MdaOnua 12

AOPIXTO OAOKAHPOQMA

12.1 Ewcaywywxéc éVvvoleg

Y10 udbnuo autd Ba dobolv ou xupldTepol xavdveg ohoxhfpwong, Tou xlpla
eupavilovtal 6Tig TeYVOhOYXES eapuoYEc. Ateuxpuviletal 6TL axohouldvTag
ula auetned ualbnuatixy oeed To Udbnuo autd xavovixd meénel var axoroubet

auté TOU 0pLEUEVOU DAOXANEGUATOC, Tou uxohoubel otn ouvéyela.!

12.1.1 IIapdyouca ocuvdptno

Oplowds 12.1.1 - 1 (aberoto ohoxhipwpa). Eotw ot ouvaptioeic | xat
F ue xowé medio opiouod D énov D C R. Téte n F Ga Adyetar ot eivan
ula mapdyovoa 1 apyixyy ouvdptnon 1 SlagopeTixd Eva adploTo 0AoxATpwud

¢ ovvdptnons [ oto D xat Ga ovuPoriletar avtd ue
/f(x)dm = F(x) vy xdfe x€D (12.1.1- 1)
TOTE xat uovoy, 6tay uvrdpyet n napdywyos s F oto D xat toyvet

F'(z) = f(z) 7yt xdfe x€D. (12.1.1 - 2)

1O avayvhoTng Lo Wio eEXTEVEGTERY LEAETN TOY EVVOLAY XL TWV XoVEYOY 0A0XAARWoNg

mou Bo Sobolv, napanéunetar ot BuBAioypagla xou oto Bio A. Mrpdtoog [2] Keg. 7.
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YUVERMC
/f(x)d:z = F(z) 7téte xaL ubvov, étav  F'(z) = f(z) (12.1.1 - 3)

v %80 x € D xau avilotpopa.

Arodeuvietar 6Tu

Ocodenua 12.1.1 - 1. Ay F xat G elvar dvo napdyovoec tne ovvdptnons f

oto D, téte autés Ga dtapépovy xatd ula otabeed ouvdptnon.

Youpova pe o Oedpnua 12.1.1 - 1 o tinog (12.1.1 — 3) tehwxd ypdpetar
/f(:z)d:z:F(x)—l—c v xébe x € D (12.1.1 - 4)

omou ¢ avbalpetn otabepd.
Y10 napaxdte napddelyua divovtal To adpLoTA ONOXANEMUATA OPLEUEVWY
ouvapTHoE®Y, v atov [livaxa 12.1.1 - 1 eV xuptdTepwy 6TOLYELWSHY GuUVA-

pTRoELV.

IHopddetypa 12.1.1 - 1

3+1 4 4 !
/mgdx = §+1+c:%+c, eneldn (Z—i—c) =z’

1 1
/—dlenm—i—c, enedy  (Injz|+¢) ==, étav z>0.
T T

—— =tanzx C ETEL anx c) = ———.
J cos?x ’ N cos2 1
[ J
dx , 1
T+ 22 tan 'z + ¢, enewdn (tanfl x+ c) =T
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ITivaxag 12.1.1 - 1: adpLota OAOXANEOUATA TGOV XUELOTEPWY GTOLYELWIGOY

CUVOPTACEDY
oo f(x) F(z) o/ f(x) F(x)
370‘+1
1 GgeR-{-1 7 r z
% a {-1} o e e
. 1
2 sin x —cos 8 - In |z
z
. 1
3 CcOS T sin x 9 — tanz
cos? x
1 1
4 tan™! 10 — t
1+ 22 an sin? z cove
1
5 —_— sin~!z 11 cosh x sinh z
V1—x2
1
6 e cos 1z 12 sinh z cosh z

V1—22

12.1.2  Id6TNTES TOL AOELETOU OAOXANEOUATOS

Alvovtal ot ouvéyewa ue 1 Uoppt) fewpnudtoy ou WLOTHTES Tou adELoTou

OMOXATPGUATOC.

Ocoenua 12.1.2 - 1. Ay f eivar uia oloxAnpedoiun ovvdetnon oto D xat
rEeR, téte

/Af(x) dx = A/f(x) dx. (12.1.2 - 1)

Ocoenua 12.1.2 - 2. Av f, g eivar odoxAnpdolues ouvvapthoeic oto D,
10T

/[f(:z) +g(2)] de = /f(x) do —I—/g(x)dx. (12.1.2 - 2)

Ané g (12.1.2—1) xon (12.1.2—2) npoxintel TOTE 1) TAPARGT® YEURULYY

OLoTTAL

/[kf(m) +g(x)] do = k/f(x) de + A/g(m) dz, (12.1.2 - 3)
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otav k, A € R. H ypouuuxr WLétnto yexevetal Yo ¥ - GUVIETHOELS.

HMopdadetypa 12.1.2 - 1

/(2$2+5Sin$—€x) de = 2/m2dx+5/sinxdx—/emdx

3
= 2§+5(—cosx)—ex+c

223
= — —5cosz—¢e"+ec

3
"Ouota

) 4 ' "d
/(2tanx—€/5+) dr = 2/tanxdx+/x1/3dx+4/—$
T z
1

1 §+1
= 2—— —7:1]3 +4In|z|+ ¢
Ccos“ T g—i—l

2 3 4
= s 1% +4ln|z| +c.

12.2 MéBodor ohoxMpwong

Alvovtar 6ty cuvéyela oplouéveg UEBodoL ohoxhfipwong, Tou anatTovvIaL oTr
Moo TV Stapbpwy TpolAnudTtwy, tou xlpla epgavilovTal 6Tig Stdpopes TeYVo-
hoywég egapuoyés. Yto e€rg unotifetan 6t oL ouvapthoelg tou egetdlovton

elval ohoxinpdolueg 670 Tedlo opLopol Toug.

12.2.1  OloxMpwon pe drtovpyio Tou drapoplxosd

O Hivaxag 12.1.1 - 1 v ohoxinpwudtony tne napayedeou 12.1.2 dev epapudle-
TaL, 6Tav 1 oAoxAnpwTtén cuvdptnon elvar ovvletn. ‘Eyovtag un’ dduv tov
Mivaxa 9.1.4 — 1 %o tov témo (9.1.4 — 1) tou Mabfiuatoc 9, elvat duvatédy va
dnutoupyrioouue tov nopaxdtw Iivaxa 12.2.1 - 1 ue Ta adplota ohoxhnpduata

TV xUpLdTEPWY 6UVOETWY GUVAPTAGEWY.



OloxMjpwor pe dnuiovpyia Tou dragoptxol

IMivaxag 12.2.1 - 1: adbpiota ohoxAneduata TwV xupltdtepwy oUvletov

OUVOPTHOERDY
o/ o Yuvdptnom Aébpioto ohoxrhpoua
, . ' fa+1(x)
1 P (@) aeR-{-1) o
9 f/(x>6f(ac) ef (@)
(@) .
3 o In @)
4 f/(x)sin f(z) —cos f(z)
5 f(z) cos f(x) sin f(z)
f'(z)
6 cos 1(2) tan f(z)
7 - 511{2(x()x) cot f(x)
8 1 I}C;zx) tan~! f(z)
f'(z) =1
9 =70 sin™" f(z)
['(=) _
10 - NiSSE0) cos™ ! f(x)
11 f'(x)cosh f(x) sinh f(z)
12 f/(z)sinh f(z) cosh f(x)
f'(z)
13 cosh? 1 () tanh f(x)
14 f'(z) coth f(x)
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Mopdderypa 12.2.1 - 1

Na vnokoyiotel To oloxhfpwua
/\/ 2r — Sdx.

Abor. H ohoxdnpotéa ouvdptnon yedgetar (2z — 5)Y2 = f1/2(x) énou
f(z) =22 — 5 xou f/(z) = 2. Tére egapudélovtac tov tomo 1 Tou Iivaxa
12.2.1 - 1 vy a = 1/2 éyovue

F(@)=2
—_——N—
/(2x —5) 24y = ;/(29; —5) (22 —5)% dx

1(2‘”_5)%+1+ 1
= e T ————— c:i
2 341 3

2z —5)%? +¢.

IMopdaderypa 12.2.1 - 2
‘Ouola 10 oAoxA oA
dz
Sz+2°
Adom. H ohoxhnpwtéa cuvdptnot avayetal UE XATIAANAO UETAGYNUATIOUS
ot wopwt| f'(x)/ f(x) 6mov f(x) = be+2 xou f'(x) = 5 (dnuioupyla otabepdc).
Téte olugpuva ye Tov tono 3 tou Ilivaxa 12.2.1 - 1 éyouue

5
5x +2)
3.75 +5 5J Br+2
IHopddetypa 12.2.1 - 3

1
dm:5ln|5x+2\+c.

‘Ouow o
/ rdx
z2+4
Adom. 'Ouoia 1 ohoxAnpwtéa cuvdptnoT, eneldy) atov aptbunty undpeyet BOn

t0 x, avdyetar ot wopenf (v)/f(x) énou f(z) = 2% + 4 %o f'(x) = 2.
Téte olugpova ye tTov tono 3 tou Ilivaxa 12.2.1 - 1 €yovue

f’(m):2x

xdx x+4 1
r=-In(2*+4)+ec
/:13 214 2/ x+4 2n($+)+c
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IHopdadetypa 12.2.1 - 4

‘Ouola
/coswx de, o6tav w > 0.
Abor. 'Ouowx avéyeton ot woppy f(x) cosw omou f(x) = wr xa f'(z) = w
(dnutovpyla otafepdc). Téte olugwva ye tov timo 5 tou IMivaxa 12.2.1 - 1
€youvue
/coswx dr = :}/(wx)'coswx dr = %Sinwx +ec.

Mopdderypa 12.2.1 - 5

"Ouota elvar
1 1

. /.
/smwxdw = —/(wx) sinwz der = —— coswz + c.
w w

Ilopddetypa 12.2.1 - 6
‘Ouola t0

/:136_952 dx.

Abom. H oloxdnpwtéa ouvdptnon yedgetal ot wopeh f'(z)el @) érov f(z) =
—2? o f'(x) = =2z, evd 1 /() elvar Suvatdv va Snurovpynbet, eneldy #dn
urmdpyet To . ‘Apa oVugwva ue Tov Tino 2 tou Iivaxa 12.2.1 - 1 éyouvyue

2

1 1
/:136_9["2 der = —— /(—2:10)6_“72 de = ——e™ ¥ +ec.

2 2
opatrienon 12.2.1 - 1
O unoloyiou6g TOU OAOXANEOUATOS

/67I2d"L‘
d¢ ylveton ye tov napamdve Tpédmo, enewdr amontel T dnuLovpyla Tng
f/(w) = _2$7

dnhad1 Tov tohhamhaciaoud xat ) dwalpeor Ue —2x, Tou onpalvel OTL amonTelTal

oty neplntwaon auth N dnuoveyia uetaBAnThc.
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Mopdderypa 12.2.1 - 7
"Ouoa
dx

94 422"
Adorm. 'Eyouue ohoxhfpwor pnthg cuvdptnong ue otalepd og aptbuntd xot
ouvdpTnon mou elval dbpoloua TeTPAYGVKY oToY Tapovouaoth. H neplntwon
aUTH avdyETOL OTNHY

f'(2)

1+ f2(x)

UE TNV TapaxdTe Stadxacio: apyd YeAPETUL O TUPOVOUASTAC 0T1) Uop®Y
1+ f2(z) o e&hge:

42 z\? x
9+42” =9 <1+9) =9 [1+ (23> ] 6mou f(w)z%xou f’(x)zg

‘Apa oVugwva ue Tov tHro 8 tou Iivaxa 12.2.1 - 1 elvon
f'(2)=2/3

—~
2z

a1 (F)Vdeoq o
/ 2:77/7‘ 5~ = — tan — | te
94322 7 92) 1y (m)7 6 3

2
IHopddetypa 12.2.1 - 8

‘Ouola
/ dx
22462+ 10
Ator. Ilpbxeitan yia ohoxhfpwon entig ouvdptnong Ue otabepd g aptBuntt
xaL TpLdvulo Ue plleg uryadinés otov napovouaoth. Apyxd petaoynuatiletol
0 mopovoudoThc ot dfpotoua TETREAYOVOY GUUPWYA UE TOV TUTO

b>2_b2—4ac

ax2+bx+c:a(ac+ 1 , (12.2.1 - 1)
a

2a
dnhadn
22+ 6x+10= (z+3)? +1,
onéte olugpova xor ue to Hapdderypa 12.2.1 - 7 éyouue

f()=1
——

dx da (z +3) dx "
pr— — :t 1 ]
/$2+6:L'+10 /(x+3)2+1 /(x+3)2+1 an” (z+1)+c¢
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Iopddetypa 12.2.1 - 9

‘Ouoa
(2z+1)dx
/ 22+ 6+ 10
Avor. Ilpbdxertal yia ohoxhfipwon pnthc cuvdptnong ue lov Babuol tohudvu-
no otov apthunth xou Teudvuuo ye pileg uiyadiéc oTov nopovouaosTty. Apyixd

dnutovpyeitar atov apliuntyh n napdywyog Tou napovouasth. 'Eyouue
2 !/
(x +6x+10) — 27 46,
ondte 0 apLtbuntic YedgpeTal
2 !/
20 +1=2046-5= (2% +62+10) —5.

Yougova ye tov tono 4 tou Iivaxa 12.2.1 - 1 o to Toapdderyua 12.2.1 - 8

elvat

/(2:B+1)dx B /(:L'2+630+10)/—5dac
22+ 6z +10 22 + 62 + 10

B /(x2+6x+10)/dx_5/ dz

z2 + 6z + 10 r? + 62 + 10
= In (:z2 + 62 + 10) — 5tan" (z +3) + c.
Iopdderypa 12.2.1 - 10

‘Ouota
(3z — 2)dr
/ 2+ 6z + 10
Aborm. 'Ouowr mpdxeital yio ohoxhipwon entic auvdpetnons ue lou Babuod
ToAUGVLUO 6ToV apliunth ot TpLdvuuo ue plleg uryadixés 6Tov TopovoUuasTy,
onéte oluowva o e to Hapdderypa 12.2.1 - 9, exedh (22 + 62 + 10)/ =
2z + 6, o aplBuntic yedpetoL

2 2x 2 3 4
o= 3(‘”‘3)‘3<2‘3)—2(2f—3)
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Yougova ye tov tono 4 tou Ilivaxa 12.2.1 - 1 xou 1o Iapdderypa 12.2.1 - 9

elval
/ (3x — 2) dx (2z +6) dx 11/ dx
% 4+ 6x + 10 2 22462 + 10 (z+3)2+1
= gln(m2+6x+10)—11tan*1(1:+1)+c
‘Aoxnon

No unohoyiotel 10 adploto 0hoxAfpwuo Twv Tapaxdtw cuvapthoewy f(z)

P — vii)

3r + 2

ii) e % viii)

i) —F—— i
V2 + 522

) 1
w) cos? 4z z)

v) xsinz? xi)
vi) 27 (a‘” =e” ln“) xii)

x
T+ 2

3 cosh 2z — 4sinh 2z

oxr+1
22 + 22 + 2
1
zln’z

cos?

in 2
tan 2z (tan 2 = St x)

cos 2x

12.2.2  OAoxMjpworn UE AvILXATICTACY)

IToAkéc Qopéc To TEOBANUA TOU UTOAOYLGUOU TOU AOPLETOU OAOXANPOUATOS

utag ouvdptnong f(z) ue nedlo oplouo, éotw D, anhouotedetal, oV avTLXaTa-

othoovpe T HeTafANT & ue ula véa, 6T u = u(x), Tou va elvar oplouévn

o éva xatdhhnho didotnua D1 tng YeTaPANTAS U, £T0L OOTE TO GUVOAO TOV

TGOV TS ouvdptnone autic va elvon u (Dy)

=D.

Yn uébodo auth mpénetl vo Aaufdvovton un’ 6diy Ta e€nc:

o O petaoynUATIOUOC TEENEL YA AVTLOTREPETAL UOVOOHUAVTA, dnhady va

AOVETOL LOVOGHUAVTA WS TROS T, XL



OhoxApwOoY YE UE AVILXATAGTAOY)

® 10 0AOXAhPWUA TTOU TEOXVUTTEL VA Elval aTA0UGTERO TOU apyixoY, Snhady

va uny mepLéyet plleg, aviloTpopesg TpLYWVOUETOIXES GUVARTHOELS, X.AT.
IHopddetypa 12.2.2 - 1

'Eote 1o ohoxifpwua

/6_3I dx.

/
u=—3r elvan x:—g, ondte dx—d(—q?f)—(—u> du:—ldu,

Av

T6TE AVTLXOOLOTAOVTAC EYOUUE

dzx
1 1
/e_?“d:c = /e“ (—3) du:—g e du
1 1
= —Celde=——-e e

HMopdderypa 12.2.2 - 2

‘Ouola 70

Ay

/efl'2 dx.
2

u=—z° ue u<0, téteelvar = ==xv—u.

\

11

Enouévwe o petacynuatiounds de AOVETUL LOVOGAUAVTA OC TPog & xaL 1 Lébodog

dev eqapudleToL.
HMopdderypa 12.2.2 - 3

‘Ouoa 70
1= /tan oz dx.

Ay

/
1
uw=>5x elva. x = %, onéte dr=d <§> = (u) du = = du,
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xoL aviaiotdvtog €yovue

dx
1 1
/tan5xd:1: = /tanu (5> du = 3 /tanudu
cosu) du
B smudu 1 [ (=cosu)du
N cosu b cos u
1
= —g In|cosu| +c= ~F In|cosbz| + c.

‘Aoxnon

Xenowonot)dvtag xatdAANAY avTXATIGTAGY, YA UTOAOYLGTOUY TA ToUpAXdTE
abpLoTo. OhOXAHpLU TV ouvapThoewy f(z)

i) cos(wz + @) 1) cot 3z

1 . T

NG W) Aot

i)

12.2.3 Ilopayoviixy) ohoxA¥pwan

'Eotw 61t oL ouvapthoes f, g napaywyiloviar 6to D C R ye D avowxtd

otvoro. Eqopuéloviag Tov xavéva Tapay@dyLong YLvougvou €youue

[f(2)g(@)] = f'(2)g() + f(2)g'(x).

OhoxAnpdvovtag xat ta 800 Yy NG TopANdve GYEoNS TPOXURTEL 6T

J@g@) do= [ f'@g@) e+ f@)g (@) do

mou olugova Ue tov Opioud 12.1.1 - 1 ypdgetan

= [ F@g@ dn+ [ fa)g(@)do
Onhadn Teiud

[ $@)g @) do = @@ - [ 1@)g(w) do. (1223 - 1)
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H uébodoc ohoxhfipwong nov tpoxintel and Tov tono (12.2.3—1) elval yvwoth
oav 1 U€Bodog g mapayovIixng B g xatd wéemn ohoxAfpwons. Elvou
Tpogavég 6TL o tinog (12.2.3—1) eapudletar, 6tav n ohoxinpwtéa cuvdpTnon
elvat 1) elval Suvatéy va Bewpnbel ooy YLvouevo 8o cuvapTRcE®wY, apod TpdTa
ulo améd Tic dvo ouvapthoeic ypagel otn woph ¢’ (x), 6T autd TeptypdpeTal
OTA TAEUX AT TapadelyuaTa 6TOU SLVOVTAL OL TEELEGOTERO YETOLIOTOLOVUEVES

TEQLITOOELS EQPAPUOYNG TNG TARAYOVTLXHS OAOXAIPWGTS.

I'ivépevo mroluvwvipou pe exbetiny| cuvdptnoy
Apyuxd Snulovpyettol 1 tapdywyos tng exbetixic cuvdptnorng.
Iopddetypa 12.2.3 - 1

Na vrnokoyiotel To ohoxhfpwuoa

/x e dx.

Abor. Tugwva pe tov tino (12.2.3 — 1) éyouue

g'(z)
g(x) —_—
672:3
r e X dr = / T (— ) dz
~~~ 2
f(z) f(z)
g(x)
_ 1 2z / —2z _ 1 2z 2z
= 2:106 +2 T e dr = 2356 +2 e dx

Iopddetypa 12.2.3 - 2

‘Ouola 0
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Abor. 'Eyouue

1 !
2 _—2z _ = 2 —2x
/:L' e dr = 5 T (e ) dx
2z
1 1 /
_ _5‘%,26—2:,;+ . (m2) e~ 2T o

otav olugwva ue to Hapdderyua 12.2.3 - 1 elvar

1 1
/mefzf” de = —ix(fz’” — 1672:” + c.

‘Apa

1 1 1
/x2e_2x dr = —ixze_% — §xe_2x — 16_296 +c.

I'ivéuevo TOAUGVOOU UE TELYWVOUETELXY GUVAETN O

2 Apyud Snutovpyeltal N THEdYWYOS TNC TPLY WVOUETEXAC OUVERTNONG.
IMopdderypa 12.2.3 - 3

Na vnokoyiotel To oloxifpwua

/mQ sin 3z dz.

Avon. Egopuéloviag dwadoywd Aéye tou 2 300 gopéc Ty TapayovIix
ohOXAHpwoT £Y0VUE

/
/x2 sin3zxdr = /x2 (—COSSSQU) dr

1 1 /
= —gxz COS3$+§/(1‘2) cos 2z dx

1 2
= —§x2 cos 3x + 3 /x cos3zrdr 1n mapayoviixt

2 . . .
Huwtévou A suvnuitévou.



IapayovTixny ohoxhripwon

1 2 i !
= —§x2 cos3:z—|—§/x (smSSx) dx

2711 1
= ——z cos3x+3[3m sin3mdm—§/x' sin3xdm}

1 2 2
= —§w2 cos3.7c+§m sin3x—§/x/ sin 3z dzx
__cos3x
—_—~
= —1 200s3x+2msin3m—2/sin3$d:ﬁ
- 37 9 9
1 2 2
= —5:1:2 cos3x+§xsin3x+ﬁcos?>x+c.

I'iwwépevo exbetinrig we TELYWVOUETELXY] CLUVAETNOT

Anuiovpyeltal avdhoyo pe v euxoiia mou mapovstdletal N TapdYwYoS 1
e TeyevoueTpxic 1 g exbetinic ouvdptnong xau egapudleta Yo Qopéc
o tirnog (12.2.3—1). Y11 27 nopayovixt SnutovpyeltoL TEVIOTE 1) TopdywYos
e Blag ouvdptnong ue v 1n gopd.

Iopddetypa 12.2.3 - 4
Na vrnokoyiotel To ohoxifpwua

/ e T sin 2z dz.

Abom. 'Eotw 6t dnuouvpyeitar n mapdywyos tng exletnic ouvdptnong.

Téte Swadoyixd €youue

9(@) @)
/—/R h
I:/e*x sin2zx drx = /(—e*“’) sin 2z dx
N~

f(@)

2 cos2x
—_——N—

= —¢°* sin2x—|—/67‘r’: (sin2z)" dx

15
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= —e ¥sin2zx+2 / e *cos2xdr 1n mapayovixt

= —¢ %sin2z + 2/ (—e_m)/cos 2z dz

—2sin 2z

— -z -z —x 7
= —e Psin2z+2|—e cos2x—/e (cos2z) dx

= —e “sin2x —2e Ycos2zx —4 / e *sin 2z dz
= —e “(sin2z +2cos2x) —41 27 nopayovixt.
‘Apa
I=—e"?(sin2z + 2cos2z) — 41,
ondte Aivovtag w¢ npog I tehxd €youue

/efm Sin 20 dp — — —e 7 (sin 22 + 2 cos 2x) ‘e

O urohoyiouéde tou nogamdve ohoxinewuatog e 1o MATLAB vyiveton ue

TIC EVTOAEC:

>> syms x
>> int(exp(-x)*sin(2*x) ,x)

I'ivépevo mroluvwvipou pe hoyaplBuixy cuvdptnoy
Apywd dnuloupyeital 1 napdy®Yog ToU TOAUGVIUOL.
IMopaderypa 12.2.3 - 5

Na unokoyiotel To oloxifpwua

/:z2 Inzdx.



HopayovTixy) ohoxAjpwon 17

Abor. 'Eyouue

. . 3\ /
/x2 Inzdr = /(g) Inzdx

1
1 3 1 3 /
= 3¢ lnx—g/x (Inz)" drx

1 1 1 1
= §x3lnm—§/x2da§:§x3lnx—§x3+c.

‘Ouowa 0 unoroyiouode ue 1o MATLAB elvau:

>> syms x
>> int(x"2*log(x),x)

I'ivopevo ToOALGVEROL LE AVTLIGTEOPY) TELY WVORETELXY) CUVAETNOY
Apyuxd Snulovpyeltol 1) TopdYwyYog ToU TOALWVIUOL.
Ioapdderypa 12.2.3 - 6

Na vrnohoyiotel to ohoxhfpwua
/tarf1 3z dx.

Abor. 'Ouowa éyovue
f'(x)
. N
/tam‘1 3xdx = /xo tan"! 3z dr = / 2! tan~ '3z dz

Bx) __ 3

14+(3z)2 ~ 14922
—_—~

= ztan '3z —/m (tzm_1 3:]0), dx

3z dx 1
= gz tan "3z 15922 r tan™ " 3z 5 /

(922 + 1] da
1+ 9z2

1
_ “1q. 1 2
= g tan 3z 61n(1+9x>+c.
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Aoxfoeig

1. No unoloyiotoldy Ta adploTd OAOXANEOUATA TWY TALAXATE CUVIPTHGEWY

f(z)

2

i) e viid)  In®x

ii) a?sinwr; w>0 iz) In (x + m)
iii) o tan~lz r) sin~!2x
iv) e sin3z ri) zcos’x

2. Ava, v #0, dellte 610

e (asin wxr — w cos W)
a? + »?

+ c.

/eax sin wx dr =

12.2.4 OloxAvpworn ue urofBiBacud

H pébodog auty) epapudletal xuplng, 6Tav n ohoxAnpwtéa cuvdpetnor 1 6pog
authc elvar Lwuévn oe BOvaun XL ATOGXOTEL GTNY AVAY WYY TOU UTOAOYLOUOY
TOU apYx0U ONOXANPAOUATOS GE UTOAOYLOUG OAOXANEGOUIATOS Ue 6p0 LYWUEVO
oe Babuéd uxpdtepo tou apywxol. O Tinog UTOAOYLOUOU TOU TEOXUNTEL,

AeveTon TOTE AVAYWYLXOS.
IHopddetypa 12.2.4 - 1

'Eote 1o oloxifpwua
L,:/x”e_“”dx, 6tayv v=12 ....

Egapuélovtog napayoviixt; ohoxhfpwan éyouue
I, = /m”ef‘r dr = /:E” (—efx)/ dx
= —zr’e "+ / (z¥) e % da

= —2Ye T4 v /x”_le_z dz.

/:z”ef‘r” dr =—2"¢ " +v /x”fleﬁ” dz,
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dnhadh
I, =—2"¢"4+vl,, (12.24 - 1)

otavr =12, ....
Yoy avaywywd tino (12.2.4 — 1) o npoc unoloyioud oroxhipwua I,

T

vnohoylletar ouvapthoel Tou 6pou —z’e™* xal Tou ohoxhnpduatog I, =

2’ le

“Pdx, 6mou 0 bpoc V71 oy ohoxhnpwtéa cuVdpTHOY Elvar %aTd
Babud uxpdtepog Tou apywol bpou z¥. Elvaw mpogavéc éti pe Swodoyuxt
e@apuoYT Tou Timou unoloyiletar Tehixd To ohoxifiowua I,.

Egapuoyh yia v =3

I3y = —2’¢ % +3
I, = —2% " +2
L = —ze®+lj=—ze*+ /efmdx =-—xze ¥ —e ",
onote
I3 = /mge_z de = —23e™® 4+ 31,
= —2%e* 43 (—xz e 42 Il)
= —23e " —3z%"+61
= —23e®-32%"+6 (—ze ™ —e7 )
= —<$3+3$2+65L‘+6)€7m+0~
‘Aoxnon
Avr =2, 3, ..., extdc av Siapopetind oplletar, Sellte TOUC TUPAXATOD AVAYWYLXOUS
ToTouC
/cos”xdac _ sinw cos” L + 2= ! /cos”*zxdx.
v v

/ln”xdx = xln”x—u/ln”flxdx, otav v=1,2 ....
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¥ cos wx n veY1 sin wz

2

/:L'” sinwrdr =
13) 1)

—1
—Lz) /:L'”_2 sinwx dr, étav w # 0.
© .
T i V—1
S —1
/e“’ sin“zdr = W(sinx—ycosx)—i—y(y)/ex sin’ "%z dx.
v?+1 v?2+1

12.2.5 OloxApwon pnTdY CLUVIRTHCE®Y
'Eotw 611 1 ont) ouvdptnon elval tng popgprc

P(x)
Q(z)

6mou to mohudvuuo P(z) elvon Babuod, éotw v xa 1o Q(x) Babuol m. Téte

flz) =

(12.2.5 - 1)

dtaxplvovTal oL TapaxdTe TEPLTTMOELS.
I. O Babuég tou aptBunth va elvar pixpdtepog and o Babud Tou
TALEOVOUAOT

Yrofétovtag 6t 0 napovouaotic Q(x) €yet avalubel oe yivouevo npntoPBdbutwy
xat devtepoPdbutwy bpwv,® 1 enth ouvdptnon (12.2.5 — 1) elvor Suvatéy va

avahulel oe dpoloua anhdy xhaoudtoy wg egnig:

i) o napdyovtag ye napovouaoth ar + b avahleton o€ anhé xhdoua g

poppric 4
_— 122.5-2
ar+b’ ( 5-2)
ii) o pe mapovopasth (ax + b)?, aviietoya (ax + b)3, oe
A B ,
P + (az + D)2 avtiotolya (12.2.5 - 3)
A B C

- A (1225 -4
cwc#—b—i_(aaU—H))Q—i_(aaL'—H))57 e )

3Hepintdoeic mapayévioy avetépou Babuol de Ba efetaotolv. O avayvdotng

nopanéunetal ot BuBAloypapla yio ) Yevixr neplntwon xou to oyetixnd ue aut fewpuorta.
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iii) o pe ax? + bz + ¢ oe

Az + B
—_— AT 12.25-5
a? +br e T ( )
H uéfodog npoodiopLouol twv cuvteheotdy A, B, C, ... nou bu eCetaotel

070 udbnua autéd otnelletar 6T GUYXELON TOV GUVTEAEGTOV TwV 6wV SUVAUEWY

TOoU I.
Iopdadetypa 12.2.5 - 1

Na vrnokoyiotel To ohoxifpwuoa

2
Iz/ﬁdm, btav ©#3, —4.

Adom. Zdugova ye ty (12.2.5 — 2) éyouue

T+2 T+ 2 A N B
w2 +2—-12 (z-3)(z+4) -3 ax+4°

(1)

Holhanhaodlovtag xat 1o d%o wéhn g (1) pe Tov napovouaoth nou avaldetal,

dnhadh pe (x — 3)(z +4), npoxdintel 6Tu
r+2=A(x+4)+ Bz - 3). (2)

H (2) yedpeta
(A+B-1)z+44-3B—-2=0

4 Vé 7
70U Yo va LoyVet yia x&fe x € R, npénel

A+ B =

5
oné6te A== xa. B=-.
44 - 3B = 2, 7 7

Tehxd obugova xou ue v (1) éyouue

5 dx 2 [ dz 5 2
=2 - — 2 njz—3|+ = Injz+4 +ec
7/x—3+7/x—|—4 7n\x |+7n]x+|+c
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Hopddetypa 12.2.5 - 2

‘Ouola 10 oAoXA LU

dx i
I:/(m+1)(m—1)2’ 6tav  x # +1.

Avom. Ylugpova ye g (12.2.5 —2) - (12.2.5 — 3) éyoupe
1 A B C

GrD@—12 241 2-1 ' @=12

1=A(x —1)*+ Bz —1)(z+ 1)+ Clz +1). (3)

H (3) ypdgpeton
(A+B)z?+ (-24+C)z+(A-B+C—-1)=0

s Ié ?
Tou Yl va toyVet yua x8be @ € R, npénel

A + B = 0
" o , A—l B 1 C_l
— + = 0 OomoTE vt = 4xou =5
A - B + C = 1,
Tehxd
[ = 1/ de 1 dz +1/ dz
C4) 2+l 4 -1 2) (x—1)2
(mfl)_2+1
—2+1
1 1 1
_ Zln|x+1‘—11n|x—1|+§/(x—1),(x—1)_2dx
1 1 1
= -1 ]-—-Inlzr—1] — —=+e¢c.
1 n|z+ 1| 4n\x | 2(1’—1)+C

IMopdderypa 12.2.5 - 3

‘Ouola 10 0AOXApOUA

x dx
1= ¢ 1.
/(:L'—l)(x2+4)’ 6tav  x #
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Avdom. 'Ouoia olugpwva ye tc (12.2.5 — 2) xou (12.2.5 — 5) éyouue

T A +B$+C
(x—1) (22 +4) Ta—1 22+4)

onoTE

x:A<x2—|—4)+(Bﬂc+C)(x—l). (4)
H (4) ypdopetou
(A+B)2> +(-B+C -1z +(44-C) =0

s Ié Ve
Tou Yo va LoyVet yua x&fe x € R, npénel

A + B -0
B C 1 e A— -2, B— 1 c=12 (5)
— + = onote A = 5 —5xou =5
4A - C = 0,

Tehxd €yovue

[ = 1 xd:r +4/ dz
- x—i—l 5 5/ 2244

1
= —5ln\x+1|—|—11+12

6mou

2x
/—/%

xd:z x+4 dx
- — = _ 1y 4
b 5/ 2/ 10 n(er)

I2:5/+4 /( )5/H<xa;)2
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‘Apa

1 1 2
I:—gln\m+1|+1—0 ln($2+4)+5 tan~! (‘2) + c.

O urohoyioudg tou ohoxhnpwuatos ue 1o MATLAB yivetol ue tnv evioAy:

>> syms x
>> int(x/((x-1)*(x"2+4)),x)

I1. O BaBuég tou aptbunty elvan weyalitepog 1) ioog and to Babud tou
TALEOVOUAOT
Apywxd oty (12.2.5 — 1) yivetaw v durlpeon twv nohvwviywy P(z) xa Q(z),

ondte 1) neplntwon auth avdyetol tehwd ot neplntwor L
IHopddertypa 12.2.5 - 4

'Eote 1o oloxhfpwua
3
-1
/;ﬁd:ﬂ, btav T # 2.
Ané ) Swatpeon Tou aplhunth xa Tou TUEOVOUNGTH XaL UETE TNV avdAuoT o€

7z, e z
anmAd HAACUATO EYOVUE

@® Lol T 19
24 Ty T iy 40427
onoTE 5 )
-1 7 9
‘Aoxnon

Na unohoYLeTOUY Ta AdELETA OAOXATEGUATA TWY TAPAXITW PNTOV CUVIPTHGEWY

f(x)

. r—3 z
) GFDGEoD) W) ma
1 . 1
W G DE =22 W)
e z—1
i) T vii7) P
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12.2.6 OAoxMjpwoT TELYOVOUETPLXGY GUVILETYOE®Y

E&etalovtol uévov ot puop@éq:

/ sinmzx cosnz dz, / sinmez sinnrdr  »xou / cosmz cosnz dr
Y1ig mepInTdoELS AUTES YpnotonolovvTaL oL tapaxdtw tunot e Telywvouetplag
2sinA cosB = sin(A+ B) +sin(4 — B), (12.26 - 1)
2sinAsinB = cos(A— B)—cos(4A+ B), (12.2.6 - 2)
2cosA cosB = cos(A— B)+cos(A+ B). (12.2.6 - 3)
Erlong woydouyv

1-— 2 1 2
sin?y =~y cos?y = Scosse . (12.2.6 - 4)
2 2
Iopddetypa 12.2.6 - 1

Youpeva pe tov 10no (12.2.6 — 2) éyovue

1
/sinx sin3zdx = 3 /[cos(x — 3z) — cos(z + 3x)] dx

= /(Cos 2x — cosdr) dx

1 1
(2 sin 2z — 1 sin 4:]0)

> = N | = N | =

1
sin 2z — 3 sin4x + c.

‘Aoxnon

4Na uToAoYLETOUY Ta A6PLETA OAOXANPAUATA TGV TUPUXATG GUVIPTHGEDY
f(z)

¥ty (i) va yenoworounfel mpdta 1 (12.2.6 — 4).
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i) sin?2z cosdx i74) sin 10z sin 8z

i) sin = sin® 2z w) sinz sin 2z sin 3z.

12.2.7 TIlpooeyYloTix6g UTONOYLOUOS ONOXATPGOUATOS

1o teploc6TER TEOPAAUATA TWV EQPUPUOYGY T0 0hoxAfiowua Sev unoloyileTo
UE XAVEVA UETACY NUATIOUS 1 dAAT TeoTOTONG T TNG OMOXATEWTENS GUVAETTOTC.
H yevux|) avtigetdniorn tou npofrfuatos, uépog tou onolou Oa ueketnbel oe
TpooeyEg eEAUNVO, elvol aVTIXELUEVO UEAETNG TOY UoONUATIXGOY XAl O avaYVE-
0TNG MUPAUTEUTETOL VLo TEQAULTERW UEAETY o1 BiAtoypapla. Yto udhnua autd
Do yivel 1 TpooEyYLom TOU OROXATNEGUATOS UE AVTIXATAGTACT) TNS OAOXANEOTENS
ouvdpTnong 1 6pou authg Ue To avtiotolyo moAukyuvuo tou Taylor 7 tou

Maclaurin.
Hopddetypa 12.2.7 - 1

'Eotw 1o ohoxhfpwua

/e*:""2 dz.

Yougova ye Tov Tino tou Maclaurin to toAuévuuo 4ou Babuol nou npoceyyilel

2 Z, _332 7
TNV ohoxAnenTéa cuvdptnon e~ v elval

4
2 x
e 1l -+

2

Enouévwg

4 3 5
/6_$2dx%/<1—x2+$2> dx:x—%—l-%—l-c.

Iopddetypa 12.2.7 - 2

Ouola é0tw T0 OAOXMpLUA

1
/ nml der, otav x> 1.

> —
Yougova ue tov tino tou Taylor ye xévtpo, €0t € = e, T0 TOAUGYLUO 1oy
Babuov mou npoceyyilel TNV ohoxAnpwTtén cuvdpetnon Inx elvar

r —e€

Inz ~ 1+
e



Ilpooceyyiotinds uRONOYLOROS ONOXANPAUATOG

Erouévwg

| 1 — 1 -1
/ ne dm%/ (1+x e>d$:x+n(3€)+a
r—1 r—1 e e e

‘Aoxnon

Xenowonowdvtag to tohudvuuo tou Maclaurin Sou, avtiotouya 4ou Babuol

VO UTOAOYLGTOUV TO ONOXANEGUATA

sinz , cos T
dr, avtliotouya dzx.

Z x

5 Anayopeldeton 1 avadnuooieuon 1 avomapaywyR TOu TapéVTog 610 GUVOAS Tou
TunudTey tou ywels ™ yeanty ddewa tou Kafb. A. Mnrpdtoou.
E-mail: bratsosQteiath.gr URL: http://users.teiath.gr/bratsos/
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