ñáðåæßïõ, ðïõ ïñßæå�áé áðü �ïí Üîïíá�ùí x, �ï äéÜãñáììá �çò óõíÜñ�çóçò y = f(x) êáé �éò åõèåßåò x = á êáé x = â.Ó�çí Åî. (8:8 − 1), Ýó�ù �ï ïëïêëÞñùìá

∫ xjxj−1

f(x) dx; ü�áí j = 1; 2; : : : ; N: (8.8 - 2)Óýìöùíá ìå �çí ðáñáðÜíù ãåùìå�ñéêÞ åñìçíåßá êáé �ï Ó÷Þìá 8.8 - 1 �ï ïëïêëÞñùìá
(8:8 − 2) ðñïóåããßæå�áé áðü �ï åããåãñáììÝíï ó�çí êáìðýëç y = f(x) �ñáðÝæéï, ðïõ Ý÷åéýøïò h = xj − xj−1, âÜóåéò f (xj−1), f (xj) êáé åìâáäüíEj =

h
2

[f (xj) + f (xj−1)] : (8.8 - 3)1�éá ìéá åê�åíÝó�åñç ìåëÝ�ç �ùí ðñïóåããßóåùí �ïõ ïñéóìÝíïõ ïëïêëçñþìá�ïò ï áíáãíþó�çò ðáñáðÝ-ìðå�áé ó�ç âéâëéïãñáößá êáé ó�ï Êåö. 9 �ïõ âéâëßïõ Á. ÌðñÜ�óïò, ÅöáñìïóìÝíá Ìáèçìá�éêÜ, ÅêäüóåéòÁ. Ó�áìïýëç, ÁèÞíá, 2011, ISBN 978-960-351-874-7.1



Figure 8.8 - 1: óýíèå�ïò êáíüíáò �ïõ �ñáðåæßïõ
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¢ñá �ï åìâáäüí E ðïõ ïñßæå�áé áðü �çí I(f) ó�çí (8:8 − 1) èá ðñïóåããßæå�áé áðü �ïÜèñïéóìá ∑Nj=1 Ej, äçëáäÞI(f) ≈
N

∑j=1

Ej
=

h
2
{f (x0) + f (x1)} +

h
2
{f (x1) + f (x2)}

+ : : : + h
2
{f (xN−1) + f (xN )} :ÅðïìÝíùò �ï ïëïêëÞñùìá I(f) ðñïóåããßæå�áé áðü �ïí ðáñáêÜ�ù �ýðïI(f) ≈ h

2
{f (x0) + 2 [f (x1) + : : : + f (xN−1)] + f (xN )} (8.8 - 4)ðïõ åßíáé ãíùó�üò óáí ï �ýðïò �ïõ óýíèå�ïõ êáíüíá �ïõ �ñáðåæßïõ (
omposite trape-zoidal rule). Ôï óöÜëìá e = e(f) �çò ïëïêëÞñùóçò áðïäåéêíýå�áé ü�é ó�çí ðåñßð�ùóçáõ�Þ éóïý�áé ìå e(f) = −h2

12
(b− a)f ′′(æ); ü�áí æ ∈ [a; b]: (8.8 - 5)�áñÜäåéãìá 8.8-1Æç�åß�áé íá õðïëïãéó�åß ìå �ï óýíèå�ï êáíüíá �ïõ �ñáðåæßïõ �ï ïëïêëÞñùìáI =

∫ 1:2
0

dx√
1 + x2

; ü�áí h = 0:1: (8.8 - 6)Ç èåùñç�éêÞ �éìÞ åßíáé I = ln
(x +

√x2 + 1
)∣

∣

∣

1:2
0

≈ 1:015 973.Ëýóç. Áí a0 = x0 = 0 êáé b = x12 = 1:2, �ü�å áðü �ïí �ýðï (8:8 − 4) ðñïêýð�åéI ≈ h
2
{f (x0) + 2 [f (x1) + : : : + f (x11)] + f (x12)} = 1.015 711üðïõ �ï óöÜëìá �çò ïëïêëÞñùóçò åßíáé e = |1:015 973− 1:015 711| = 0:000262.Ó�ïí �ßíáêá 8.8 - 1 äßíïí�áé ïé �éìÝò (xi; f (xi)) �ùí ðáñáðÜíù õðïëïãéóìþí, åíþ ó�ïí�ßíáêá 8.8 - 2 �á óöÜëìá�á õðïëïãéóìïý �ïõ ïëïêëçñþìá�ïò (8:8− 6) ãéá äéÜöïñåò �éìÝò�ïõ h. 3



Table 8.8 - 1: �áñÜäåéãìá 8.8-1: ïé �éìÝò (xi; f (xi))xi f (xi) xi f (xi)0.0 0.100 000 0.7 0.819 23190.1 0.995 037 0.8 0.780 86880.2 0.980 580 0.9 0.743 29410.3 0.957 826 1.0 0.707 10680.4 0.928 476 1.1 0.672 67280.5 0.894 427 1.2 0.640 18440.6 0.857 492
Table 8.8 - 2: �áñÜäåéãìá 8.8-1: �á óöÜëìá�á õðïëïãéóìïý �ïõ ïëïêëçñþìá�ïò (8:8− 6)ãéá �éò äéÜöïñåò �éìÝò �ïõ hh ÓöÜëìá0.1000 2.62E-040.0500 6.55E-050.0100 2.62E-060.0010 2.55E-080.0001 5.06E-104



ÁóêÞóåéò1. Ìå �ï óýíèå�ï êáíüíá �ïõ �ñáðåæßïõ, ü�áí h = 0:1, íá õðïëïãéó�ïýí �á ïëïêëçñþìá�á
∫ 1

0
e−x2 dx êáé ∫ 0:7

0

dx
1 + x4

:2. Åßíáé ãíùó�ü ü�é
∫ 1

0

dx
1 + x2

=
�
4
:Íá õðïëïãéó�åß �ï ïëïêëÞñùìá ìå �ï óýíèå�ï êáíüíá �ïõ �ñáðåæßïõ, ü�áí h = 0:1, áí�ß-ó�ïé÷á h = 0:2 êáé íá ãßíåé óýãêñéóç �ùí áðï�åëåóìÜ�ùí ìå �ç èåùñç�éêÞ �éìÞ.3. Ìå �ï óýíèå�ï êáíüíá �ïõ �ñáðåæßïõ íá õðïëïãéó�åß �ï ïëïêëÞñùìá

∫ 1

0
xe−x2 dx;ü�áí h = 0:1 êáé íá ãßíåé óýãêñéóç �ïõ áðï�åëÝóìá�ïò ìå �ç èåùñç�éêÞ �éìÞ �ïõ ïëïêëç-ñþìá�ïò.4. ¼ìïéá �ïõ ïëïêëçñþìá�ïò

∫ 0:5
0

(

1 − x2
)3=2 dx;ü�áí h = 0:1, 0:05 êáé íá ãßíåé óýãêñéóç �ïõ áðï�åëÝóìá�ïò ìå �ç èåùñç�éêÞ �éìÞ �ïõ0.439 919.
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