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ÁÏÑÉÓÔÏ ÏËÏÊËÇÑÙÌÁ

12.1 ÅéóáãùãéêÝò Ýííïéåò

Óôï ìÜèçìá áõôü èá äïèïýí ïé êõñéüôåñïé êáíüíåò ïëïêëÞñùóçò, ðïõ êýñéá

åìöáíßæïíôáé óôéò ôå÷íïëïãéêÝò åöáñìïãÝò. Äéåõêñéíßæåôáé üôé áêïëïõèþíôáò

ìßá áõóôçñÜ ìáèçìáôéêÞ óåéñÜ ôï ìÜèçìá áõôü êáíïíéêÜ ðñÝðåé íá áêïëïõèåß

áõôü ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò, ðïõ áêïëïõèåß óôç óõíÝ÷åéá.1

12.1.1 ÐáñÜãïõóá óõíÜñôçóç

Ïñéóìüò 12.1.1 - 1 (áüñéóôï ïëïêëÞñùìá). ¸óôù ïé óõíáñôÞóåéò f êáé

F ìå êïéíü ðåäßï ïñéóìïý D üðïõ D ⊆ ℜ. Ôüôå ç F èá ëÝãåôáé üôé åßíáé

ìßá ðáñÜãïõóá Þ áñ÷éêÞ óõíÜñôçóç Þ äéáöïñåôéêÜ Ýíá áüñéóôï ïëïêëÞñùìá

ôçò óõíÜñôçóçò f óôï D êáé èá óõìâïëßæåôáé áõôü ìå∫
f(x)dx = F (x) ãéá êÜèå x ∈ D (12.1.1 - 1)

ôüôå êáé ìüíïí, üôáí õðÜñ÷åé ç ðáñÜãùãïò ôçò F óôï D êáé éó÷ýåé

F ′(x) = f(x) ãéá êÜèå x ∈ D: (12.1.1 - 2)

1Ï áíáãíþóôçò ãéá ìéá åêôåíÝóôåñç ìåëÝôç ôùí åííïéþí êáé ôùí êáíüíùí ïëïêëÞñùóçò

ðïõ èá äïèïýí, ðáñáðÝìðåôáé óôç âéâëéïãñáößá êáé óôï âéâëßï Á. ÌðñÜôóïò [2] Êåö. 7.
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Óõíåðþò∫
f(x)dx = F (x) ôüôå êáé ìüíïí, üôáí F ′(x) = f(x) (12.1.1 - 3)

ãéá êÜèå x ∈ D êáé áíôßóôñïöá.

Áðïäåéêíýåôáé üôé:

Èåþñçìá 12.1.1 - 1. Áí F êáé G åßíáé äýï ðáñÜãïõóåò ôçò óõíÜñôçóçò f

óôï D, ôüôå áõôÝò èá äéáöÝñïõí êáôÜ ìßá óôáèåñÜ óõíÜñôçóç.

Óýìöùíá ìå ôï Èåþñçìá 12.1.1 - 1 ï ôýðïò (12:1:1− 3) ôåëéêÜ ãñÜöåôáé∫
f(x)dx = F (x) + c ãéá êÜèå x ∈ D (12.1.1 - 4)

üðïõ c áõèáßñåôç óôáèåñÜ.

Óôï ðáñáêÜôù ðáñÜäåéãìá äßíïíôáé ôá áüñéóôá ïëïêëçñþìáôá ïñéóìÝíùí

óõíáñôÞóåùí, åíþ óôïí Ðßíáêá 12.1.1 - 1 ôùí êõñéüôåñùí óôïé÷åéùäþí óõíá-

ñôÞóåùí.

ÐáñÜäåéãìá 12.1.1 - 1

• ∫
x3 dx =

x3+1

3 + 1
+ c =

x4

4
+ c ; åðåéäÞ

(
x4

4
+ c

)′

= x3:

• ∫
1

x
dx = ln |x|+ c ; åðåéäÞ (ln |x|+ c)′ =

1

x
; üôáí x > 0:

• ∫
dx

cos2 x
= tanx+ c ; åðåéäÞ (tanx+ c)′ =

1

cos2 x
:

• ∫
dx

1 + x2
= tan−1 x+ c ; åðåéäÞ

(
tan−1 x+ c

)′
=

1

1 + x2
:
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Ðßíáêáò 12.1.1 - 1: áüñéóôá ïëïêëçñþìáôá ôùí êõñéüôåñùí óôïé÷åéùäþí

óõíáñôÞóåùí

á/á f(x) F (x) á/á f(x) F (x)

1 xa; a ∈ ℜ − {−1} xa+1

a+ 1
7 ex ex

2 sinx − cosx 8
1

x
ln |x|

3 cosx sinx 9
1

cos2 x
tanx

4
1

1 + x2
tan−1 x 10 − 1

sin2 x
cotx

5
1√

1− x2
sin−1 x 11 coshx sinhx

6 − 1√
1− x2

cos−1 x 12 sinhx coshx

12.1.2 Éäéüôçôåò ôïõ áüñéóôïõ ïëïêëçñþìáôïò

Äßíïíôáé óôç óõíÝ÷åéá ìå ôç ìïñöÞ èåùñçìÜôùí ïé éäéüôçôåò ôïõ áüñéóôïõ

ïëïêëçñþìáôïò.

Èåþñçìá 12.1.2 - 1. Áí f åßíáé ìßá ïëïêëçñþóéìç óõíÜñôçóç óôï D êáé

ë ∈ ℜ, ôüôå ∫
ë f(x) dx = ë

∫
f(x) dx: (12.1.2 - 1)

Èåþñçìá 12.1.2 - 2. Áí f; g åßíáé ïëïêëçñþóéìåò óõíáñôÞóåéò óôï D,

ôüôå ∫
[f(x) + g(x)] dx =

∫
f(x) dx+

∫
g(x) dx: (12.1.2 - 2)

Áðü ôéò (12:1:2−1) êáé (12:1:2−2) ðñïêýðôåé ôüôå ç ðáñáêÜôù ãñáììéêÞ

éäéüôçôá∫
[kf(x) + ëg(x)] dx = k

∫
f(x) dx+ ë

∫
g(x) dx; (12.1.2 - 3)
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üôáí k; ë ∈ ℜ. Ç ãñáììéêÞ éäéüôçôá ãåíéêåýåôáé ãéá � - óõíáñôÞóåéò.

ÐáñÜäåéãìá 12.1.2 - 1

∫ (
2x2 + 5 sinx− ex

)
dx = 2

∫
x2 dx+ 5

∫
sinx dx−

∫
ex dx

= 2
x3

3
+ 5 (− cosx)− ex + c

=
2x3

3
− 5 cosx− ex + c:

¼ìïéá∫ (
2 tanx− 3

√
x+

4

x

)
dx = 2

∫
tanx dx+

∫
x1=3dx+ 4

∫
dx

x

= 2
1

cos2 x
− x

1
3
+1

1
3 + 1

+ 4 ln |x|+ c

=
2

cos2 x
− 3

4
x

4
3 + 4 ln |x|+ c:

12.2 ÌÝèïäïé ïëïêëÞñùóçò

Äßíïíôáé óôç óõíÝ÷åéá ïñéóìÝíåò ìÝèïäïé ïëïêëÞñùóçò, ðïõ áðáéôïýíôáé óôç

ëýóç ôùí äéáöüñùí ðñïâëçìÜôùí, ðïõ êýñéá åìöáíßæïíôáé óôéò äéÜöïñåò ôå÷íï-

ëïãéêÝò åöáñìïãÝò. Óôï åîÞò õðïôßèåôáé üôé ïé óõíáñôÞóåéò ðïõ åîåôÜæïíôáé

åßíáé ïëïêëçñþóéìåò óôï ðåäßï ïñéóìïý ôïõò.

12.2.1 ÏëïêëÞñùóç ìå äçìéïõñãßá ôïõ äéáöïñéêïý

ÏÐßíáêáò 12.1.1 - 1 ôùí ïëïêëçñùìÜôùí ôçò ðáñáãñÜöïõ 12.1.2 äåí åöáñìüæå-

ôáé, üôáí ç ïëïêëçñùôÝá óõíÜñôçóç åßíáé óýíèåôç. ¸÷ïíôáò õð' üøéí ôïí

Ðßíáêá 9:1:4− 1 êáé ôïí ôýðï (9:1:4− 1) ôïõ ÌáèÞìáôïò 9, åßíáé äõíáôüí íá

äçìéïõñãÞóïõìå ôïí ðáñáêÜôù Ðßíáêá 12.2.1 - 1 ìå ôá áüñéóôá ïëïêëçñþìáôá

ôùí êõñéüôåñùí óýíèåôùí óõíáñôÞóåùí.
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Ðßíáêáò 12.2.1 - 1: áüñéóôá ïëïêëçñþìáôá ôùí êõñéüôåñùí óýíèåôùí

óõíáñôÞóåùí

á / á ÓõíÜñôçóç Áüñéóôï ïëïêëÞñùìá

1 f ′(x)fa(x); a ∈ ℜ − {−1} f a+1(x)

a+ 1

2 f ′(x)ef(x) ef(x)

3
f ′(x)

f(x)
ln |f(x)|

4 f ′(x) sin f(x) − cos f(x)

5 f ′(x) cos f(x) sin f(x)

6
f ′(x)

cos2 f(x)
tan f(x)

7 − f ′(x)

sin2 f(x)
cot f(x)

8
f ′(x)

1 + f2(x)
tan−1 f(x)

9
f ′(x)√
1− f2(x)

sin−1 f(x)

10 − f ′(x)√
1− f2(x)

cos−1 f(x)

11 f ′(x) cosh f(x) sinh f(x)

12 f ′(x) sinh f(x) cosh f(x)

13
f ′(x)

cosh2 f(x)
tanh f(x)

14 − f ′(x)

sinh2 f(x)
coth f(x)
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ÐáñÜäåéãìá 12.2.1 - 1

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá∫ √
2x− 5 dx:

Ëýóç. Ç ïëïêëçñùôÝá óõíÜñôçóç ãñÜöåôáé (2x − 5)1=2 = f1=2(x) üðïõ

f(x) = 2x − 5 êáé f ′(x) = 2. Ôüôå åöáñìüæïíôáò ôïí ôýðï 1 ôïõ Ðßíáêá

12.2.1 - 1 ãéá a = 1=2 Ý÷ïõìå

∫
(2x− 5)1=2 dx =

1

2

∫ f ′(x)=2︷ ︸︸ ︷
(2x− 5)′ (2x− 5)1=2 dx

=
1

2

(2x− 5)
1
2
+1

1
2 + 1

+ c =
1

3
(2x− 5)3=2 + c:

ÐáñÜäåéãìá 12.2.1 - 2

¼ìïéá ôï ïëïêëÞñùìá ∫
dx

5x+ 2
:

Ëýóç. Ç ïëïêëçñùôÝá óõíÜñôçóç áíÜãåôáé ìå êáôÜëëçëï ìåôáó÷çìáôéóìü

óôç ìïñöÞ f ′(x)=f(x) üðïõ f(x) = 5x+2 êáé f ′(x) = 5 (äçìéïõñãßá óôáèåñÜò).

Ôüôå óýìöùíá ìå ôïí ôýðï 3 ôïõ Ðßíáêá 12.2.1 - 1 Ý÷ïõìå

∫
dx

3x+ 5
=

1

5

∫ f ′(x)=5︷ ︸︸ ︷
(5x+ 2)′

5x+ 2
dx =

1

5
ln |5x+ 2|+ c:

ÐáñÜäåéãìá 12.2.1 - 3

¼ìïéá ôï ∫
x dx

x2 + 4
:

Ëýóç. ¼ìïéá ç ïëïêëçñùôÝá óõíÜñôçóç, åðåéäÞ óôïí áñéèìçôÞ õðÜñ÷åé Þäç

ôï x, áíÜãåôáé óôç ìïñöÞf ′(x)=f(x) üðïõ f(x) = x2 + 4 êáé f ′(x) = 2x.

Ôüôå óýìöùíá ìå ôïí ôýðï 3 ôïõ Ðßíáêá 12.2.1 - 1 Ý÷ïõìå

∫
x dx

x2 + 4
=

1

2

∫
f ′(x)=2x︷ ︸︸ ︷(
x2 + 4

)′
x2 + 4

dx =
1

2
ln
(
x2 + 4

)
+ c:
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ÐáñÜäåéãìá 12.2.1 - 4

¼ìïéá ∫
cos!xdx; üôáí ! > 0:

Ëýóç. ¼ìïéá áíÜãåôáé óôç ìïñöÞ f ′(x) cos! üðïõ f(x) = !x êáé f ′(x) = !

(äçìéïõñãßá óôáèåñÜò). Ôüôå óýìöùíá ìå ôïí ôýðï 5 ôïõ Ðßíáêá 12.2.1 - 1

Ý÷ïõìå ∫
cos!x dx =

1

!

∫
(!x)′ cos!x dx =

1

!
sin!x+ c:

ÐáñÜäåéãìá 12.2.1 - 5

¼ìïéá åßíáé∫
sin!x dx =

1

!

∫
(!x)′ sin!x dx = − 1

!
cos!x+ c:

ÐáñÜäåéãìá 12.2.1 - 6

¼ìïéá ôï ∫
xe−x2 dx:

Ëýóç. Ç ïëïêëçñùôÝá óõíÜñôçóç ãñÜöåôáé óôç ìïñöÞ f ′(x)ef(x) üðïõ f(x) =

−x2 êáé f ′(x) = −2x, åíþ ç f ′(x) åßíáé äõíáôüí íá äçìéïõñãçèåß, åðåéäÞ Þäç

õðÜñ÷åé ôï x. ¢ñá óýìöùíá ìå ôïí ôýðï 2 ôïõ Ðßíáêá 12.2.1 - 1 Ý÷ïõìå∫
xe−x2 dx = −1

2

∫
(−2x)e−x2 dx = −1

2
e−x2 + c:

ÐáñáôÞñçóç 12.2.1 - 1

Ï õðïëïãéóìüò ôïõ ïëïêëçñþìáôïò∫
e−x2dx

äå ãßíåôáé ìå ôïí ðáñáðÜíù ôñüðï, åðåéäÞ áðáéôåß ôç äçìéïõñãßá ôçò

f ′(x) = −2x;

äçëáäÞ ôïí ðïëëáðëáóéáóìü êáé ôç äéáßñåóç ìå−2x, ðïõ óçìáßíåé üôé áðáéôåßôáé

óôçí ðåñßðôùóç áõôÞ ç äçìéïõñãßá ìåôáâëçôÞò.
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ÐáñÜäåéãìá 12.2.1 - 7

¼ìïéá ∫
dx

9 + 4x2
:

Ëýóç. ¸÷ïõìå ïëïêëÞñùóç ñçôÞò óõíÜñôçóçò ìå óôáèåñÜ ùò áñéèìçôÞ êáé

óõíÜñôçóç ðïõ åßíáé Üèñïéóìá ôåôñáãþíùí óôïí ðáñïíïìáóôÞ. Ç ðåñßðôùóç

áõôÞ áíÜãåôáé óôçí
f ′(x)

1 + f2(x)

ìå ôçí ðáñáêÜôù äéáäéêáóßá: áñ÷éêÜ ãñÜöåôáé ï ðáñïíïìáóôÞò óôç ìïñöÞ

1 + f2(x) ùò åîÞò:

9+4x2 = 9

(
1 +

4x2

9

)
= 9

[
1 +

(
2x

3

)2
]

üðïõ f(x) =
2x

3
êáé f ′(x) =

2

3
:

¢ñá óýìöùíá ìå ôïí ôýðï 8 ôïõ Ðßíáêá 12.2.1 - 1 åßíáé

∫
dx

9 + 3x2
=

1

9

3

2

∫
f ′(x)=2=3︷ ︸︸ ︷
(
2x

3
)′ dx

1 +
(
3x
2

)2 =
1

6
tan−1

(
2x

3

)
+ c:

ÐáñÜäåéãìá 12.2.1 - 8

¼ìïéá ∫
dx

x2 + 6x+ 10
:

Ëýóç. Ðñüêåéôáé ãéá ïëïêëÞñùóç ñçôÞò óõíÜñôçóçò ìå óôáèåñÜ ùò áñéèìçôÞ

êáé ôñéþíõìï ìå ñßæåò ìéãáäéêÝò óôïí ðáñïíïìáóôÞ. Áñ÷éêÜ ìåôáó÷çìáôßæåôáé

ï ðáñïíïìáóôÞò óå Üèñïéóìá ôåôñáãþíùí óýìöùíá ìå ôïí ôýðï

ax2 + bx+ c = a

(
x+

b

2a

)2

− b2 − 4ac

4a
; (12.2.1 - 1)

äçëáäÞ

x2 + 6x+ 10 = (x+ 3)2 + 1;

ïðüôå óýìöùíá êáé ìå ôï ÐáñÜäåéãìá 12.2.1 - 7 Ý÷ïõìå

∫
dx

x2 + 6x+ 10
=

∫
dx

(x+ 3)2 + 1
=

∫ f ′(x)=1︷ ︸︸ ︷
(x+ 3)′ dx

(x+ 3)2 + 1
= tan−1(x+ 1) + c:
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ÐáñÜäåéãìá 12.2.1 - 9

¼ìïéá ∫
(2x+ 1) dx

x2 + 6x+ 10
:

Ëýóç. Ðñüêåéôáé ãéá ïëïêëÞñùóç ñçôÞò óõíÜñôçóçò ìå 1ïõ âáèìïý ðïëõþíõ-

ìï óôïí áñéèìçôÞ êáé ôñéþíõìï ìå ñßæåò ìéãáäéêÝò óôïí ðáñïíïìáóôÞ. Áñ÷éêÜ

äçìéïõñãåßôáé óôïí áñéèìçôÞ ç ðáñÜãùãïò ôïõ ðáñïíïìáóôÞ. ¸÷ïõìå(
x2 + 6x+ 10

)′
= 2x+ 6;

ïðüôå ï áñéèìçôÞò ãñÜöåôáé

2x+ 1 = 2x+ 6− 5 =
(
x2 + 6x+ 10

)′
− 5:

Óýìöùíá ìå ôïí ôýðï 4 ôïõ Ðßíáêá 12.2.1 - 1 êáé ôï ÐáñÜäåéãìá 12.2.1 - 8

åßíáé ∫
(2x+ 1) dx

x2 + 6x+ 10
=

∫ (
x2 + 6x+ 10

)′ − 5 dx

x2 + 6x+ 10

=

∫ (
x2 + 6x+ 10

)′
dx

x2 + 6x+ 10
− 5

∫
dx

x2 + 6x+ 10

= ln
(
x2 + 6x+ 10

)
− 5 tan−1(x+ 3) + c:

ÐáñÜäåéãìá 12.2.1 - 10

¼ìïéá ∫
(3x− 2) dx

x2 + 6x+ 10
:

Ëýóç. ¼ìïéá ðñüêåéôáé ãéá ïëïêëÞñùóç ñçôÞò óõíÜñôçóçò ìå 1ïõ âáèìïý

ðïëõþíõìï óôïí áñéèìçôÞ êáé ôñéþíõìï ìå ñßæåò ìéãáäéêÝò óôïí ðáñïíïìáóôÞ,

ïðüôå óýìöùíá êáé ìå ôï ÐáñÜäåéãìá 12.2.1 - 9, åðåéäÞ
(
x2 + 6x+ 10

)′
=

2x+ 6, ï áñéèìçôÞò ãñÜöåôáé

3x− 2 = 3

(
x− 2

3

)
= 3

(
2x

2
− 2

3

)
=

3

2

(
2x− 4

3

)

=
3

2

(
2x+ 6− 6− 4

3

)
=

3

2
(2x+ 6)− 7:
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Óýìöùíá ìå ôïí ôýðï 4 ôïõ Ðßíáêá 12.2.1 - 1 êáé ôï ÐáñÜäåéãìá 12.2.1 - 9

åßíáé ∫
(3x− 2) dx

x2 + 6x+ 10
=

3

2

∫
(2x+ 6) dx

x2 + 6x+ 10
− 11

∫
dx

(x+ 3)2 + 1

=
3

2
ln
(
x2 + 6x+ 10

)
− 11 tan−1(x+ 1) + c:

¢óêçóç

Íá õðïëïãéóôåß ôï áüñéóôï ïëïêëÞñùìá ôùí ðáñáêÜôù óõíáñôÞóåùí f(x)

i)
1√

3x+ 2
vii)

x

x+ 2

ii) e−2x viii) 3 cosh 2x− 4 sinh 2x

iii)
x√

2 + 5x2
ix)

5x+ 1

x2 + 2x+ 2

iv)
1

cos2 4x
x)

1

x ln3 x

v) x sinx2 xi)

√
tanx

cos2 x

vi) 2x
(
ax = ex ln a

)
xii) tan 2x

(
tan 2x =

sin 2x

cos 2x

)
:

12.2.2 ÏëïêëÞñùóç ìå áíôéêáôÜóôáóç

ÐïëëÝò öïñÝò ôï ðñüâëçìá ôïõ õðïëïãéóìïý ôïõ áüñéóôïõ ïëïêëçñþìáôïò

ìéáò óõíÜñôçóçò f(x) ìå ðåäßï ïñéóìïý, Ýóôù D, áðëïõóôåýåôáé, áí áíôéêáôá-

óôÞóïõìå ôç ìåôáâëçôÞ x ìå ìßá íÝá, Ýóôù u = u(x), ðïõ íá åßíáé ïñéóìÝíç

óå Ýíá êáôÜëëçëï äéÜóôçìá D1 ôçò ìåôáâëçôÞò u, Ýôóé þóôå ôï óýíïëï ôùí

ôéìþí ôçò óõíÜñôçóçò áõôÞò íá åßíáé u (D1) = D.

Óôç ìÝèïäï áõôÞ ðñÝðåé íá ëáìâÜíïíôáé õð' üøéí ôá åîÞò:

• Ï ìåôáó÷çìáôéóìüò ðñÝðåé íá áíôéóôñÝöåôáé ìïíïóÞìáíôá, äçëáäÞ íá

ëýíåôáé ìïíïóÞìáíôá ùò ðñïò x, êáé
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• ôï ïëïêëÞñùìá ðïõ ðñïêýðôåé íá åßíáé áðëïýóôåñï ôïõ áñ÷éêïý, äçëáäÞ

íá ìçí ðåñéÝ÷åé ñßæåò, áíôßóôñïöåò ôñéãùíïìåôñéêÝò óõíáñôÞóåéò, ê.ëð.

ÐáñÜäåéãìá 12.2.2 - 1

¸óôù ôï ïëïêëÞñùìá ∫
e−3x dx:

Áí

u = −3x åßíáé x = −u

3
; ïðüôå dx = d

(
−u

3

)
=

(
−u

3

)′
du = −1

3
du;

ôüôå áíôéêáèéóôþíôáò Ý÷ïõìå

∫
e−3x dx =

∫
eu

dx︷ ︸︸ ︷(
−1

3

)
du = −1

3

∫
eu du

= − 1

3
eu + c = − 1

3
e−3x + c:

ÐáñÜäåéãìá 12.2.2 - 2

¼ìïéá ôï ∫
e−x2 dx:

Áí

u = −x2 ìå u < 0; ôüôå åßíáé x = ±
√
−u:

ÅðïìÝíùò ï ìåôáó÷çìáôéóìüò äå ëýíåôáé ìïíïóÞìáíôá ùò ðñïò x êáé ç ìÝèïäïò

äåí åöáñìüæåôáé.

ÐáñÜäåéãìá 12.2.2 - 3

¼ìïéá ôï

I =

∫
tan 5x dx:

Áí

u = 5x åßíáé x =
u

5
; ïðüôå dx = d

(
u

5

)
=

(
u

5

)′
du =

1

5
du;
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êáé áíôéêáèéóôþíôáò Ý÷ïõìå

∫
tan 5x dx =

∫
tanu

dx︷ ︸︸ ︷(
1

5

)
du =

1

5

∫
tanu du

=
1

5

∫ (− cosu)′du︷ ︸︸ ︷
sinu du

cosu
= −1

5

∫
(− cosu)′du

cosu

= −1

5
ln | cosu|+ c = −1

5
ln | cos 5x|+ c:

¢óêçóç

×ñçóéìïðïéþíôáò êáôÜëëçëç áíôéêáôÜóôáóç íá õðïëïãéóôïýí ôá ðáñáêÜôù

áüñéóôá ïëïêëÞñùìá ôùí óõíáñôÞóåùí f(x)

i) cos(!x+ �) iii) cot 3x

ii)
1√

5x− 3
iv)

x√
1 + 9x4

:

12.2.3 ÐáñáãïíôéêÞ ïëïêëÞñùóç

¸óôù üôé ïé óõíáñôÞóåéò f; g ðáñáãùãßæïíôáé óôï D ⊆ ℜ ìå D áíïéêôü

óýíïëï. Åöáñìüæïíôáò ôïí êáíüíá ðáñáãþãéóçò ãéíïìÝíïõ Ý÷ïõìå

[f(x)g(x)]′ = f ′(x)g(x) + f(x)g′(x):

Ïëïêëçñþíïíôáò êáé ôá äýï ìÝëç ôçò ðáñáðÜíù ó÷Ýóçò ðñïêýðôåé üôé∫
[f(x)g(x)]′ dx =

∫
f ′(x)g(x) dx+ f(x)g′(x) dx

ðïõ óýìöùíá ìå ôïí Ïñéóìü 12.1.1 - 1 ãñÜöåôáé

f(x)g(x) =

∫
f ′(x)g(x) dx+

∫
f(x)g′(x) dx;

äçëáäÞ ôåëéêÜ∫
f(x)g′(x) dx = f(x)g(x)−

∫
f ′(x)g(x) dx: (12.2.3 - 1)
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Ç ìÝèïäïò ïëïêëÞñùóçò ðïõ ðñïêýðôåé áðü ôïí ôýðï (12:2:3−1) åßíáé ãíùóôÞ

óáí ç ìÝèïäïò ôçò ðáñáãïíôéêÞò Þ ôçò êáôÜ ìÝñç ïëïêëÞñùóçò. Åßíáé

ðñïöáíÝò üôé ï ôýðïò (12:2:3−1) åöáñìüæåôáé, üôáí ç ïëïêëçñùôÝá óõíÜñôçóç

åßíáé Þ åßíáé äõíáôüí íá èåùñçèåß óáí ãéíüìåíï äýï óõíáñôÞóåùí, áöïý ðñþôá

ìßá áðü ôéò äýï óõíáñôÞóåéò ãñáöåß óôç ìïñöÞ g′(x), üðùò áõôü ðåñéãñÜöåôáé

óôá ðáñáêÜôù ðáñáäåßãìáôá üðïõ äßíïíôáé ïé ðåñéóóüôåñï ÷ñçóéìïðïéïýìåíåò

ðåñéðôþóåéò åöáñìïãÞò ôçò ðáñáãïíôéêÞò ïëïêëÞñùóçò.

Ãéíüìåíï ðïëõùíýìïõ ìå åêèåôéêÞ óõíÜñôçóç

Áñ÷éêÜ äçìéïõñãåßôáé ç ðáñÜãùãïò ôçò åêèåôéêÞò óõíÜñôçóçò.

ÐáñÜäåéãìá 12.2.3 - 1

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá ∫
x e−2x dx:

Ëýóç. Óýìöùíá ìå ôïí ôýðï (12:2:3− 1) Ý÷ïõìå

∫
x︸︷︷︸

f(x)

g(x)︷ ︸︸ ︷
e−2x dx =

∫
x︸︷︷︸

f(x)

g′(x)︷ ︸︸ ︷(
− e−2x

2

)′

dx

= −1

2
x e−2x +

1

2

∫
x′︸︷︷︸

f ′(x)

g(x)︷ ︸︸ ︷
e−2x dx = −1

2
x e−2x +

1

2

∫
e−2x dx

= −1

2
xe−2x +

1

2

(
−1

2
e−2x

)
= −1

2
xe−2x − 1

4
e−2x + c:

ÐáñÜäåéãìá 12.2.3 - 2

¼ìïéá ôï ∫
x2 e−2x dx:
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Ëýóç. ¸÷ïõìå∫
x2 e−2x dx = −1

2

∫
x2
(
e−2x

)′
dx

= −1

2
x2e−2x +

1

2

∫ 2x︷ ︸︸ ︷(
x2
)′
e−2x dx

= −1

2
x2e−2x +

1

2
· 2
∫
xe−2x = −1

2
x2e−2x +

∫
xe−2x dx;

üôáí óýìöùíá ìå ôï ÐáñÜäåéãìá 12.2.3 - 1 åßíáé∫
x e−2x dx = −1

2
xe−2x − 1

4
e−2x + c:

¢ñá ∫
x2e−2x dx = −1

2
x2e−2x − 1

2
xe−2x − 1

4
e−2x + c:

Ãéíüìåíï ðïëõùíýìïõ ìå ôñéãùíïìåôñéêÞ óõíÜñôçóç

2Áñ÷éêÜ äçìéïõñãåßôáé ç ðáñÜãùãïò ôçò ôñéãùíïìåôñéêÞò óõíÜñôçóçò.

ÐáñÜäåéãìá 12.2.3 - 3

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá∫
x2 sin 3x dx:

Ëýóç. Åöáñìüæïíôáò äéáäï÷éêÜ ëüãù ôïõ x2 äýï öïñÝò ôçí ðáñáãïíôéêÞ

ïëïêëÞñùóç Ý÷ïõìå∫
x2 sin 3x dx =

∫
x2
(
−cos 3x

3

)′
dx

= −1

3
x2 cos 3x+

1

3

∫ (
x2
)′
cos 2x dx

= −1

3
x2 cos 3x+

2

3

∫
x cos 3x dx 1ç ðáñáãïíôéêÞ

2Çìéôüíïõ Þ óõíçìéôüíïõ.
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= −1

3
x2 cos 3x+

2

3

∫
x

(
sin 3x

3

)′
dx

= −1

3
x2 cos 3x+

2

3

[
1

3
x sin 3x dx− 1

3

∫
x′ sin 3x dx

]

= −1

3
x2 cos 3x+

2

9
x sin 3x− 2

9

∫
x′ sin 3x dx

= −1

3
x2 cos 3x+

2

9
x sin 3x− 2

9

− cos 3x
3︷ ︸︸ ︷∫

sin 3x dx

= −1

3
x2 cos 3x+

2

9
x sin 3x+

2

27
cos 3x+ c:

Ãéíüìåíï åêèåôéêÞò ìå ôñéãùíïìåôñéêÞ óõíÜñôçóç

Äçìéïõñãåßôáé áíÜëïãá ìå ôçí åõêïëßá ðïõ ðáñïõóéÜæåôáé ç ðáñÜãùãïò Þ

ôçò ôñéãùíïìåôñéêÞò Þ ôçò åêèåôéêÞò óõíÜñôçóçò êáé åöáñìüæåôáé äýï öïñÝò

ï ôýðïò (12:2:3−1). Óôç 2ç ðáñáãïíôéêÞ äçìéïõñãåßôáé ðÜíôïôå ç ðáñÜãùãïò

ôçò ßäéáò óõíÜñôçóçò ìå ôçí 1ç öïñÜ.

ÐáñÜäåéãìá 12.2.3 - 4

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá∫
e−x sin 2x dx:

Ëýóç. ¸óôù üôé äçìéïõñãåßôáé ç ðáñÜãùãïò ôçò åêèåôéêÞò óõíÜñôçóçò.

Ôüôå äéáäï÷éêÜ Ý÷ïõìå

I =
∫
e−x︸︷︷︸
f(x)

g(x)︷ ︸︸ ︷
sin 2x dx =

∫ f ′(x)︷ ︸︸ ︷(
−e−x)′ sin 2x dx

= −e−x sin 2x+

∫
e−x

2 cos 2x︷ ︸︸ ︷
(sin 2x)′ dx
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= −e−x sin 2x+ 2

∫
e−x cos 2x dx 1ç ðáñáãïíôéêÞ

= −e−x sin 2x+ 2

∫ (
−e−x)′ cos 2x dx

= −e−x sin 2x+ 2

−e−x cos 2x−
∫
e−x

−2 sin 2x︷ ︸︸ ︷
(cos 2x)′ dx


= −e−x sin 2x− 2e−x cos 2x− 4

∫
e−x sin 2x dx

= −e−x (sin 2x+ 2 cos 2x)− 4 I 2ç ðáñáãïíôéêÞ:

¢ñá

I = −e−x (sin 2x+ 2 cos 2x)− 4 I;

ïðüôå ëýíïíôáò ùò ðñïò I ôåëéêÜ Ý÷ïõìå

∫
e−x sin 2x dx = −−e−x (sin 2x+ 2 cos 2x)

5
+ c:

Ï õðïëïãéóìüò ôïõ ðáñáðÜíù ïëïêëçñþìáôïò ìå ôï MATLAB ãßíåôáé ìå

ôéò åíôïëÝò:

>> syms x

>> int(exp(-x)*sin(2*x),x)

Ãéíüìåíï ðïëõùíýìïõ ìå ëïãáñéèìéêÞ óõíÜñôçóç

Áñ÷éêÜ äçìéïõñãåßôáé ç ðáñÜãùãïò ôïõ ðïëõùíýìïõ.

ÐáñÜäåéãìá 12.2.3 - 5

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá∫
x2 lnx dx:
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Ëýóç. ¸÷ïõìå∫
x2 lnx dx =

∫ (
x3

3

)′

lnx dx

=
1

3
x3 lnx− 1

3

∫
x3

1
x︷ ︸︸ ︷

(lnx)′ dx

=
1

3
x3 lnx− 1

3

∫
x2 dx =

1

3
x3 lnx− 1

9
x3 + c:

¼ìïéá ï õðïëïãéóìüò ìå ôï MATLAB åßíáé:

>> syms x

>> int(x^2*log(x),x)

Ãéíüìåíï ðïëõùíýìïõ ìå áíôßóôñïöç ôñéãùíïìåôñéêÞ óõíÜñôçóç

Áñ÷éêÜ äçìéïõñãåßôáé ç ðáñÜãùãïò ôïõ ðïëõùíýìïõ.

ÐáñÜäåéãìá 12.2.3 - 6

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá∫
tan−1 3x dx:

Ëýóç. ¼ìïéá Ý÷ïõìå

∫
tan−1 3x dx =

∫
x0 tan−1 3x dx =

∫ f ′(x)︷︸︸︷
x1 tan−1 3x dx

= x tan−1 3x−
∫
x

(3x)′

1+(3x)2
= 3

1+9x2︷ ︸︸ ︷(
tan−1 3x

)′
dx

= x tan−1 3x−
∫

3x dx

1 + 9x2
= x tan−1 3x− 1

6

∫ [
9x2 + 1

]′
dx

1 + 9x2

= x tan−1 3x− 1

6
ln
(
1 + 9x2

)
+ c:
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ÁóêÞóåéò

1. Íá õðïëïãéóôïýí ôá áüñéóôá ïëïêëçñþìáôá ôùí ðáñáêÜôù óõíáñôÞóåùí

f(x)

i) x2e−3x viii) ln2 x

ii) x2 sin!x; ! > 0 ix) ln
(
x+

√
1 + x2

)
iii) x tan−1 x x) sin−1 2x

iv) e−2x sin 3x xi) x cos2 x

2. Áí a; ù ̸= 0, äåßîôå üôé∫
eax sinùxdx =

eax (a sinùx− ù cosùx)

a2 + ù2
+ c:

12.2.4 ÏëïêëÞñùóç ìå õðïâéâáóìü

Ç ìÝèïäïò áõôÞ åöáñìüæåôáé êõñßùò, üôáí ç ïëïêëçñùôÝá óõíÜñôçóç Þ üñïò

áõôÞò åßíáé õøùìÝíç óå äýíáìç êáé áðïóêïðåß óôçí áíáãùãÞ ôïõ õðïëïãéóìïý

ôïõ áñ÷éêïý ïëïêëçñþìáôïò óå õðïëïãéóìü ïëïêëçñþìáôïò ìå üñï õøùìÝíï

óå âáèìü ìéêñüôåñï ôïõ áñ÷éêïý. Ï ôýðïò õðïëïãéóìïý ðïõ ðñïêýðôåé,

ëÝãåôáé ôüôå áíáãùãéêüò.

ÐáñÜäåéãìá 12.2.4 - 1

¸óôù ôï ïëïêëÞñùìá

I� =

∫
x�e−x dx; üôáí � = 1; 2; : : : :

Åöáñìüæïíôáò ðáñáãïíôéêÞ ïëïêëÞñùóç Ý÷ïõìå

I� =

∫
x�e−x dx =

∫
x�
(
−e−x)′ dx

= −x�e−x +

∫
(x�)′ e−x dx

= −x�e−x + �

∫
x�−1e−x dx:

¢ñá ∫
x�e−x dx = −x�e−x + �

∫
x�−1e−x dx;
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äçëáäÞ

I� = −x�e−x + � I�−1; (12.2.4 - 1)

üôáí � = 1; 2; : : : :

Óôïí áíáãùãéêü ôýðï (12:2:4 − 1) ôï ðñïò õðïëïãéóìü ïëïêëÞñùìá I�

õðïëïãßæåôáé óõíáñôÞóåé ôïõ üñïõ −x�e−x êáé ôïõ ïëïêëçñþìáôïò I�−1 =∫
x�−1e−xdx, üðïõ ï üñïò x�−1 óôçí ïëïêëçñùôÝá óõíÜñôçóç åßíáé êáôÜ

âáèìü ìéêñüôåñïò ôïõ áñ÷éêïý üñïõ x� . Åßíáé ðñïöáíÝò üôé ìå äéáäï÷éêÞ

åöáñìïãÞ ôïõ ôýðïõ õðïëïãßæåôáé ôåëéêÜ ôï ïëïêëÞñùìá I� .

ÅöáñìïãÞ ãéá � = 3

I3 = −x3e−x + 3I2

I2 = −x2e−x + 2I1

I1 = −xe−x + I0 = −xe−x +

∫
e−xdx = −x e−x − e−x;

ïðüôå

I3 =

∫
x3e−x dx = −x3 e−x + 3 I2

= −x3 e−x + 3
(
−x2 e−x + 2 I1

)
= −x3 e−x − 3x2e−x + 6 I1

= −x3 e−x − 3x2e−x + 6
(
−x e−x − e−x)

= −
(
x3 + 3x2 + 6x+ 6

)
e−x + c:

¢óêçóç

Áí � = 2; 3; : : :, åêôüò áí äéáöïñåôéêÜ ïñßæåôáé, äåßîôå ôïõò ðáñáêÜôù áíáãùãéêïýò

ôýðïõò∫
cos� x dx =

sinx cos�−1 x

�
+
� − 1

�

∫
cos�−2 x dx:

∫
ln� x dx = x ln� x− �

∫
ln�−1 x dx; üôáí � = 1; 2; : : : :
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∫
x� sinùxdx = −x� cosùx

ù
+
�x�−1 sinùx

ù2

−�(� − 1)

ù2

∫
x�−2 sinùxdx; üôáí ù ̸= 0:

∫
ex sin� x dx =

ex sin�−1 x

�2 + 1
(sinx− � cosx) +

�(� − 1)

�2 + 1

∫
ex sin�−2 x dx:

12.2.5 ÏëïêëÞñùóç ñçôþí óõíáñôÞóåùí

¸óôù üôé ç ñçôÞ óõíÜñôçóç åßíáé ôçò ìïñöÞò

f(x) =
P (x)

Q(x)
(12.2.5 - 1)

üðïõ ôï ðïëõþíõìï P (x) åßíáé âáèìïý, Ýóôù � êáé ôï Q(x) âáèìïý m. Ôüôå

äéáêñßíïíôáé ïé ðáñáêÜôù ðåñéðôþóåéò.

I. Ï âáèìüò ôïõ áñéèìçôÞ íá åßíáé ìéêñüôåñïò áðü ôï âáèìü ôïõ

ðáñïíïìáóôÞ

ÕðïèÝôïíôáò üôé ï ðáñïíïìáóôÞòQ(x) Ý÷åé áíáëõèåß óå ãéíüìåíï ðñùôïâÜèìéùí

êáé äåõôåñïâÜèìéùí üñùí,3 ç ñçôÞ óõíÜñôçóç (12:2:5 − 1) åßíáé äõíáôüí íá

áíáëõèåß óå Üèñïéóìá áðëþí êëáóìÜôùí ùò åîÞò:

i) ï ðáñÜãïíôáò ìå ðáñïíïìáóôÞ ax + b áíáëýåôáé óå áðëü êëÜóìá ôçò

ìïñöÞò
A

ax+ b
; (12.2.5 - 2)

ii) ï ìå ðáñïíïìáóôÞ (ax+ b)2, áíôßóôïé÷á (ax+ b)3, óå

A

ax+ b
+

B

(ax+ b)2
; áíôßóôïé÷á (12.2.5 - 3)

A

ax+ b
+

B

(ax+ b)2
+

C

(ax+ b)3
; ê.ëð. (12.2.5 - 4)

3Ðåñéðôþóåéò ðáñáãüíôùí áíùôÝñïõ âáèìïý äå èá åîåôáóôïýí. Ï áíáãíþóôçò

ðáñáðÝìðåôáé óôç âéâëéïãñáößá ãéá ôç ãåíéêÞ ðåñßðôùóç êáé ôá ó÷åôéêÜ ìå áõôÞ èåùñÞìáôá.
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iii) ï ìå ax2 + bx+ c óå

Ax+B

ax2 + bx+ c
; ê.ëð. (12.2.5 - 5)

Ç ìÝèïäïò ðñïóäéïñéóìïý ôùí óõíôåëåóôþí A, B, C; : : : ðïõ èá åîåôáóôåß

óôï ìÜèçìá áõôü óôçñßæåôáé óôç óýãêñéóç ôùí óõíôåëåóôþí ôùí ßóùí äõíÜìåùí

ôïõ x.

ÐáñÜäåéãìá 12.2.5 - 1

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =
∫

x+ 2

x2 + x− 12
dx ; üôáí x ̸= 3; −4:

Ëýóç. Óýìöùíá ìå ôçí (12:2:5− 2) Ý÷ïõìå

x+ 2

x2 + x− 12
=

x+ 2

(x− 3)(x+ 4)
=

A

x− 3
+

B

x+ 4
: (1)

ÐïëëáðëáóéÜæïíôáò êáé ôá äýï ìÝëç ôçò (1) ìå ôïí ðáñïíïìáóôÞ ðïõ áíáëýåôáé,

äçëáäÞ ìå (x− 3)(x+ 4), ðñïêýðôåé üôé

x+ 2 = A(x+ 4) +B(x− 3): (2)

Ç (2) ãñÜöåôáé

(A+B − 1)x+ 4A− 3B − 2 = 0

ðïõ ãéá íá éó÷ýåé ãéá êÜèå x ∈ ℜ, ðñÝðåé

A + B = 1

4A − 3B = 2;
ïðüôå A =

5

7
êáé B =

2

7
:

ÔåëéêÜ óýìöùíá êáé ìå ôçí (1) Ý÷ïõìå

I =
5

7

∫
dx

x− 3
+

2

7

∫
dx

x+ 4
=

5

7
ln |x− 3|+ 2

7
ln |x+ 4|+ c:
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ÐáñÜäåéãìá 12.2.5 - 2

¼ìïéá ôï ïëïêëÞñùìá

I =
∫

dx

(x+ 1)(x− 1)2
; üôáí x ̸= ±1:

Ëýóç. Óýìöùíá ìå ôéò (12:2:5− 2) - (12:2:5− 3) Ý÷ïõìå

1

(x+ 1)(x− 1)2
=

A

x+ 1
+

B

x− 1
+

C

(x− 1)2
;

ïðüôå

1 = A(x− 1)2 +B(x− 1)(x+ 1) + C(x+ 1): (3)

Ç (3) ãñÜöåôáé

(A+B)x2 + (−2A+ C)x+ (A−B + C − 1) = 0

ðïõ ãéá íá éó÷ýåé ãéá êÜèå x ∈ ℜ, ðñÝðåé

A + B = 0

−2A + C = 0

A − B + C = 1;

ïðüôå A =
1

4
; B = −1

4
êáé C =

1

2
:

ÔåëéêÜ

I =
1

4

∫
dx

x+ 1
− 1

4

∫
dx

x− 1
+

1

2

∫
dx

(x− 1)2

=
1

4
ln |x+ 1| − 1

4
ln |x− 1| + 1

2

(x−1)−2+1

−2+1︷ ︸︸ ︷∫
(x− 1)′(x− 1)−2 dx

=
1

4
ln |x+ 1| − 1

4
ln |x− 1| − 1

2(x− 1)
+ c:

ÐáñÜäåéãìá 12.2.5 - 3

¼ìïéá ôï ïëïêëÞñùìá

I =
∫

x dx

(x− 1) (x2 + 4)
; üôáí x ̸= 1:
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Ëýóç. ¼ìïéá óýìöùíá ìå ôéò (12:2:5− 2) êáé (12:2:5− 5) Ý÷ïõìå

x

(x− 1) (x2 + 4)
=

A

x− 1
+
Bx+ C

x2 + 4
;

ïðüôå

x = A
(
x2 + 4

)
+ (Bx+ C)(x− 1): (4)

Ç (4) ãñÜöåôáé

(A+B)x2 + (−B + C − 1)x+ (4A− C) = 0

ðïõ ãéá íá éó÷ýåé ãéá êÜèå x ∈ ℜ, ðñÝðåé

A + B = 0

− B + C = 1

4A − C = 0;

ïðüôå A = −1

5
; B =

1

5
êáé C =

4

5
: (5)

ÔåëéêÜ Ý÷ïõìå

I = −1

5

∫
dx

x+ 1
+

1

5

∫
x dx

x2 + 4
+

4

5

∫
dx

x2 + 4

= −1

5
ln |x+ 1|+ I1 + I2

üðïõ

I1 =
1

5

∫
x dx

x2 + 4
=

1

5
· 1

2

∫
2x︷ ︸︸ ︷(

x2 + 4
)′
dx

x2 + 4
=

1

10
ln
(
x2 + 4

)
;

I2 =
4

5

∫
dx

x2 + 4
=

4

5

∫
dx

4

(
x2

4
+ 1

) =
1

5

∫
dx

1 +

(
x

2

)2

=
1

5
· 2
∫ (

x

2

)′
dx

1 +

(
x

2

)2 =
2

5
tan−1

(
x

2

)
:
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¢ñá

I = −1

5
ln |x+ 1|+ 1

10
ln
(
x2 + 4

)
+

2

5
tan−1

(
x

2

)
+ c:

Ï õðïëïãéóìüò ôïõ ïëïêëçñþìáôïò ìå ôï MATLAB ãßíåôáé ìå ôçí åíôïëÞ:

>> syms x

>> int(x/((x-1)*(x^2+4)),x)

II. Ï âáèìüò ôïõ áñéèìçôÞ åßíáé ìåãáëýôåñïò Þ ßóïò áðü ôï âáèìü ôïõ

ðáñïíïìáóôÞ

Áñ÷éêÜ óôçí (12:2:5− 1) ãßíåôáé ç äéáßñåóç ôùí ðïëõùíýìùí P (x) êáé Q(x),

ïðüôå ç ðåñßðôùóç áõôÞ áíÜãåôáé ôåëéêÜ óôç ðåñßðôùóç I.

ÐáñÜäåéãìá 12.2.5 - 4

¸óôù ôï ïëïêëÞñùìá ∫
x3 − 1

x2 − 4
dx ; üôáí x ̸= ±2:

Áðü ôç äéáßñåóç ôïõ áñéèìçôÞ êáé ôïõ ðáñïíïìáóôÞ êáé ìåôÜ ôçí áíÜëõóç óå

áðëÜ êëÜóìáôá Ý÷ïõìå

x3

x2 − 4
= x+

4x− 1

x2 − 4
= x+

7

4

1

x− 2
+

9

4

1

x+ 2
;

ïðüôå ∫
x3 − 1

x2 − 4
dx =

x2

2
+

7

4
ln |x− 2|++

9

4
ln |x+ 2|+ c:

¢óêçóç

Íá õðïëïãéóôïýí ôá áüñéóôá ïëïêëçñþìáôá ôùí ðáñáêÜôù ñçôþí óõíáñôÞóåùí

f(x)

i)
x− 3

(x+ 1)(x− 5)
iii)

x4

x3 − 1

ii)
1

(x− 1)(x− 2)2
iv)

1

x3 − 1

iii)
e−x

1 + e−x
viii)

√
x− 1

x+ 1
:
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12.2.6 ÏëïêëÞñùóç ôñéãùíïìåôñéêþí óõíáñôÞóåùí

ÅîåôÜæïíôáé ìüíïí ïé ìïñöÝò:

∫
sinmx cosnx dx,

∫
sinmx sinnx dx êáé

∫
cosmx cosnx dx

Óôéò ðåñéðôþóåéò áõôÝò ÷ñçóéìïðïéïýíôáé ïé ðáñáêÜôù ôýðïé ôçò Ôñéãùíïìåôñßáò

2 sinA cosB = sin(A+B) + sin(A−B); (12.2.6 - 1)

2 sinA sinB = cos(A−B)− cos(A+B); (12.2.6 - 2)

2 cosA cosB = cos(A−B) + cos(A+B): (12.2.6 - 3)

Åðßóçò éó÷ýïõí

sin2 x =
1− cos 2x

2
êáé cos2 x =

1 + cos 2x

2
: (12.2.6 - 4)

ÐáñÜäåéãìá 12.2.6 - 1

Óýìöùíá ìå ôïí ôýðï (12:2:6− 2) Ý÷ïõìå∫
sinx sin 3x dx =

1

2

∫
[cos(x− 3x)− cos(x+ 3x)] dx

=
1

2

∫
(cos 2x− cos 4x) dx

=
1

2

(
1

2
sin 2x− 1

4
sin 4x

)

=
1

4
sin 2x− 1

8
sin 4x+ c:

¢óêçóç

4Íá õðïëïãéóôïýí ôá áüñéóôá ïëïêëçñþìáôá ôùí ðáñáêÜôù óõíáñôÞóåùí

f(x)

4Óôçí (i) íá ÷ñçóéìïðïéçèåß ðñþôá ç (12:2:6− 4).
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i) sin2 2x cos 4x iii) sin 10x sin 8x

ii) sin
x

2
sin2 2x iv) sinx sin 2x sin 3x.

12.2.7 Ðñïóåããéóôéêüò õðïëïãéóìüò ïëïêëçñþìáôïò

Óôá ðåñéóóüôåñá ðñïâëÞìáôá ôùí åöáñìïãþí ôï ïëïêëÞñùìá äåí õðïëïãßæåôáé

ìå êáíÝíá ìåôáó÷çìáôéóìü Þ Üëëç ôñïðïðïßçóç ôçò ïëïêëçñùôÝáò óõíÜñôçóçò.

Ç ãåíéêÞ áíôéìåôþðéóç ôïõ ðñïâëÞìáôïò, ìÝñïò ôïõ ïðïßïõ èá ìåëåôçèåß óå

ðñïóå÷Ýò åîÜìçíï, åßíáé áíôéêåßìåíï ìåëÝôçò ôùí ìáèçìáôéêþí êáé ï áíáãíþ-

óôçò ðáñáðÝìðåôáé ãéá ðåñáéôÝñù ìåëÝôç óôç âéâëéïãñáößá. Óôï ìÜèçìá áõôü

èá ãßíåé ç ðñïóÝããéóç ôïõ ïëïêëçñþìáôïò ìå áíôéêáôÜóôáóç ôçò ïëïêëçñùôÝáò

óõíÜñôçóçò Þ üñïõ áõôÞò ìå ôï áíôßóôïé÷ï ðïëõþíõìï ôïõ Taylor Þ ôïõ

Maclaurin.

ÐáñÜäåéãìá 12.2.7 - 1

¸óôù ôï ïëïêëÞñùìá ∫
e−x2 dx:

Óýìöùíá ìå ôïí ôýðï ôïõ Maclaurin ôï ðïëõþíõìï 4ïõ âáèìïý ðïõ ðñïóåããßæåé

ôçí ïëïêëçñùôÝá óõíÜñôçóç e−x2 åßíáé

e−x2 ≈ 1− x2 +
x4

2
:

ÅðïìÝíùò∫
e−x2 dx ≈

∫ (
1− x2 +

x4

2

)
dx = x− x3

3
+
x5

10
+ c:

ÐáñÜäåéãìá 12.2.7 - 2

¼ìïéá Ýóôù ôï ïëïêëÞñùìá∫
lnx

x− 1
dx; üôáí x > 1:

Óýìöùíá ìå ôïí ôýðï ôïõ Taylor ìå êÝíôñï, Ýóôù � = e, ôï ðïëõþíõìï 1ïõ

âáèìïý ðïõ ðñïóåããßæåé ôçí ïëïêëçñùôÝá óõíÜñôçóç lnx åßíáé

lnx ≈ 1 +
x− e

e
:



Ðñïóåããéóôéêüò õðïëïãéóìüò ïëïêëçñþìáôïò 27

ÅðïìÝíùò∫
lnx

x− 1
dx ≈

∫
1

x− 1

(
1 +

x− e

e

)
dx =

x

e
+

ln(x− 1)

e
+ c:

¢óêçóç

×ñçóéìïðïéþíôáò ôï ðïëõþíõìï ôïõ Maclaurin 5ïõ, áíôßóôïé÷á 4ïõ âáèìïý

íá õðïëïãéóôïýí ôá ïëïêëçñþìáôá∫
sinx

x
dx ; áíôßóôïé÷á

∫
cosx

x
dx:

5

5Áðáãïñåýåôáé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ ôïõ ðáñüíôïò óôï óýíïëü ôïõ Þ

ôìçìÜôùí ôïõ ÷ùñßò ôç ãñáðôÞ Üäåéá ôïõ Êáè. Á. ÌðñÜôóïõ.

E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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