Chapte_-f 1

Signals and Systems

The basie concepty of signals and systets atize in a variety of contexts, from enpineering
clesign to Ananeinl analysis. In this chapter, you will leaen how to represent, manipulate, and
analyze basic signals and systems in MATLAB. The first section of this chapter, Tulorial 1.1,
covers some of the fundmnental tools used to construet signals in MATLAR. This tutorial s
meant to be o supplement to, but not a substitute for, the tutorial given in The MAT'LAE
Lser's Guide. If you have nat already dowe so, you are strangly encouraged to wark chrough
this tutorial or the demos found in the MATLAB software (e.g. intro) before beginning
this chapter. While not all of the MATLAD lunctions introduced in these tutorials are
needed for the exercises of this chapter, mast will be used at some point in this book,
Complex exponential signals are used frequently for signals and systems analysis, in pars
hecanse complex exponential signals form the building blocks of large classes of signals.
Exercise 1.2 covers the MATLAD functions required for generating and plotting discrete-
time sinusoidal signals, which are equal to che sum of two discrete-time complex exponential
slpnals, e,
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Exercise 1.3 shows how to plot discrete-time signals o[n] after transformations of the in-
dependent varlable n. The nexi two exercises cover system reprosontations in MATLAR.
For Exercise 1.4, you must demonstrate your inderstanding of basic system propertios like
- linearity and time-invariance. For Exercise 1.5, you must implement a system deseribed by
a first-order diflerence vguation.

Several of the exercises in this chapter use the Symbolic Math Toolbox to study hasic signals
afld systems. In Exercise 1.6, you will construet symbolic expressions for continuous-titne
complex exponential signals, which have the form e for some complex number 5. [Note
that both @ and j will be used in this book Lo represent the imaginary pumber /—1.)
Exercise 1.7 uses the Symbolic Math Toolhox to implement {ransformations on the tine-
index of continuons-time signals. For Exercise L8, you must create analytic expressions for
the energy of periodic signals and relate onergy to time-averaged power.

From “Computer Explorations in Signals and Systems using Matlab, 2nd E4.™
Bueck, Daniel, and Singer; Prentice Hall
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B 1.1 Tutorial: Basic MATLAB Functions for Representing Signals

I this tutorial, you will learn how to use several MATLARB funetions that will frequently be
wsed b consteuct ad menipulate sigoals in this book, IF you have oot already done sq, you
are strongly eucouraged to work theough the tutorials in The MATLAR User's Guide or
i the MATLABR software., This tulorial is not meant to rejplace those tutorials, but rathey
o illustrate how some of the functions described there can be wsed for reprosenting aod
working with sipnals. Alchough there are no problems to he worked in this titorial, you
should duplicate all the examples in MATLAR to give vourself practice with the commands.
In general, sipyals will bo reprosented by o row or column vector, depending on the context.
All vectors represented in MATLAB are indexed starting with 1, Le., v(1) is the Hrst
clemont of the vector . If these indices do not correspond Lo those in your applicacion,
vou can creste an additiona] index veetor to properly keep track of the signal index. For
exoatiple, to reprosent the discrete-time signal

. 2, —J=n<d,
xin] = ;
0, otherwise,

vou could first use the colon operator to define the index vector for the nonzero samples of
x[n], and then debne the vector x to contain the values of the signal ot each of these time
indices:

»» n = [-3:3];
»» X o= 240

Note thak wo have wsed semicolons at the end of each command to suppress unnecessary
MATLAB celining. Bor instance, without the semicolon you would get

»»n = [-3:3]
n =
-3 -2 -1 [ 1 2 3

You can plal this signal by typing stem(n,x). If you want to examine the signal over
a wider range of indiees, you will need to extend both n and x. For instance, if vou want
to plat the signal over the range —0 < n < 5, you can extend the index vector n, then add
additional elements to x for these new samples:

> n = [-5:5];
2x=[00x001];

If you want to preally exiend the range of the signal, you may find it helptul to use the
function zerss. For instance, if you wanted to include the rogion —100 = n < LM, after
vou had already extended x to include —5 < e < 5 g shown above, you could type

> n o= [=100:100];
»» x = [zeros(1,95) x =zeros(1,96}];
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Suppose you want to define x)[n] to be the diserete-time unit impulse funetion and zg[n]
to be a time-advanced version of x)[n]. ie., 2fr] = d[n] and zaln] = 64 + 2], You could
represent these signals in MATLADB by typing

»» nxl = [0:10];

»» x1 = [1 zero=(1,103]:

»*» nx2 = [-B;B];

»r %2 = [zeros(1,3) 1 zeres(1,7)1;

You could then plot these sipgnals by stem(nx1,x1) and stem{nx2,x2). If you did not
define the index vectors, and simply typed stem(x1) and stem(x2), you would make plots
of the signals 8t — 1] and 8[r — 4] and not of the desired sipnals. The index vector will also
e wsetul for keeping track of the time origin of a vector when you work on more advanesd
axercises in lafer chapters.

We will explore two methods for representing continnous-lime signals in MATLAB. One
methad 13 to use the Symbolic Math Toolbox, The exercises in this book which use the
Symbolic Math Toolbox are marked by the symbol & at the end of the exereise title. You
can also represent continuous-time algnals with vectors containing closely spaced samples
of the signals in time. The projects in early chapters that represent continuous-time signals
by closely spaced samples will always explicitly specify the time spacing to use to guarancee
that the signal is accurately represented, In Chapter 7, you will explore the issues involved
with representing a contimuous-time signal by discrete-time samples.  Vectors of closely
apaced time indices can be created in a number of ways. Two simple methods are to use
the colon aperator with the optional step argument, and to use the linspace function. For
instanee, if you wanted to create a vector that covered the interval —3 < ¢ < 5 in steps of
1.1 seconds, you could either use t=[-5:0.1:5] or t=linspaca(-5,5,101).

Sinuseids and complex exponentials are important signals for the study of linear svstems.
MATLAB pravides several functions that are useful for defining such signals, espocially
it ¥ou have already detined either o contimous-time or discrete-time index vector. For
instance, if you wanted to form a vector to represent x(f) = sin(xf/4) for =5 < ¢ < 5,
you could use the vector t defined in the previous paragraph and type x=sin(pist/4).
Note that when the argument to sin (or many other MATLAB functions, such as cos
and exp) i5 » vector, the function returns a vector of the same size where vach element of
the output vector is the function applied ta the corresponding element of the input vector,
You can use the plot command to plot your approximation to the continuous-time signal
x(t). Unlike stem, plot connects adjacent elements with a straight line, so that when the
tirne index is finely sampled, the straight lines are a close approximation to a plot of the
original continuous-time signal. For this example, you can gencrate such a plot by typing
plot(t,x). In general, you will want to use stem to plot short discrete-time sequences, and
plot for sampled approximations of continuons-time signals or for vory long discrete-time
signals where Lhe number of stems grows unwialdy.

Discrete-time sinusoids and complex exponentials can also be generated using cos, sin, and
exp. For instance, to represent the diserete-time signal zfn] = ™4 for (< p < 32, you
would type



d _ CHAPTER 1. SIGNALS AMD 5YSTEMS

*» n = [0:32];
»» x = exp(j*(pi/8)+n);

The veetor % now contains the cownplex values of the signal i) over the interwl O < a < 32,
To plot complex signals, yvou must plot their real and imaginary parts, or magnitude and
angle, separately, The MATLAR functions real, imag, abs, and angle compute these
[unctions of a complex veetor ou a term-Tw-term basis. You can plot each of these Iunctions
of this complex signanl by typing

»» stemf{n,real(x’)
»>» ptem{n,imag(xl)
»>» gtemin,abs(x))

»>> stem{n,angle{x})

For the last example, note that the value veturned by angle is the phase of the camplex
number in radiang. To convert to deerees, type stem(n, angla(x)*(180/pil}).

MATLAR also allows vou to add, subtract, multiply, divide, seale sod exponentiate signals.
As long sz the veclors representing the signals have the same time-origins and the same
matber of elements, eg.,

»> x1 = sin({pi/4)+[0:16]);
> %2 = coas({pi/Ti*[0:1E]);

you can perform the following term-by-term operations:

]

*> vyl = xl+x2;

> y2 = x1-x3;

»» y3 = xl.»x2;

> oyd = x1,/x2;

> yh = 2+%xl;

»» y6 = x1.73; o

Note that for multiplying, dividing and exponentiating on a tenn-ly-term basis, you must
precode the operator with a period, fe, use the .= function instead of just * for steri-
by-term multiplication. MATLAD nterprets the # operator without a period to be the
matriz multiplication operator, not teri-by-term multiplication. For example, If you try
to mulliply %1 and x2 using *, you will receive the following error meassage:

> xlex2
T?? Error using ==> *
Inner matrix dimensions must agree.

hecause matrix multiplication requires that the sumber of columns of the first argument
e equal to the number of rows of the second argument, which is not-true for the two 1 x5
veetors 1 and 2. You must also be careful to vse _F and .7 when operating on voctors
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term-by-torm, since / and © are matrix aperations,

MATLAE also includes several commands to belp you label plots appropriately, as well as
to print them oul, The title command places its argument over the current plot as the
title. The commands xlabel and ylabel allow you to label the axes of your graph, making
it clear what has been plotted. Every plot or graph vou generate should have a title, as
well as labels for both axes. For example, consider again a plot of the following signal and
index vactor:

*»» o= [0:32];
> x = exp(j*(pi/8)#n);
> stem{n,angle{x))

You could label your graph by typing

»> title{’Phase of axp(j*{pi/8)+n)’}
»> xlabel{'n (samples)’}
»>» ylabal{'Phase of x[n] (radians)’}

The print command allows you to print out the current plot. You should type help print
toy unilerstind how it works on your system, as it will vary slightly depending on the opear-
ating system and configuration of the computer you are using.

Another important feature of MATLAB s the ability to write M-files. There are two types
of M-files: [unctions and command scripts . A command seript is a text file of MATLAB
commands whose filename cnds in .m in the eurrent working directory or elsewhere on your
MATLABPATH. If you type the name of this fle (without the .m}, the commands contained
in the file will be executed. Using these scripts will make it mueh easier for you to do the
exercises in this book. Many exercises will require you to process several signals in a similar
or identical way. IF you do not use seripts, you will hove to retype all the commands anew.
However, if you did the first problem using a script, you can process all the subsequent
signals in that exercise by copying the script file and editing it to process the new aignal,
For cxample, suppose you had the following seript fle probl.m to plot the discreto-time
signal cos{mr/d) and compute its mean over the interval 0 < n < 16

% probl.m

n = [0:18];

x1 = coa{pisn/d);

¥1 = mean({x1);

atemin,x1)

title{’xl = cos(pi*n/d)’}
xlabel('n (samplas)’)
ylabel(’x1[n]’)

If you then wanted to do the same for zefn] = sin{wr/d), you could copy probil.m to
prob2.m, then edi it slightly to ges
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% probZ.m

n = [0:16];

x2 = sin{pisn/i};

y2 = mean{x2);
stemin,x2)

titla{’x = sin(pi#n/d}?'}
xlabel{’n (samples)’}
ylabel('x2[n] "}

You can then type prob2 to run these commaneds and generate the desired plol and compute
the average value of the new sigual. Instead of retyping oll 7 lines, you need only edit about
a dozen characters. Wa strongly encourage vou to use scripts in working the problems in
this boolk, with a separate script for each exereise, or even each problem. Seripts also make
doebugping vour work much essier, as you can fix one mistake and then easily rerun the
inodificd sequence of commands. Finally, when von complete an exoercise, i 8 eagy bo print
out vour seripl file and hand it in as a record of vour work.

An M-file implementing a function is a text file with a title cnding in . m whose frst word is
function. The rest of the first line of the file spocifies the nones of the input and output ar-
puments of the function, For example, the following M-file implements a function called foo
which accepts an input x and returns ¥ and =z, which are equal to 2#x and (5/9)*(x-323,
respoctively:

function [y,z] = foolx)

% [y,z] = foo(x) accepts a numerical argument x and
% returns two arguments y and =, whare y is 2#x

4 oand =z is [5/G)*{x-32)

y o= 2#x;

= (5/9)#{x-32};

]

Two sample ealls to foo are shown below:

»>» [y,z] = fool-40)

#» [y,z] = foo(212)

100

The commands deseribed in this tutorial are by no means the complete set you will need
to oo the exercises In this book, bul instead are meant to get you started using MATLARB.
Future exercises in Lhis book will assume that you are comfortable using the commaneds dis-
enssed here, and that you are also able to learn about othwr basic mathemationl conunamls
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in MATLAD by using either the manual or the help function. Specialized functions for
signal processing will often be deseribed in their own tutorials in later chapters. Again, if
¥ou Liwve not already doue so, you should work through the general tntorial in the MATLAR
mtiital s you are familiae with the functions svailable in MATLAR.

B 1.2 Discrete-Time Sinusoidal Signals

Disercte-tinme complex exponentials play an important role in the analysis of diserete-time
slenals and systems. A disercbe-time complex exponential has the form o™, where o is
a complex scalar, The discrete-time sine and cosine siznals can be built from complox
exponential signals by setting e = ™ namely,

cos{iwmn) = % (g1 4 g em) ()
sl (tn) = % (eh — gmimy (1.4}

In this exercise, you will create ond anayze a nmber of discrete-time sinusoids. There are
many gimilarities between continuous-time and discrete-time sinusoids, as lollows from a
siimple comparison of Egs. (1.33-(1.4) and Eqs. {1.7)-(1.8). However, you will also examine
sotne of the Important differences between sinusaids in continuous and disercte time in this
{WOTEIAC.

Basic Problems

{a), Conslder Lhe disercte-time sipnal

. T
o T hl
Ear[n] = sin N |

and assume N = 12, For M =4, 5, 7, and 10, plot g [n] on the interval 0 < o <
2N — 1. Use stem to create your plots, and be sure to appropriately label vour axes,
What is the fundamental period of cach signal? In general, how can the fundamentsal
period be determined from arbitracy integer values of M and N7 Be sure to consider
the case in which M > N.

(I}, Consider the sipnal
g |n| = sinfwyin) .

where wy, = 2k /6. For oy [n] given by k = 1, 2, 4, and 6, use sten to plot each signal
on the interval 0 < < 9. All of the signals should be plotted with separate axes in
the same fignre using subplot. How many unique signals have you plotted? I two
slgnals are identical, explain how dilferent values of wy, can yield the same signal,
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(¢]. Now consider the following three signals:

w[n] = cos il + 2eos o
L = cod v e
Tolr} = 2eos (%) + oy (‘_j‘E;') ;
gl com 200 8 2
el = 05 I =] 21,1,\;' Y

Assume N = 6 for each signal. Determine whether or not cach signal is periodic. 1
a signal is periodic, plot the signal for two periods, starting at n = 0. IF the sigoal
is not periodic, plot the signal for 0 € n < 4N and explain why it is not periodie.
Hemember (o use stem and to appropriately label your axes.

Intermediate Problems

{d). Plot each of the following sipnals on the interval U = n = 31:

, (TI"JE-) . (‘FI"H.)
Sl | — s | —— 3
8 y COos rEl

[y o £
Falit] = COB _1 .

wy[n] = sin (%) oo (E) .

What ia the fundamental period of each signal? For each of these three signals. how
could yon have determined the fundamental period without relying upon MATLABY

£ [?I]

(). Consider the signals you plotted in Parts (¢) and (d). Is the addition of twe periodic
signals necessarily periodic? Is the multiplication of two periodic signals necessarily
perindic? Clearly explain your answers,

B 1.3 Transformations of the Time Index for Discrete-Time Signals

I this exercise you will mxunine how to use MATLAB to represent discrete-time signals. Tn
addition, you will explore the effect of simple transflormations of the independent variable,
such as delaying the signal or reversing its time axis. These rudimentary transformations of
the independent variable will occur frequently in studying signals and systems, so becowing
comfortable and confident with them now will benefit you in studying more advanced topics.
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Flgure 1.1. Discrete-time signal x[n},

Basic Problems

[a).

(b,

Dafine a MATLAB vector nx to be the Lime indices —3 < o < 7 and the MATLAR
vecetor ¥ o be the values of the signal z[n] at those samples, where x[n] is given by

2, n=1,
. n=2,
gl=< -1, n=3,
3, n=4,

0, otherwise.

Il you have defined these veetors correctly, you should be able to plot this discrete-
time sequence by typing stem(mx, x). The resulting plot should mateh the plot shown
in Figure 1.1,

For this part, you will define MATLAB vectors yi through y4 o represont the follow-
ing dizscrete-time signals:

i) = x[n -2,

valn] = x[n + 1],

wsln] = x[-n],

Valp] = x[-n+1].

To do this, you should define y1 tlwough ¥4 to be equal to x. The key is to define
correctly the corresponding index vectors nyl through ny4. First, vou should fipure
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out how the index of & given saanple of @fn] changes when transforming to y[n]. The
ittedene veetors need not span the same set of indices ay o, but they should all be we
least 11 sarnples long and include cthe indices of all nonzero samples ol the associated
siEnal,

{¢). Generate plots of y|n| through p|ne] wsing stem. Based on your plats, state how
each signal is relaked o the original win], eg., Ydelayed by 47 or *Hipped and then
advanced by 3.

H 1.4 Properties of Discrete-Time Systems

Dhiscrete-time syseems are often characterized in terms of o muwber of properties auch as
linearity, time invariance, stability, cavsality, and invertibility, Tt is importaat to understand
hew to demonstrate when a system does or docs not satisty a given properly, MATLAT
entl be used fo construct counter-examples demonstrotiog that certain properties are not
satisfied, In Lhis exercise, you will abtain practics using MATLAB to construct such counter-
examples [or o voriety of systems and propertics.

Basic Problems

For these problems, vou are told which property o given system does not satisty, and cle
input sequence or sequences that demonstrate elearly how the svstem violates the property.
For pach systou, detine MATLAB vectors representing the input{s) and oufipas{s]. Theuw,
make plots of these signals, and construct & well reasoned acgument oxplaining how these
figures demonstrate that the syatem fails to satisfy the property o question.

{a). The system yle] = sin{(7/2)z(n]) s not linear. Use the signals ri[u] = 4[n] and
xafrt] = 26[v) to demonstrale how the system violates Hnearity.

(). The system gl = wn] + 2zl + 1] is not causal. Use the signal zln] = wn] to
demonstrate this, Define the MATLAB vectors ¥ and ¥ to represent the input on the
mberval —5 = n < 0, and the output on the interval —6 < n < 9, respeciively,

Intermediate Problems

For these problems, you will be given a system and a property that the system docs not
sacisfy, but must discover for yourself an input. or pair of input signals to base your argument
upon. Again, create MATTAR vectors to represent the inputs and outpots of the system
and penerate appropriate plots with these voctors, Use wvour plots to make o clear amd
concise argoment. about why the system does not satisfy the specified proporty.

(c}. The system yin] = log{x|n|) is not stable,

{d}. The system given in Part (#) is not invertible,

Advanced Problems

Far each of the following systems, state whether or not the avstem is linear, time-invarian,
causal, stable, awd wvertible, For each property you claim the system does not possess,
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construet a connter-argument using MATLAB to demaonstrate how the system violates the
property in guestion,

(). yn| = 2%
(£, y|n] = nan]
(m). yn] = x[2n].

W 1.5 Implementing a First-Order Difference Equation

Discrele-time systems are often implemented with linear constant-coctficient difference eqna-
tions, Two very simple difference equations are the first-order moving average

yn] = z[n] + baxln — 1), {1.5)
and Lhe Orst-ocder antoregression
uln] = ayle— 1 4 x[n]. (1.6

Even these simple systems can he used o model or approximate a number of practical
systems. For instance, the lrst-order autoregression can be used to model a bank seconnt,
where y[n| s the balance at time n, #{n) is the depasic or withdrawal at time n, and g = [4r
is the compounding due to interest rate v. In this exercise, you will be asked to write a
function which impements the frst-order autoregression equation. Yon will then be ashkod
ta test and analyze your Funetion on some example systems.

Advanced Problems

(). Write a funetion y=diffaqn(a,x,yn1) which computes the output yfn] of the causal
system determined by Bq. (1.6). The input veetor x contains zlnl for 0 £ n < N — 1
alil ynl supplies the value of y[—1]. The output vector ¥ contuing yjr] for 0 < w <
N — 1. The first line of your M-file should read

function y = diffegn{a,x,ynl)

Hint: Note that y[—1] is necessary for computing y[0], which is the first stop of the .
antoregression. Use a for loop in vour M-file to compute yn] for successively larger
values of v, starting with 1 = 0.

(b). Assume that o = 1, y[—1] = 0, und that we are only interested in the oneput over Lle
incerval 0 < 1 < 30. Use yowr function to compute the response due to i (n] = 8]
and xa[n] = wn], the unit impulse and unit step, respectively. Plot each response
using atem.

{c). Assume again that ¢ = 1, but that y[~1] = —1. Use your function to compute y[n]
over b < 1 = 30 when the inputs are @;|n] = un] and man] = 2ufn). Detine the
outputs produced by the two signals to be yi[n] and yaln, respectively. Use stem o
digplay both outputs. Use stem to plot (23:(n] — ya[n]). Given that Eq. (1.6) is a
linear difference equation, why isn't this difference identically zern?
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(d). The causal systems described by Eq. (1.6} are BIBO (bounded-input honnded-out put)
stable whenever |al = 1. A property of these stahle systems is thac the cffect of
the initial condition becomes insignificant for sufficiently large n. Assume o = 12
and that x contains #jm] = ubil for 0 < 2 < M. Assuming both y[—1] = U and
yi—1] = 1/2, compule the two output signals y[n] for 0 < n < 30. Use stem to display
both responsca. How do they difTer?
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